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PREFACE. 



In writing a preface, what I am most tempted to 
do is to enumerate and account for the omissions 
of this treatise; if it were not that the size to 
which the volume has swelled, renders it needless 
for me to apologize for not having made it larger. 
It may be right however to mention that the 
chapters of this work were written and sent to press 
at intervals as I found leisure, and that the earlier 
part of the book has been in typo more than a year. 
This will explain why no use has been made of 
some recent works and memoirs. In particular, I 
must express my regret that Hesse's *' Lectures on 
the Analytic Geometry of Space" came too late to 
be of service to me. 

In treating of the less modem parts of the Science, 
I have usually had Leroy's and Gregory's Treatises 
before me. The parts of this work which corre- 
spond to the contents of theirs are, the Theory of 
Surfaces of the Second Order, pp. 1 — 88 ; of the 
Curvature of Surfaces, pp. 197 — 223 ; of what I have 
called the Non-Projective Properties of Curves of 
Double Curvature, pp. 259 — ^277 and of Families 
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of Surfaces, pp. 312 — 338. Junior readers will pro- 
bably find all the information they require, if to 
the course here marked out they add part of the 
Theory of Confocal Surfaces, pp. 129 — 138, and 
the General Theory of Surfiewjes, Chap. x. 

I have to acknowledge with thanks the kind 
readiness with which assistance was afforded me 
by any of my Mends whose help I claimed. Those 
to whom I am most indebted are Dr. Hart and 
the Messrs. Roberts; but I have received occasional 
assistance from Messrs. Townsend, Williamson, and 
Gray, to the latter of whom I owe the list of Errata 
which follows the Table of Contents. 

I have to thank the Board of Trinity College, 
for their liberality in contributing to the expense 
of publication. 

Tbikitt Collbgb, DT7BLIN» 
Ma^, 1862. 
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267, Note, for CD, read BD. 
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THE POINT. 

1. We Lave seen already how the position of a point C 
in a plane is determined, by referring it to two co-ordinate 
axes OX, OF drawn in the plane. To determine the position 
of any point P in space, we have only to add to our apparatus 
a third axis OZ not in the plane (see figure next page). 
Then if we knew the distance of the point P from the plane 
XOYy measured parallel to the line OZ^ and also knew the 
X and y co-ordinates of the point O, where PC parallel to OZ 
meets the plane, it is obvious that the position of P would 
be completely determined. 

Thus, if we were pven the three equations x^a^y^h^z^^c^ 
the first two equations would determine the point O, and then 
drawing through that point a parallel to OZ, and taking on 
it a length P0= c, we should have the point P. 

^^We have seen already how a change in the sign of a 
or h affects the position of the point O. The sign of c will 
determine on which side of the plane XOY the line PC is 
to be measured. If it be settled that lines on one side of 
the plane are to be considered as positive, then those in the 
other direction must be considered as negative. Thus, if we 
conceive the plane XOY to be horizontal, it is customary to 

B 
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consi)3cr as positive the z of every point above that plane^ 
in which case the z of every point htlow it must be counted 
as negative. It is obvious that every point on the plane has 
its 5? = 0. 

The angles between the axes may be any whatever; but 
the axes are said to be rectangular when the lines OX^ OY 
are at right angles to each other^ and the line OZ perpendicular 
to the plane XO F. 



2. We have stated the method of representing a point in 
space, in the manner which seemed most simple for readers 
already acquainted with Plane Analytic Geometry. We pro- 
ceed now to state the same more symmetrically. Our appa- 
ratus evidently consists 
of three co-ordinate axes 
OJT, OY^ OZ meeting 
in a point 0, which, as 
in Plane Geometry, is 
called the origin. The 
three axes are called the 
axes of a;, y, z respec- 
tively. These three axes 
determine also three co- 
ordinate planesj namely, 
the planes XOY, YOZ, 
ZOXy which we shall 
call the planes xy^ yz^ 

zx respectively. Now since it is plain that PA = CE=r a^ 
PB^CD^bj we may say that the position of any point P 
is known if we are given its three co-ordinates ; viz. PA drawn 
parallel to the axis of x to meet the plane yzj PB parallel to 
the axis of y to meet the plane zx^ and PC drawn parallelf'to 
the axis of z to meet the plane xy. 

Agun, rinoe OB^Oj OE^h^ OF=Cj the point given by 
the equations x^a^ y=^hj z = c may be found by the follow- 
ing symmetrical construction: measure on the axis of x, the 
length OB = a, and through B draw the plane PBGB parallel 
to the ]^ane yz : measure on the axis of y, OE^ bj and through 
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• 

E dmw the plane PACE parallel to zx: measure on thftiljcis 
of «, 0F= Cj and through F draw the plane PABF parallel 
to ocy: the intersection of the three planes so drawn is the 
point P, whose construction is required. 

^ B C 

3. The points S^ ip, ^, are called the projections of the 

point P on the three co-ordinate planes ; and when the axes are 
rectangular they are its orthogonal projections. In what fol- 
lows we shall be almost exclusively concerned with orthogonal 
projections, and tlierefore when we speak simply of projections, 
are to be understood to mean orthogonal projections, unless 
the contrary is stated. There are some properties of orthogonal 
projections which we shall often have occasion to employ, and 
which we therefore collect here, though we have given the 
proof of some of them already. (See Contca^ p. 315.) 

TJie length of the orthogonal projection of a finite right line 
on any j^lc^^^ i^ equul to the line multiplied hy the cosine of 
the angle* which it makes with the plane. 



• The angle a line makes with a plane is measured by the angle 
which the line makes with its orthogonal projection on that plane. 

The angle between two planes is measured by the angle between the 
perpendiculars drawn in each plane to their line of intersection at any 
point of it. It may also be measured by the angle between the perpen- 
diculars let fall on the planes from any point. 

The angle between two lines which do not intersect, is measured by 
the angle between parallels to both drawn through any point. 

When we speak of the angle between two lines, it is desirable to express 
without ambiguity whether we mean the acute or the obtuse angle which 
they make with each other. When therefore we speak of the angle be- 
tween two lines (for instance PP*^ CC in the figure, next page), we shall 
understand that these lines are measured in the direction from P to P' and 
from Cto Cf and that the parallel PQ is measured in the same direction. 
The angle then between these lines is acute. But if we spoke of the angle 
between PP and CC, we should draw the parallel PQ' in the opposite 
direction, and should wish to express the obtuse angle made by the 
lines with each other. 

When we speak of the angle made by any line OP with the axes, we 
shall always mean the angle between OP and the positive direction of 
the axes, viz. OX^ OY, OZ, 

B2 
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'Let P(7, PC be drawn perpendicular to the plane XOY\ 
and CC is the orthogonal pro- 
jection of the line PP on that 
plane. Complete the rectangle 
by drawing PQ parallel to (7(7', 
and PQ will also be equal to 
CG\ Bui PQ = PPcobPPQ. 

4. The projection on any 
plane of any area in another 
plane is equal to the original 
area multiplied by the cosine of 
the angle hetvoeen the planes, 
(See Conies^ p. 315.) 

For if ordinates of both Egnres be drawn perpendicular to 
the intersection of the two planes, then, by the last article, 
every ordinate of the projection is equal to the corresponding 
ordinate of the original figure multiplied by the cosine of the 
angle between the planes. But it was proved ( Conies^ p. 293,) 
that when two figures are such that the ordinates corres- 
ponding to equal abscisssB have to each other a constant ratio, 
then the areas of the figures have to each other the same ratio. 

6. The projection of a point on any line^ is the point where 
the line is met by a plane drawn through the point perpendicular 
to the line. Thus, in figure, p. 2, if the axes be rectangular, 
2>, Ey Fsxe the projections of the point P on the three axes. 

The projection of a finite right line upon another right line 
is equal to the first line multiplied by the cosine of the angle 
between the lines. 

Let PP be the given line, and DD' its projection on OX. 
Through P draw PQ parallel to 
OX to meet the plane P CD' ; and 
since it is perpendicular to this 
plane, the Bugle PQP is right, and 
PQ^PPcobPPQ. But PC and 
Diy are equal, since they are the 
intercepts made by two parallel 
planes on two parallel right lines. 
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6. If there he any three points P, jP, F\ the projection of 
PP* on any line will he equal to the sum of the projections on 
that line ofPF and PP\ 

Let the projections of the three points be 2), If^ D\ then 
if n lie between D and i>", DD' is evidently the sum of DU 
and niy\ If D' lie between D and D^ DU' is the difference 
of DD and nD*\ but since the direction from U to U* is 
the opposite of that from D to D^ DD' is still the algebraic 
sum of DU and nU'. It may be otherwise seen that the 
projection of PP* is in the latter case to be taken with a 
negative sign from the consideration that in this case the 
length of the projection is found by multiplying PP' by the 
cosine of an ohtuae angle (see note, p. 3). In general, if there 
be any number of points P, P*, P', P", &c., the projection 
of PP" on any line is equal to the sum of the projections of 
PP, FP\ FP\ 

7. We shall have constant occasion to make use of the 
following particular case of the preceding. 

If the co-ordinaiea of any point P he projected on any line, 
the sum of the three projections is equal to the projection of the 
radius vector on that line. 

For consider the points 0, D, C, P (see figure, p. 2) and 
the projection of OP must be equal to the sum of the pro- 
jections of OI){=x),I)C (= y), and CP (= z). 

8. Having established those principles concerning projec- 
tions which we shall constantly have occasion to employ, we 
return now to tlie more immediate subject of this chapter. 

The co-'ordinates of the point dividing in the ratio mi n the 
distance bettceen two points x'y'z\ x"y"z'\ are 

^ mx" + nx my" + ny* mz" + nz* 

m-i-n ' ^ m + n ^ m-)rn 

The proof is precisely the same as that given at GonicSj p. 5, 
for the corresponding theorem in Plane Analytic Geometry. 
The lines PM, QN in the figure there given, now represent 
the ordinates drawn from the two points to any one of the 
co-ordinate planes. 
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If we consider the ratio w : w as indeterminate, we have 
the co-ordinates of any point in the line joining the two given 
points. 

9. Any side of a triangle is cut in the ratio m : n, and 
the line joining this point to the opposite vertex is cut in the 
ratio m + n : Z, to find the co-ordinates of the point of section. 

Ans. 

. Ix'+mx'' +nx'" ly' -i- W'+ „7/" Ix' + m£' + w/" 

l-^-m + n ^ ^ l+m-\-n ' l^-m^^n 

This is proved as in Plane Analytic Geometry (see Conies^ 
p. 6). K we consider Z, m, n as indeterminate, we have the 
co-ordinates of any point in the plane determined by the 
three points. 

Ex. The lines joining middle points of opposite edges of a tetrahedron 

meet in a point. The ar's of two such middle points are — - — , — - — , 

^ + x" + s!" + *^" 
and the x of the middle point of the line joining them is . 

The other co-ordinates are found in like manner, and their symmetry shows 
that this is also a point on the line joining the other middle points. 
Through this same point will pass the line joining each vertex to the 
centre of gravity of the opposite triangle. For the x of one of these 

centres of gravity is ~ , and if the line joining this to the opposite 

vertex be cut in the ratio of 3 : 1, we get the same value as before. 



10. To find the, distance between two points P, P*, whose 
rectangular co-ordinates are xyz'^ x"y'z\ 

Evidently (see figure, p. 4) PF^ = T Q" -\- PQ". But 
P'Q = «'-«", and PQT^ CC"" is by Plane Analytic Geometry 

= [x' - x'y + (y' - yy. Hence 

PF' = {x' - x'f + (y - yj + (z' - z^. 

Cor. The distance of any point xy'z from the origin is 
given by the equation 
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11. The position of a point is sometimes expressed by its 
radius vector and the angles it makes with three rectangular 
axes. Let these angles be a, )3, y. Then since the co-ordinates 
x^ y, z are the projections of the radius vector on the three 
axes, we have 

x = p cosa, y = p cos/S, 2? = p cosy. 

And, since ic*4-y-f «' = p*, the three cosines (which are 
sometimes called the direction-cosines of the radius vector) 
are connected by the relation 

cos*a -f- cos'/8 + co8*7 = 1.* 

The position of a point is also sometimes expressed by the 
following polar co-ordinates — the radius vector, the angle 7 which 
the radius vector makes with a fixed axis OZ^ and the angle 
COD (=<f>) which OC the projection of the radius vector on a 
plane perpendicular to OZ (see figure, p. 4) makes with a fixed 
line OX in that plane. Since then 0(7=p sin7, the formulae 
for transforming from rectangular to these polar co-ordinates are 

x = p siny cos^, y = p sin 7 sin^, z = p COS7. 

12. TTie square of the area of any plane figure is equal to 
the sum of the squares of its projections on three rectangular 
planes. 



* I have followed the usual practice in denoting the position of a line 
by these angles, but in one point of view there would be an advantage in 
using instead the complementary angles, namely, the angles which the 
line makes with the co-ordinate planes. This appears from the correspond- 
ing formuke for oblique axes which I have not thought it worth while 
to give in the text, as we shall not have occasion to use them afterwards. 
Let a, ^, 7 be the angles which a line makes with the planes yz^ zx, xy^ and 
let Ay B, Ch^ the angles which the axis of x makes with the plane of yz, 
oiy with the plane of ar, and of s with the plane of ay, then the formula; 
which correspond to those in the text, are 

X vmA-p sina, y sinB-p sin/3, z sin C=p sin7. 

These formulce are proved by the principle of Art 7. If we project on a 
line perpendicular to the plane of ^, since the projections of y and of 2 on 
this line vanish, the projection of x must be equal to that of the radius 
vector, and the angles made by x and p with this line arc the complements 
of A and a. 
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Let the area be A^ and let a perpendicular to its plane 
make angles a, fi, y with the three axes; then (Art. 4) the 
projections of this area on the planes y«, exj xy respectively, 
are A cosa, A cos)9, A C0S7. And the sum of the squares 
of these three = -4", since cos* a + cos'/S + cos*7 = 1. 

13. To express the cosine of the angle between two lines 
OPj OP* in terms of the direction-cosines of these lines. 

We have proved (Art 10), 

pp«= {x-x'y+it,- y)«4 {z^z')\ 

But also PP* = p" + p'«-2pp' cos^. 

And since p^ = a? + j^ + s^^ p'* = a;'*+y'* + «'*, 
we have pp cos 5 = xx + yy -h zz\ 

or cosd = cosa cosa' 4- cos^S costs' + C0S7 CO87 . 

Cor. The condition that two lines should be at right angles 
to each other is 

cosa cosa' + cos)8 costs' + cosy CO87' = 0. 

14. The following formula is also sometimes useful : 
8in*5 = (cos)8 cosy — CO87 COSTS')' + (cosy cosa' — cosa cosy')" 

+ (cosa COSTS' — co8)8 cosa')*. 

This may be derived from the following elementary theorem 
for the sum of the squares of three determinants {Lessons on 
Higher Algebra^ Art. 21), but which can also be verified at 
once by actual expansion, 

{hd - cJ')« + (cci - ac'Y + [ah' - ba'Y 

= (a* + 6' + c*)(a'*+6'*+c'*)-(aa' + W' + cc')*. 

For when a, i, c ; a', b\ c' are the direction-cosines of two 
lines, the right-hand side becomes 1 - cos*d. 

Ex. To find the perpendicular distance from a point xf^si to a line 
through the origin whose direction-angles are a, p^ 7. 

Let P be the point xfyftlf OQ the given line, PQ the perpendicular, 
then it is plain that PQ^ OP sinPOQ; and using the value just obtained 
for sin POQ, and remembering that x'= OP cosa', &c., we have 

PQf a (y CO87 - t cos/3/ 4 («' coso - «' C087)" + {gf cos/9 - y' cosa)*. 
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16. To find the directum-^osinea of a line perpendicular to 
two given lines j and therefore perpendicular to their plane. 

Let (iPy\ a!'fi"y' be the direction-angles of the given line, 
and ajSy of the required line, then we have to find afiy from 
the three equations 

cosa cosa' + cos/S cos/S' + COS7 cosy' = 0, 

cos a cosa" + cos 13 cos/8" + cosy cos-y" = 0, 

cos*a -f- cos')8 + cos*7 = 1 . 

From the first two equations we can easily derive, by elimi- 
nating in turn cosa, cos/S, cosy, 

X cosa = COSTS' C0S7" — CO8/8" cosy, 

\ cos/9 = cosy' cos a" — cosy" cosa', 

X cosy = cosa' cos)8" — cosa" cos/S*, 

where X is indeterminate ; and substituting in the third eqlfa- 
tion, we get (see Art. 14) 

X'' = sin''5. 

This result may be also obtained as follows : take any two 
points P, (2, or xyz^ xy'7i\ one on each of the two given lines. 
Now double the area of the projection on the plane of ocy 
of the triangle POQ^ is (see Conies^ p. 25) xi/' — yx"^ or 
p'p" (cosa' cos/9"— cosa" cos/8'). But double the area of the 
triangle is pp" sin^, and therefore the projection on the plane 
of a:;y is pp" sin 5 cosy. Hence, as before, 

sin5 cosy = cosa' cosyS" — cosa" cosyS*, 

and in like maimer 

sin5 cosa = cosy9' cosy" — cos/S" cosy' ; 

sin5 cosyS = cosy' cosa" ~ cosy" cosa'. 

TRANSFORMATION OF CO-ORDINATES. 

16. To transform to parallel axes through a new origin^ 
whose co-ordinates referred to the old axes are a;', y\ z\ 

The formulaB of transformation are (as in Plane Geometry) 

x = X-\-x\ y-Y-^-y'^ z-Z+z\ 
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For let a line drawn through the point P pturallel to one 
of the axes (for instance z) meet the old plane of a:y in a point 
C, and the new in a point C ; then PC^ PC + C'C. 

Bat PC is the old e^ PC is the new z ; and since parallel 
planes make equal intercepts on parallel right lines, CC 
must be equal to the line drawn through the new origin (7 
parallel to the axis of Zj to meet the old plane of ocy. 

17. To pass from a rectangular ay stem of axes to another 
system of axes having the same origin. 

Let the angles made by the new axes of x^ y, z with the 
old axes be a, )8, 7 ; a', ffy 7 ; a", P\ 7" respectively. Then 
if we project the new co-ordinates on one of the old axes, the 
sum of the three projections will (Art. 7) be equal to the 
projection of the radius vector, which is the corresponding old 
c^-ordinate. Thus we get the three equations 

a; = JT cosa + Y cosa' + Z cosa" -j 

y = Xco8/84-Fcos/3' + Zcos)8" I {A). 

z = X CO87 + Y C0S7 + Z C0S7" J 
We have, of course, (Art. 11) 
co8*a + cos*y9 + cos*7 = 1, cos* a' + cos*)^ + cos"7 = 1, 

cos«a" + co8»/8" + cosV = l (^). 

If the new axes be also rectangular, we have also (Art. 13) 
cosa cosa' 4- cos/S cosyS' + C0S7 COS7' =0 "j 
cosa cosa" + COSTS' cos/8" + cos7 0087" = r .,.{C). 
cosa" cosa + cos/S" cos)8 -f- C0S7" CO87 = J 

By the help of these relations we can verify tliat when 
we pass from one system of rectangular axes to another, we 
have, as is geometrically evident, a^-\-y*-\-2^ = X*-\-Y^-\- Z\ 

When the now axes are rectangular, since a, a', a" are 
the angles made by the old axis of x with the new axes, we 
must have 

cos'a + cos*a + cos* a" = 1, cos^^S + cos*/? + cos*)8" = 1, 

cos*7 + cos*7 +cos'7" = l (i>), 

cosa cos)3 + cos)9 C0S7 + cos 7 cosa =0] 
cosa' COSTS' + COSTS' COS7' -f- COS7' cosa' =0 r...(J?), 
cosa" cos^" + co3/8" cos7"+ CO87" co8a" = ^ 
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and the new co-ordinates expressed in terms of the old are 

X= X cosa + y cos)8 + z C0S7 '\ 

Y= X cosa' + y cos/S' -f z C0S7 > {F). 

Z=x cosa'+y co8/8"4-« COS7" J 

It would not be difBcult to derive analytically equations 
/>, E^ F^ from equations A^ B^ (7, but we shall not spend 
time on what is geometrically evident. 

18. When we transform rectangular axes to a system not 
rectangular, let \ fi^ v he the angles between the new axes 
of y and z^ of z and a?, of x and y respectively, then (Art. 13) 

cosX = cosa cosa" + costs' cos^" + COS7' COS7", 
co8/^= cosa" cosa + cos)8" cos)8 -f CO87" COS7, 
cosK= cosa cosa' + cos)8 cosyS' + COS7 C0S7'. 
Hence 
aj* + y« + a« = X'4.r' + Z"-h2rZco8X + 2ZZcos/^-f 2Zrcosv. 
Thus we obtain the radius vector from the origin to any 
point expressed in terms of the oblique co-ordinates of that point. 
It is proved in like manner that the square of the distance 
between two points, the axes being oblique, is 

[x' - xj + (y' - y"y + [z' - zy + 2 (y' - f) [z' - z") cosX 
-h2{z'- z") (x' - x") co» fi + 2 (x' - x") (y' - 7/) cos v.* 

19. The degree of any equation between the coordinates is 
not altered by transformation of coordinates. 

This is proved, as at Conies^ p. 8, from the consideration 
that the expressions just given for a:, y, z^ only involve the 
new co-ordinates in the first degree. 

— — • — — — — - - ^^ 

• As we shall never require in practice the formula} for transforming 
firom one set of oblique axes to another, we only give them in a note. 

Let A, B, C have the same meaning as at note, p. 7, and let a, fi^ rf< 
a% p, 7'; a", /3", 7" be the angles made by the new axes with the old 
co-ordinate planes \ then by projecting on lines perpendicular to the old 
co-ordinate planes, as in the note referred to, we find 

X sin^ » X %ma + ysina' + Zsina", 
y^inB^X sin/3 + Y^mp + Z sin/9", 
z sin C = -X" 8in7 + Y 8in7' + Z siny. 



( 12 ) 



CHAPTER II. 

INTERPRETATION OF EQUATIONS. 

20. It appears from the constraction of Art. 1 that if we 
were given merely the two equations a: = a, y = J, and if the 
« were left indeterminate, the two given equations would de- 
termine the point C, and we should know that the point P 
lay somewhere on the line PC. These two equations then 
are considered as representing that right line, it being the 
locus of all points whose x — a^ and whose y = &. We learn 
then that any two equations of the form x^a^y^b represent 
a right line parallel to the axis of z. In particular, the equations 
0? = 0,^ = represent the axis of z itself. Similarly for the 
other axes. 

Again, if we were given the single equation a; = ff, we 
could determine nothing but the point Z>. Proceeding, as at 
the end of Art. 2, we should learn that the point P lay some 
where in the plane PBCD^ but its position in that plane would 
be indeterminate. This plane then being the locus of all points 
whose x = a \a represented analytically by that equation. We 
learn then that any equation of the form x=^a represents a 
plane parallel to the plane yz. In particular, the equation 
a; = denotes the plane yz itself. Similarly, for the other 
two co-ordinate planes. 

21. In general, any single equation between the co-ordinates 
represents a surface of some kind ; any two simultaneous equations 
between them represent a line of some kind^ either straight or 
curved ; and any three equations denote one or more points, 

I. If we are given a single equation, we may take for x 
and y any arbitrary values; and then the given equation 
solved for z will determine one or more corresponding values 
of z. In other words, if we take arbitrarily any point G in 
the plane of xy^ we can always find on the line PC one or 
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more p<Hnts whose co-ordinates will satisfy the given equation. 
The assemblage then of points so fomid on the lines PG will 
form a surface which will be the geometrical representation 
of the given equation (see Gonics^ p. 13). 

II. When we are given two equations, we can, by elimi- 
nating y and z alternately between them, throw them into 
the form y = ^ (a:), z = y^ {x). If then we take for x any ar- 
bitrary value, the given equations will determine corresponding 
values for y and z. In other words, we can no longer take 
the point G anywhere on the plane of a^y but this point is 
limited to a certain locus represented by the equation y = ^ (x). 
Taking the point G anywhere on this locus, we determine 
as before on the line PG a number of points P, the assemblage 
of which is the locus represented by the two equations. And 
since the points G which are the projections of these latter 
points, lie on a certain line, straight or curved, it is plain that 
the points P must also lie on a line of some kind, though of 
course they do not necessarily lie all in any one plane. 

Otherwise thus: when two equations are given, we have 
seen in the first part of this article that the locus of points 
whose co-ordinates satisfy either equation separately, is a surface. 
Consequently, the locus of points whose co-ordinates satisfy 
both equations is the assemblage of points common to the 
two surfaces which are represented by the two equations con- 
sidered separately : that is to say, the locus is the line of in- 
tersection of these surfaces. 

III. When three equations are given, it is plain that they 
are sufBcient to determine absolutely the values of the three 
unknown quantities a?, y, z^ and therefore that the given 
equations represent one or more points. Since each equation 
taken separately represents a surface, it follows hence that 
any three surfaces have one or more common points of inter- 
section, real or imaginary. 

22. Surfaces, like plane curves, are classed according to 
the degrees of the equations which represent them. Since 
every point in the plane of osy has its ;5 = 0, if in any equation 
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we make « = 0, we get the relation between the a? and y 
co-ordinates of the points in which the plane ocy meets the 
snrface represented by the equation: that is to say^ we get 
the equation of the plane curve of section, and it is obvious 
that the equation of this curve will be in general of the same 
degree as the equation of the surface. It is evident, in fact, 
that the degree of the equation of the section cannot be greater 
than that of the surface, but it appears at first as if it might 
be less. For instance, the equation 

Is of the third degree, but when we make « = 0, we get an 
equation of the second degree. But since the original equation 
would have been unmeaning if it were not homogeneous, every 
term must be of the third dimension in some linear unit (see 
Conies J p. 61), and therefore when we make 2 = 0, the re- 
maining terms must still be regarded as of three dimensions. 
They will form an equation of the second degree multiplied 
by a constant, and denote (see Contcsj p. 61) a conic and 
a line at infinity. If then we take into account lines at infinity, 
we may say that the section of a surface of the n"* degree 
by the plane of xy will be always of the w^" degree, and 
since any plane may be made the plane of a^, and since 
transformation of co-ordinates does not alter the degree of an 
equation, we learn that every plane section of a surface of the 
fi*** degree is a curve of the «"* degree. 

In like manner it is proved that every right line meets a 
suffacs of the n"* degree in n points. The right line may be 
made the axis of z^ and the points where it meets the surface 
are found by making a? = 0, y = in the equation of the surface, 
when in general we get an equation of the fi^ degree to de- 
termine z. If the degree of the equation happened to be less 
than /I, it would only indicate that some of the n points 
where the line meets the surface are at infinity. 

23. Curves in space are classified according to the number 
of points in which they are met by any plane. Tioo equations 
of the m^ and n^^ degrees respectively represent a curve of the 
mrJ^ degree. For the surfaces represented by the equations 
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are cut by any plane in curves of the m and n degrees 
respectively, and these curves intersect in mn points. 

Three eqiuztions of the m^y rC^y and p^^ degrees respectively^ 
denote mnp points. 

This follows from the theory of elimination, since if wo 
eliminate y and z between the equations, we obtain an equation 
of the mnp^ degree to determine x (see Lessons on Higher 
Algebra^ p. 26). This proves also that three surfaces of the 
w"*, w"*, p^^ degrees respectively y intersect in mnp points. 



24. If an equation only contain two of the variables 
{xy y) = 0, the learner might at first suppose that it represents 
a curve in the plane of ocyy and so that it forms an exception 
to the rule that it requires two equations to represent a curve. 
But it must be remembered that the equation ^ (a:, y) = will 
be satisfied not only for any point of this curve in the plane 
of xyy but also for any other point having the same x and y 
though a different z : that is to say, for any point of the 
surface generated by a right line moving along this curve, 
but remaining parallel to the axis of z.* The curve in the 
plane of xy can only be represented by two equations, namely, 
z = Oy<f> {xy y) = 0. 

If an equation contain only one of the variables a?, wo 
know by the theory of equations, that it may be resolved 
into n factors of the form aj — a = 0, and therefore (Art. 20) 
that it represents n planes parallel to one of the co-ordinato 
planes. 

* A surface generated by a right line moving parallel to itself is called 
a cylindrical surface. 



( 16 ) 



CHAPTER III. 



THE PLANE. 

25. In the discussion of equations we commence of course 
with equations of the first degree, and the first step is to 
prove that every equation of the first degree represents a plcme^ 
and conversely, that the equation of a plane is always of the 
first degree. We commence with the latter proposition, which 
maj be established in two or three different ways. 

In the first place we have seen (Art. 20) that the plane 
oi xy \& represented by an equation of the first degree, viz. 
«=:0; and transformation to any other axes cannot alter the 
degree of this equation (Art. 19). 

We might arrive at the same result by forming the equation 
of the plane determined by three given points, which we can 
do by eliminating ?, »n, n from the three equations given 
Art. 9, when we should arrive at an equation of the first 
degree. The following method however of expressing the 
equation of a plane leads to one of the forms most useful in 
practice. 

26. To find the equation of a plane^ ike perpendicular on 
which from the origin =j9, <md makes angles a, ^, 7 vnth the 
axes. 

The length of the projection on the perpendicular of the 
radius vector to any point of the plane is of course =j9, and 
(Art. 7) this is equal \o the sum of the projections on that 
line of the three co-ordinates. Hence we obtain for the equation 
of the plane 

X cosa+y cos)8 + « cos7=jp.* 



* In what follows we suppose the axes rectangular, but this equation 
is true whatever be the axes. 
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27. Now, conversely, any equation of the first degree 

can be reduced to the form just given, by dividing it by a 
factor JR. We are to have A = JR cosa^ B^JR co8)8, C=B CO87, 
whence, by Art. 11, ^ is determined to be =V(-4' + -B*-f C"). 
Hence any equation Ax -f By + Cz + Z> = may be identified 
with the equation of a plane, the perpendicular on which from 

the origin = -ry-jj — ^5 — -^ , and makes angles with the 

axes whose cosines are -4, -B, C, respectively divided by the 
same square root. We are to give to the square root the 
sign which will make the perpendicular positive, and then the 
signs of the cosines will determine whether the angles which 
the perpendicular makes with the positive directions of the 
axes are acute or obtuse. 

28. To find the angle between two planes 

Ax-\-By-\^Cz + D = 0^ A'x-^-B'y+C'z + iy^^O. 

The angle between the planes is the same as the angle 
between the perpendiculars on them from the origin. By the 
last article we have the angles these perpendiculars make with 
the axes, and thence, Arts. 13, 14, we have 

AA' + BB'4CC' 



cos5 = 



V{{^" + ^'^ + C) {A" + £'^ + C"*)} ' 



sm 



jAB' - A By -^{BC- B' Cy +{CA- CAY 
{A" + J5^ + G^) {A^ + B'^ 4 C^) ^' 



Hence the condition that the planes should cut at right angles 
\sAA^-BB' + GG' = i). 

They will be parallel if we have the conditions 

AB'=:AB, BG' = B'Oj GA^G'A] 

in other words, if the coefBcients Ay i?, G be proportional to 
A J B\ G\ in which case it is manifest from the last article 
that the direction of the perpendicular on both will be the same. 

29. To express the equation of a plane in terms of the in- 
tercepts a, 6, c, which it makes on the axes, 

C 
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The intercept made ou the axl^ of x by the plane 

Ax + By-hCz + D^^O 

18 found by making y and z both = 0, when we have Aa-^D = 0. 
And similarly, Bb-vD = % Gc + D^O. Substituting in the 
general equation the values just found for -4, B^ (7, it becomes 

X y z ^ 

-4-f + -=1. 
a b c 

If in the general equation any term be wanting, for instance, 
if ^ = 0, the point where the plane meets the axis of x is at 
infinity, or the plane is parallel to the axis of x. If we have 
both ^ = 0, -B = 0, then two axes meet at infinity the given 
plane which is therefore parallel to the plane of xy (see also 
Art. 20). If we have ^ = 0, jB=0, (7 = 0, all three axes meet 
the plane at infinity, and we see, as at Conies^ P* ^1> ^^^ ^^ 
equation Z> = must be taken to represent a plane at infinity. 

30. To find the equation of the plane determined by three 
points. 

Let the equation be Ax + i?y + Cfe + D = ; and since this 
is to be satisfied by the co-ordinates of each of the given points, 
Aj J3, (7, J) must satisfy the equations 

^a?' + 5y + C«'-f I> = 0, Ax"-]-By"-\-Cz" + D = 0, 

Ax"'-\-By"' + Cz" + I)^0. 

Eliminating -4, 5, (7, D between the four equations, the 
result is the determinant 



X, 


yy 


«. 
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«', 


y\ 
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X", 


y", 
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X"; 


y"\ 
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1 



= 0. 



Expanding this by the common rule, the equation is 



xy{z"-z'") + y"{z'" 

+ y{«'(aj"-aj"') + z" [x'" 

+ a{x'(y"-y"') + x" {y"' 

=»'(y'V"-/V') + «"(y"V 



./) + y"'{z--z")} 
■x') + z'"{x'-x")] 
■y') + x'"{y'-y")} 
y'z"') + x''{y'z"-y"z'). 
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If we consider x^ y^ z ba the co-ordinates of any fourth 
point, we have the condition that four points should lie in 
one plane. 

31. The coefficients of a?, y, z in the preceding equation 
are evidently double the areas of the projections on the co- 
ordinate planes of the triangle formed by the three points. 

If now we take the equation (Art. 26) 

X cosa + y cos /3 + « cosy =^^, 

and multiply it by twice Ay {A being the area of the triangle 
formed by the three points) the equation will become identical 
with that of the last article, since A cosa, A cos)3, A C0S7 
are the projections of the triangle on the co-ordinate planes 
(Art. 4). The absolute term then must be the same in both 
cases. Hence the quantity 

X (if z -y z)'\-x [y z -yz )-\-x {yz -y z) 

represents double the area of the triangle formed by the three 
points multiplied by the perpendicular on its plane from the 
origin : or, in other words, six times the volume of the triangular 
pyrami^y whose base is that tr tangle ^ and whose vertex is the 
origin.* 



• If in the preceding values we substitute for ar*, y', «*; />' cosa', p* cos^, 
p' cosy, &c., we find that six times the volume of this p)Tamid « p'p"p'*' 
multiplied by the determinant 

cosa', cos^, cos 7' 
cosa", cos^', cos 7' 
cosa*", cos/3^', cosy 

Now let us suppose the three radii vectores cut by a sphere whose radius 
is unity, having the origin for its centre, and meeting it in a spherical 
triangle RR'R". Then if a denote the side RR't and p the perpendicular 
on it from R"j six times the volume of the pyramid will be />V>V" ^i*^** sin^ j 
for p'p" sin a is double the area of one face of the pyramid, and p'" sin/i 
is the perpendicular on it from the opposite vertex. It follows then that 
the determinant above written is equal to double the function 

VKsin* sin(» - a) 8in(« - h) sin(» - 6)} 

of the sides of the above-mentioned spherical triangle. The same thing 

C2 
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Wrfcan at once express A itself in terms of the co-ordinates 
of the three points by Art. 12, and must have 4-4' equal to 
the sum of the squares of the coefBcients of x^ y^ and z^ in 
the equation of the last article. 

32. To find the length of the perpendicular from a given point 
x*yz' on a given plane. 

If we draw through x'yz' a plane parallel to the given 
plane and let fall on the two planes a common perpendicular 
from the origin, then the intercept on this line will be equal 
to the length of the perpendicular required, since parallel planes 
make equal intercepts on parallel lines. But the length of 
the perpendicular on the plane through xy'z' is, by definition, 
(Art. 5) the projection on that perpendicular of the radius 
vector to x'y'z\ and therefore (Art. 26) is equal to 

x' cosa +y' cos/3 + «' eos7. 

The length required is therefore 

X cosa+y cos/3 + «' COS7— j9. 

N.B. This supposes the perpendicular on the plane through 
x'yz' to be greater than jp, or, in other words, that x'yz' and 



may be proved by forming the square of the same determinant according 
to the ordinary rule ; when if we write 

coso" coso'" 4 cos^' co^pT + cos 7" cos*/^ = cos a, &c. 
we get 

1 cose, COS& 

cose, 1, cosa 
cos 5, cosa, 1 

which expanded is 1 + 2 cosa cosft cose - cos'a - cos' 6 - cos*c, which is 
known to have the value in question. 

It is useful to remark that when the three lines are at right angles 
to each other the determinant 

cosa', cos/S', cos 7' 
coso", cos/3", cos 7" 
cosa"', cos/3"', cosy 
has unity for its value. In fact we see, as above, that its square is 

1, 0,0 

0, 1, 

0,0, 1 
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4l 



the origin are on opposite sides of the plane. If they were 
on the same side, the length of the perpendicular would be 
p^{x' cos a 4- y' cos/3 + «' cos 7). If the equation of the plane 
were given in the form ^a? H- J5y + (7« + Z), it is reduced to 
the other form, as in Art. 27, and the length of the per- 
pendicular is 

It is plain that all points for which Ax' + By' ^-Cz -\-D 
has the same sign as 2>, will be on the same* side of the plane 
as the origin, and vice versd when the sign is different. 

33. To find the co-ordinates of the intersection of three planes. 
This is only to solve three equations of the first degree 

for three unknown quantities (see Lessons on Higher Algebra^ 
Art. 24). The value of the co-ordinates will become infinite 
if the determinant {AB'C") vanishes, or 

A {B' G" - B" C) + A' (B"C-BC")^A" {BC - B'C)=^0. 

This then is the condition that the three planes should be 
parallel to the same line. For in such a case the line of in- 
tersection of any two would be also parallel to this line, and 
could not meet the third plane at any finite distance. 

34. To find the condition that four planes should meet in a 
point. 

This is evidently obtained, by eliminating Xj y, z between 
the equations of the four planes, and is therefore the determinant 

{AB'C'iy"), or 

A, B, C, D 

A', B', C, D' 

A", B", C", Z>" 

A'"^ B'", C"'j D" =0. 

35. To find the volume of the tetrahedron whose vertices are 
any four given points. 

If we multiply the area of the triangle formed by three 
points, by the perpendicular on their plane from the fourth, 
we obtain three times the volume. The length of the per- 
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pendicular on the plane whoso equation is given, (Art. 30) is 
formed by substitnting in that equation the co-ordinates of the 
fourth point, and dividing by the square root of the sum of 
the squares of the coefficients of x^ y^ g. But (Art 31) that 
square root is double the area of the triangle formed by the 
three points. Hence six times the volume of the tetrahedron 
in question is equal to the determinant 

1 
1 
1 
1 

36. It is evident, as in Plane Geometry, (see Conies^ Art. 36) 
that if /S, 8' J 8" represent any three surfaces, then a8+b8' 
where a and b are any constants, represents a surface passing 
through the line of intersection of 8 and 8'] and that 
a8-\-b8' + 08"' represents a surface passing through the points 
of intersection of 5, 8\ and 8". Thus then if i, Ji", N denote 
any three planes, aL + bM denotes a plane passing through 
the line of intersection of the first two, and aL'\-bM-\'cN 
denotes a plane passing through the point common to all 
three. As a particular case of the preceding aL^-b denotes 
a plane parallel to Z, and aL + bM-\- c denotes a plane parallel 
to the intersection of L and M (see Art. 29). 

So again, four planes Z, JIf, N^ P will pass through the 
same point if their equations are connected by an identical 
relation 

ai + JJf+ciV+rfP=0, 



* The volume of the tetrahedron formed by four planes, whose equations 
are given, can be found by forming the co-ordinates of its angular points, 
and then substituting in the formula given above. The result is, (see 
LesBons on Higher Algebra^ Art 25) that six times the volume is equal to 

B^ 

{AirC) {AB^ C") {A' If" C) {A'^Ji C) 

where 22 is the determinant {ABC'iy") Art 34, and the factors in the 
denominator express the conditions (Art. 33) that any three of the 
planes should be parallel to the same line. 



THE PLANE. 23 

for then any co-ordinates which satisfy the first three must 
satisfy the fourth. Conversely, given any four planes inter- 
secting in a common point, it is easy to obtain such an identical 
relation. For multiply the first equation by the determinant 
{A'B"C'"), the second by- {A"B"'C), the third by {A'"BC\ 
and the fourth by — {AB'C")j and add : then {Lessons on Higher 
Algebra^ Art. 7) the coefficients of a;, y^ z vanish identically; 
and the remaining term is the determinant which vanishes 
(Art. 34), because the planes loeet in a point. Their equations 
are therefore connected by the identical relation 

L {AB" C") - M{A"B'"C) + N{A'"BC') - P{AB' C) = 0. 

37. Given any four planes Z, 3/, N^ P not meeting in a 
point, it is easy to see (as at Conies^ Arts. 58, 59) that the 
equation of any other plane can be thrown into the form 

aL -f hM^- cN-V dP== 0. 



And in general the equation of any surface of the n* degree 
can be expressed by a homogeneous equation of the rl^ degree 
between X, 3f, N^ P (see Conies^ Art. 270). For the number 
of terms in the complete equation of the n"* order between three 
variables is the same as the number of terms in the homogeneous 
equation of the n^^ order between /owr variables. 

Accordingly, in what* follows, we shall use these quadrv- 
planar co-ordinates whenever by so doing our equations can 
be materially simplified. 

Ex. 1. To find the equation of the plane passing through xys', and 
through the intersection of the planes 

Ax^ By^Cz^^ D, A'x \ By ^ C'z \ B (see Cb«w?», Ex. 3, p. 29). 

Am. {Ax' + By i CV ^ ly) {Ax ^- By + Cz ^ D) 

= {Aaf \By' \C7: \B) {A'x ^ By \ C'% + Lf), 

Ex. 2. Find the equation of the plane passing through the points 
ABCi figure, p. 2. 

^_ X t/ 2 

The equations of the line BC are evidently - = 1, | + - = 1. Hence 

«• ff « 
obyiously the equation of the required plane is - + ^ + - = 2, since this 

a o c 

passes through each of the three lines joining the three given points. 



24 THE RIGHT LINE. 

Ex. 3. Find the equation of the plane PEF in the same figure. 

f/ 2 

The equations of the line EF are x ^ 0, t[- + - = 1, and forming as above 
the equation of the plane joining this line to the point abe, we get 

oca 

38. If four planes which intersect in a right line be met by 
any plancj the anharmonic ratio of the pencil so formed will be 
constant. For we could by transformation of co-ordinates make 
the transTcrse plane the plane oVxy^ and then by making 2; = 
in the equations would have the equations of the intersections 
of the four planes with this plane. These will be of the form 
aL-\-M^ bL+M^ cL + Mj dL + M^ whose anharmonic ratio 
(see Conies^ Art. 56) depends solely on the constants a, i, c, rf; 
and does not alter when by transformation of co-ordinates L 
and M come to represent different lines. 
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39. The equations of any two planes taken together will 
represent their line of intersection which will include all the 
points whose co-ordinates satisfy both the equations. By elimi- 
nating X and y alternately between the equations we reduce 
them to a form commonly used, viz. 

x = mz ■\-aj y^nz-\-b. 

The first represents the projection of the line on the plane of 
xz and the second that on the plane of yz. The reader will ob- 
serve that the equaiions of a right line include four independent 
constants. 

We might form independently the equations of the line 
joining two points ; for taking the values given (Art. 8) of the 
co-ordinates of any point on that line, solving for the ratio 
m : n from each of the three equations there given, and equa- 
ting results, we get 
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for the required equations of the line. It thus appears that 
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the equations of the projections of the line are the same as the 
equations of the lines joining the projections of two points on 
the line, as is otherwise evident. 

40. Two right lines in space will in general not intersect. 
If the first line be represented by any two equations Z = 0, 
3f=0, and the second by any other two -^=0, P=:0, then if 
the two lines meet in a point, each of these four planes must 
pass through that point, and the condition that the lines should 
intersect is the same as that already given (Art. 34). 

Two intersecting lines determine a plane whose equation 
can easily be found. For we have seen (Art. 36) that when 
the four planes intersect, their equations satisfy an identical 
relation 

aL 4- hM-^ cN-^- dP= 0. 

The equations therefore aL + bM=Oj and cN-\-dP=0 must 
be identical and ihust represent the same plane. But the form 
of the first equation shows that this plane passes through the 
line Z, Mj and that of the second equation shows that it passes 
through the line JV, P. 

Ex. When the given lines are represented by equations of the form 

X = mz i^ a, y - nz ^^ b; a? = m'z + rt', y = n'z + b', 

the condition that they should intersect is easily found. For solving for z 
from the first and third equations, and equating it to the value found by 
solving from the second and fourth, we get 

a-a' _ b-b' 
m - m' n - n'' 

Again, if this condition is satisfied, the four equations are connected by 
the identical relation 

(n - n') {(x - m« - a) - (a? - m'z - a')] = {m -m') \(y - nz~b) - (y - n'z - If)]^ 

and therefore (n - n') {x - mz- a)-{m- m') (y - na - 6) 

is the equation of the plane containing both lines. 

41. To find the equations of a line passing through the point 
x'y'z\ and making angles a, ^8, 7 with the axes. 

The projections on the axes, of the distance of x'y'z' from 
any variable point xyz on the line, are respectively x — x\ 
y — y') z — z'] and since these are each equal to that distance 



% 
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multiplied by the cosine of the angle between the line and the 
axis in question, we have 

cos a cos)8 CO87 ' 

a form of writing the equations of the line which, although it 
includes two superfluous constants, yet on account of its sym- 
metry between a:, y, z is often used in preference to the form 
in Art, 39. 

Reciprocally, if we desire to find the angles made with the 
axes by any line, we have only to throw its equation into the 

form — 5 — = ■ ., - = ^ when the direction-cosines of the 
ABC 

line will be respectively -4, ]5, (7, each divided by the square 

root of the sum of the squares of these three quantities. 

Ex. 1. To find the direction-coaines of x = mz + a, y = mc f 6. Writing 

the equations in the form = = •- , the direction-cosines are 

m It 1 

m n 1 



Ex. 2. To find the direction-cosines of ^ « -^ , s « 0. 

/ m 



A ^ ^ ft 

Ex. 3. To find the direction-cosines of 

Eliminating y and z alternately we reduce them to the preceding form, 

,,,,.,. . BC'-BC CA'-CA AB-A'B 

and the direction-cosines are — _ , 5 , =5 , where 

JC Jti xt 

JR^ is the sum of the squares of the three numerators. 

« 
Ex. 4. To find the equation of the plane through the two intersecting 

lines *■ 

' " ? - y ~^ = Li^ . ^ '^' _ y 'y' _^- ^ 

cos a cosy3 cos 7' cos a' cos/S'cosY* 

The required plane passes through ar'y'sj' and its perpendicular is perpen- 
dicular to two lines whose direction-cosines are given; therefore, (Art. 15) 
the required equation is 

(x - x*) (cos/S cosy - C0S7 coR/3') + (y - j/) (CO87 coso' - CO87' cos a) 
4 (2 - c') (cosfl cos/i' - cos«' cos^) = 0. 
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£x. 5. To find the equation of the plane passing through the two 
parallel lines 

X- 9f y -yf z- 7i X - 3^' y -yT e-«^ 
cos a cos/f cos 7* cos a cos/3 cos 7 * 

The required plane contains the line joining the given points, whose 
direction-cosines are proportional to x' - xT^ %f - y", / - g" ; the direction- 
cosines of the perpendicular to the plane are therefore proportional to 

(y' - y") COS7 - (a/ - O cos)3, (s* - «") cosa - (x' - ^) CO87, 

(x' - «") C08/3 - (y - y") coso. 

These may therefore be taken as the coefiicients of x^ y, z, in the required 
equation, while the absolute term determined by substituting x^yV for xyz 
in the equation is 

(y'a^ -y'V) coso + («'ar" - «"«') co8/3 + {x^y" - «"/) C0S7. 

42. ?b ^nrf <A6 eqitatians of the perpendicular from cxfy^z* 
on the plane Ax + By +Cz + D, The direction-cosines of the 
perpendicular on the plane (Art. 27) are proportional to A^B^C] 
hence the equations required are 

x — x y —y z — z 
~A^^^B^^~^' 

43. To find the directwn'-cosines of the bisector of the angle 
between two given lines. 

As we are only concerned with directions it is of course 

sufficient to consider lines through the origin. K we take 

points xyz\ x'y'z" one on each line, equidistant from the 

origin, then the middle point of the line joining these points 

is evidently a point on the bisector, whose equation would 

therefore be 

a? __ 3^ _^ « 

X -\-x y -\-y z +z ^ 

and whose direction-cosines are therefore proportional to 

X +x , y +y , « +« ; 

but since x\ y\ z\ x\ y\ z" are evidently proportional to the 
direction-cosines of the given lines, the direction-cosines of the 
bisector are 

cosa' H- cosa", cosyS' H- cosyS", COS74-COS7", 

each divided by the square root of the sum of the squares of 
these three quantities. 
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The bisector of the Bupplemental angle between the lines 
woald be got by substituting for the point x"y"z" a point equi- 
distant from the origin measured in the opposite direction, 
whose co-ordinates are —a?", — y"j — «" ; and therefore the direc- 
tion-cosines of this bisector are respectively proportional to 

cosa - cosa", cos/8' — cos)8", C0S7 — COS7". 

N.B. The equation of the plane bisecting the angle between 
two ^WQn planes is found precisely as at Conies^ p. 35, and is 

{x cosa 4-y cos)8 + z C0S7 —p) = ±{x cosa + y cos)8' + z cosy' — jp')- 

44. To find the angle made with each other by two lines 

x-~a y — b^z — c^ x — a^y — b^z — c 
I m n ' I m n 

Evidently (Arts. 13, 41), 

^ ir -\- mm' + nn 

cosa = 



Cob. The lines are at right angles to each other if 

IV 4- mm' + nn = 0. 

Ex. To find the angle between the lines - = -y^r = -— -; -— — =y, 2 = 0. 

Z V(«>J v(2) VW 

Am, 30°. 

45. To find the angle between the platie Ax -\- By + Cz -\- D^ 

and the line — i — = = . 

I m n 

The angle between the line and the plane is the complement 

of the angle between the line and the perpendicular on the 

plane, and we have therefore 

. ^_ Al-{-Bm-{-C n 

^ V(P + «*" + n') s/{A' -^B'-\. C) • 

Cor. When Al+Bm + Cn = Oj the line is parallel to the 
plane, for it is then perpendicular to a perpendicular on the 
plane. 

46. To find the conditions that a line x = mz + a^ y = nz + b 
should be altogether in a plane Ax -\-By^Cz + D. Substitute 
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for X and y in the equation of the plane, and solve for z^ when 
we have 

^ "" Am + Bn + C^ 

and if both numerator and denominator vanish, the value of z 
is indeterminate and the line is altogether in the plane. We 
have just seen that the vanishing of the denominator expresses 
the condition that the line should be parallel to the plane ; while 
the vanishing of the numerator expresses that one of the points 
of the line is in the plane, viz. the point ab where the line meets 
the plane of xy. 

In like manner in order to find the conditions that a right 
line should lie altogether in any surface, we should substitute 
for X and y in the equation of the surface, and then equate to 
zero the coeflScient of every power of z in the resulting equation. 
It is plain that the number of conditions thus resulting is one 
more than the degree of the surface.* 

47. To find the equation of the plane draum throvtgk a given 
line perpendicular to a given plane. 

Let the line be given by the equations 

Ax + By^Cz-vD^Q^ ^'a? + 5'y + (7'« + i^ = 0, 

and let the plane be 

Then any plane through the line will be of the form 

and in order that it should be perpendicular to the plane we 
must have 

{\A + fiA) A' + {-KB+fiB') B" + (XC+ /iC) C = 0. 

* Since the equations of a right line contain four constants, a right line 
can be determined which shall satisfy any four conditions. Hence any 
surface of the second degree must contain an infinity of right lines, since 
we have only three conditions to satisfy and have four constants at our 
disposal. Every siuface of the third degree must contain a finite number 
of right lines since the number of conditions to be satisfied is equal to the 
number of disposable constants. A surface of higher degree will not 
necessarily contain any right line lying altogether in the surface. 
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This equation determines X : /i, and the equation of the require< 
plane is 

{A A" + B'B" + C C") {Ax + By + Cz + D) 

= {AA" + BB*' + CC) {Ax + B'y + C'z + IT) 

When the equations of the given plane and line are givei 
in the form 



X cosa + y cos/S -I- z C0S7 =^p ; 



J > 



cosa' COSTS' cosy 

we can otherwise easily determine the equation of the requirec 
plane. For it is to contain the given line whose direction-angle; 
are a', ff^ y ; and it is also to contain a perpendicular to th( 
given plane whose direction-angles are a, )8, 7. Hence (Art. 15 
the direction-cosines of a perpendicular to the required plane ar< 
proportional to 

cos^cosy— COS/8 C0S7', cosy'cosa— cos7cosa', cosa cos/S—cosa COSTS' 

and since the required plane is also to pass through xy'z'^ it 
equation is 

{x—x') (cos/8 COS7'— cos/S* COS7) + iy—y) (cosy cosa'— cosy' cosa 

+ (2? — z) (cosa COSTS' — cosa' cos)8) = 0. 

48. Given ttoo lines to find the equation of a plane drata 
through either parallel to the other. 

First, let the given lines be the intersections of the planei 
i, M\ Ny P whose equations are given in the most genera 
form. Then proceeding exactly as in Art. 36, we obtain th< 
identical relation 

L{AB" C"'yM{A"B" C)+N{A"'BC'yP{AB' C")={AB' C"Z)'") 

the right-hand side of the equation being the determinant, whosi 
vanishing expresses that the four planes meet in a point. It ii 
evident then that the equations 

L {A'B"C'") - M{A'B"'C) = 0, N{A"BC') - F{AB'C") = 

represent parallel planes since they only differ by a constam 
quantity ; but these planes pass each through one of the givei 
lines. 
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Secondly, let the lincB be given by equations of the form 

x^x y~'y* _^'~^\ x — x*' ^y — y" ^z — z* 
cosa " coB/8 "" CO87 ' cosa' "" cos^ CO87" ' 

Then since a perpendicular to the sought plane is perpendicular 
to the direction of each of the given lines, its direction-cosines 
(Art. 15) are the same as those given in the last example, and ^ 
the equations of the sought parallel planes are 

{x — a?') (cos)8 C037'— COSTS' COS7) + [y—y') (C0S7 cosa' - CO87' cosa) 

+ (« — z') (cosa COSTS' — cosa' cos/8) = 0, 

[x^x') (cos)8 COS7'— COSTS' C0S7) + (y — y ) (C0S7 cosa — CO87 cosa) 

+ (2 — z") (cosa cos)9' - cosa' cos)8) = 0. 

The perpendicular distance between two parallel planes is equal 
to the difference between the perpendiculars let fall on them 
from the origin, and is therefore equal to the difference between 
their absolute terms, divided by the square root of the sum of 
the squares of the common coefficients of a?, y, z. Thus the per- 
pendicular distance between the planes last found is 

(a?'— a:")(cosjS C0S7'- cos)9' C0S7) + (y'—y") (COS7 cosa— C0S7' cosa) 

+ [z — z") (cosa cosyS' — cosa cos^) divided by sin 0^ 

where (see Art. 14) is the angle between the directions of the 
given lines. It is evident that the perpendicular distance here 
found ds shorter than any other line which can be drawn from 
any point of the one plane to any point of the other. 

49. To find the equations and the moffnitude of the shortest 
distance between Ujdo non^intersecting lines. 

The shortest distance between two lines is a line perpen- 
dicular to both, and which can be found as follows: Draw 
through each of the lines, by Art. 47, a plane perpendicular 
to either of the parallel planes determined by Art. 48 ; then the 
intersection of the two planes so drawn will be perpendicular 
to the parallel planes, and therefore to the given lines which 
lie in these planes. From the construction it is evident that 
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the line so determined meets both the given lines. Its mag- 
nitude is plainly that determined in the last article. Working 
by Art. 47 the equation of a plane passing through a line whose 
direction-angles are a, ^, 7, and perpendicular to a plane whose 
direction-cosines are proportional to 

co8)S'cos7— COS/8 COS7', cos7'co8a--cos7C08a, cosa'cos/S— cosacos/S', 

we find that the line sought is the intersection of the two pianos 

[x — x) (cosa' — cos^ cosa) + (y— y') (costs' — cos ^ cos /8) 
+ {« — z') (CO87 — cos^ CO87) = 0, 

(x — x') (cos a — cos^ cos a') + (y — y") (cos/S — cos^ COSTS') 

+ (« — z") (CO87 — C08^ CO87 ) = 0. 

The direction-cosines of the shortest distance must plainly be 
proportional to 

cos^cos7— COS/8COS7', cos7'co8a— cos7Cosa', cosa'cos/S— cosacosjS'. 
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50. We add as an appendix to the preceding chapters some 
properties of tetrahedra which, though not obtained by the 
method of co-ordinates, are worth being set down. 

To find the relation hetioeen the »ix lines joining any four 
points in a plane. 

Let a, bj c be the sides of the triangle formed by any three 
of them ABCj and let d^ c, / be the lines joining the fourth 
point D to these three. Let the angles subtended at D by 
a^b^c be a, )8, 7; then we have cosa = cos()8±7), whence 

cos"a + cos*)8 -I- cos'7 — 2 cosa cos)8 cosy = 1. 

This relation will be true whatever be the position of Z>, 
either within or without the triangle ABC. But 

^^^= 2ef > "^'^ W~' ^^^= 2de ' 
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Substituting these values and reducing, we find for the required 
relation 

+ aV»(a"-J'-c') + JV(J*-a*-c*) + cy(c*-a*-6*)+a»6V=0. 

51. To express the volume of a tetrahedron in terms of its 
SIX edges. 

Let the sides of the triangle formed by any face ABC be 
a^ l^ c] the perpendicular on that face from the remaining 
vertex be p^ and the distances of the foot of that perpendicular 
from ^, -B, (7 be d\ e'^ /'. Then a, J, c, d'^ e\ f are connected 
by the relation given in the last article. But if rf, €,/ be the 
remaining edges d* = d''*\i^^ e" = e'"+p*, /'=/'*+?*; whence 
cT — e* = c?" — e'*, &c. and putting in these values, we get 

- F^p^ (2a«y + 2 JV + 2cV - a* - J* - c*), 

where F is the quantity on the left-hand side of the equation 
in the last article. Now the quantity multiplying ^^ b 16 times 
the square of the area of the triangle ABC^ and since p mul- 
tiplied by this area is three times the volume of the pyramid, 
we have F^ - 144 7*. 

52. To find the relation between the six arcs joining four 
points on the surface of a sphere. 

We proceed precisely as in Art. 50, only substituting for 
the formulae there used the corresponding formulae for spherical 
triangles, and if a, id, 7, S, e, <f> represent the cosines of the six 
arcs in question, we get 

a«+^+ry»+S«+g«+0«-.a"S'-/8*e"-7»0*-h2a^Se-h2/378^+27a80 

- 20/87 - 2080 - 2/880 - 27& = 1. 

This relation may be otherwise proved as follows: Let the 
direction-cosines of the radii to the four points be 

coso, cos/8, cos 7, 

coso', COS/S*, COS7, 

coso", COS^S", COS7", 

COSO , COS/9 , COS7 . 

D 
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Now from this matrix we can form (by the method of Lessons 
on Higher Algebra^ Art, 20) a determinant which shall vanish 
identically, and which (substituting cos'a + co8*/8 -I- C08*7 = 1, 
cosa cosa' + cos/S cosiS' + C0S7 CO87' =* cosoi, &c.) is 

1, cosa^, cosoo, cosad 
cos 5a, 1, costc, cosbd 
cosca, coscby 1, cosc^ 
cosda^ cosdJ, cosdc, 1, =0, 

which expanded has the value written above. 

63. To find the rcuiius of the sphere circumscribing a tetra- 
hedron. 

Since any side a of the tetrahedron b the chord of the arc 

whose cosine is a, we have a = 1 — ^ , with similar expressions 

for j3j 7, &c. ; and making these substitutions, the formula of 
the last example becomes 

F 2a*d'bV + 2yeV/" + 2cy"aV' - a*d' - bV - cf* _ ^ 

whence if arf H- Je 4- cf= 28^ 

we have ^,g(£-a^(^-^(^- o/) . 

06 r 

The reader may exercise himself In proving that the shortest 
distance between two opposite sides of the tetrahedron is equal 
to six times the volume divided by the product of those sides 
multiplied by the sine of their angle of inclination to each other, 
which may be expressed in terms of the sides by the help of the 
relation 2ad cos6> = J" + £^* - c* -/". 
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CHAPTER IV. 

•PROPERTIES COMMON TO ALL SURFACES OF THE 

SECOND DEGREE. 

54, We shall write the general equation of the second 
degree 

ax' + iy* + 02* + 2lyz + 2mzx + 2nxy + 2px + 2qy ^2rz^d-0. 

This equation contains ten terms, and since its signification is 
not altered if by division we make one of the coefficients unity, 
it appears that nine conditions are sufficient to determine a 
surface of the second degree, or as we shall call it for short- 
ness, a quadric surface. Thus if we were given nine pomts on 
the surface, by substituting successively the co-ordinates of each 
in the general equation, we obtain nine equations which are 

he 
sufficient to determine the nine unknown quantities -, ~, &c. 

And in like manner the number of conditions necessary to de- 
termine a surface of the ri^ degree is one less than the number 
of terms in the general equation. 

The equation of a quadric may also (see Art. 37) bo ex- 
pressed as a homogeneous function of the equations of four 
given planes a;, ^, 2?, co, 

For the nine independent constants in the equation last written 
may be so determined that the surface shall pass through nine 
given points, and therefore may coincide with any given quadric. 
In like manner (see Contca^ p. 58) any ordinary x, y, z equa- 
tions may be made homogeneous by the introduction of the 



* The reader will compare the corresponding discussion of the equation 
of the second degree {Ccmics, p. 119) and observe the identity of the 
methods now pursued and of many of the results obtained. 

d2 
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linear unit (which we shall call oi); and we shall freqaently 
employ equations written in this form for the sake of greater 
symmetry in the results. We shall however for simplicity 
commence with x^ y^ z co-ordinates. 

55. The co-ordinates are transformed to any parallel axes 
drawn through a point x'y'z\ by writing aj + a?', y-^y\ « + «' 
for a5> y, « respectively (Art. 16). The result of this substitu- 
tion will be that the coefficients of the highest powers of the 
variables (a, i, o, l^ m, n) will remain unaltered, that the new 
absolute term will be U' (where U' is the result of substituting 
x\ y\ z' for a?, y, z in the given equation], that the new coeffi- 

JJTP 

cient of x will be 2 {cut 4 ny -h mz ^-p) or -^-r > and in like 

if 77' 
manner that the new coefficients of y and z will be -j-r 

and — rr* • 
dz 

56. We can transform the general equation to polar co- 
ordinates by writing x = Ap^ y = -Bp, z=^Cp (where, if the axes 
be rectangular, -4, 5, C are equal to cosa, cos)8, cosy respec- 
tively, and if they are oblique (see note, p. 7) -4, 5, (7 are still 
quantities depending only on the angles the line makes with 
the axes) when the equation becomes 

/>• {aA* + J£« + c(7" + 2?BC+ 2mCA + 2nAB) 
+ 2p [pA + qB-^-rC) + d^ 0. 

This being a quadratic gives two values for the length of the 
radius vector corresponding to any given direction; and since 
any point may be taken for origin it proves that every right 
line meets a quadric in two points^ as was proved already 

(Art. 22). 

57. Let us consider first the case where the origin is on the 
surface (and therefore rf=0), in which case one of the roots of 
the above quadratic is /> = ; and let us seek the condition that 
the radius vector should touch the surface at the origin. In 
this case obviously the second root of the quadratic will also 
vanish, and the required condition is therefore ^-4 + y5+rC=0. 



OF THE SECOND DEGREE. 37 

If we multiplj by p and replace Ap^ Bpj Cp by x^ y, «, this 

becomes 

px + 2y + rjs = 0, 

and evidently expresses that the radius vector lies in a certain 
fixed plane. And since A^ B^ C are subject to no restriction 
but that already written, every radius vector through the origin 
drawn in this plane touches the surface. 

Hence we learn that at a given point on a quadric an in- 
finity of tangent lines can be drawn, that these lie all in one 
plane which is called the tangent plane at that point ; and that 
if the equation of the surface be written in the form w, + w^ = 0, 
then t«^ =: is the equation of the tangent plane at the origin. 

58. We can find by transformation of co-ordinates the equa- 
tion of the tangent plane at any point xy'z on the surface. 
For when we transform to this point as origin the absolute term 
vanishes, and the equation of the tangent plane is (Art. 56) 

dU' dU' dU' ^ 

or, transforming back to the old axes, 

, ,x dU' , ,. dU' , ,. dU' 

This may be written in a more symmetrical form by the intro- 
duction of the linear unit o), when, since it is now a homogeneous 
function, and since xy'z' is to satisfy the equation of the surface, 

we have 

,dU' ,dU' ,dU' ,dU' ^^„ ^ 

Adding this to the equation last found, we have the equation 
of the tangent plane In the form 

dU' dU' dU' dU' ^ 

or, writing at full length, 

x {ax' + ny' + rnz' +^) +y {nx' + 6y' + Iz' + q) 

+ z {mx -h ly + cz + r) •\-px + qy + r«' + rf= 0. 
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This equation, it will be observed, is symmetrical between xys 
and x'yz\ and may likewise be written 

,dU ,dU ,dU ,dU ^ 
ax ^ dy dz don 

59. To find the point of contact of a tangent lint or plane 
drawn through a given point x'y'z* not on the surface. 

The equation last found expresses a relation between xyzw^ 
the co-ordinates of any point on the tangent plane, and x*y'z'n' 
its point of contact ; and since now we wish to indicate that the 
former co-ordinates are given and the latter sought, we have 
only to remove the accents from the former and accentuate the 
latter co-ordinates, when we find that the point of contact must 
lie in the plane 

dU' dU' dU' dU' ^ 

which is called the polar plane of the given point. Since the 
point of contact need satisfy no other condition, if we take any 
of the points where the polar plane meets the surface, the tan- 
gent plane at that point will pass through the given point ; and 
the line joining the point of contact to the given point will be 
a tangent line to the surface. If all the points of intersection 
of the polar plane and the surface be joined to the given 
point, we shall have all the lines which can be drawn through 
that point to touch the surface, and the assemblage of these 
lines forms what is called the taiigent cone through the given 
point. 

N.B. In general a surface generated by right lines which 
all pass through the same point is called a cone^ and the point 
through which the lines pass is called its vertex, A cylinder 
(see p. 15) is the limiting case of a cone when the vertex is 
infinitely distant. 

60. The polar plane may be also defined as the locus of 
harmonic means of radii passing through the pole. In fact let 
us examine the locus of points of harmonic section of radii 
passing through the origin ; then if p\ p" be the roots of the 
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quadratic of Art. 56, and p the radius vector of the locus, we 
are to have 

^ - i a. 1 - - 2 ( J[^ + JSg -f Cr) 

P P P d 

or, returning to a;, y^ z co-ordinates, 

but this is exactly the polar plane of the origin, as may be seen 
by making x\ y\ z' all =0 in the equation written in full 
(Art. 58). 

From this definition of the polar plane, it is evident that if 
a section of a surface be made by a plane passing through any 
point, the polar of that point with regard to the section will 
be the intersection of the plane of section with the polar plane 
of the given point. For the locus of harmonic means of all 
radii passing liirough the point, must include the locus of har- 
monic means of the radii which lie in the plane of section. 

61. If the polar plane of any point A pass through B^ then 
the polar plane of B will pass through A. 

For since the equation of the polar plane is symmetrical 
with respect to xyz^ xy'z\ we get the same result whether we 
substitute the co-ordinates of the second point in the equation 
of the polar plane of the first, or vice versd. 

The intersection of the polar planes of A and of B will bo 
a line which we shall call the polar line, with respect to the 
surface, of the line AB. 

It is easy to see that the polar line of the line AB is the 
locus of the poles of all planes which can be drawn through 
the line AB. 

62. K in the original equation we had not only rf=0, but 
also ^, y, r each =0, then the equation of the tangent plane 
found (Art. 58) becomes illusory, since every term vanishes and 
no single plane can be called the tangent plane at the origin. 
In fact the coefficient of p (Art. 56) vanishes whatever be the 
direction of p, and therefore every line drawn through the origin 
meets the surface in two consecutive points, and the origin is 
said to be a double point on the surface. 
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In the present case, the equation denotes a cone whose 
vertex is the origin, as in fact does every homogeneous equation 
in Xj y, z. For if such an equation be satisfied by any co- 
ordinates a?', y, z'j it will also be satisfied by the co-ordinates 
Bx'j By' J Bz' (where B is any constant), that is to say, by the 
co-ordinates of every point on the line joining x'y'z' to the 
origin. This line then lies wholly in the surface which must 
therefore consist of a series of right Unes drawn through the 
origin. 

The equation of the tangent plane at any point of the 
cone now under consideration may be written in either of the 
forms 

dU' dU' dU' ^ ,dU.dU.dU^ 

''w^^W''"^ ' ^ ^-^y ^-^^ ^=^- 

The former form (wanting an absolute term) shews that the 
tangent plane at every point on the cone passes through the 
origin; the latter form shews that the tangent plane at any 
point xy'z' touches the surface at every point of the line joining 
x'y'z' to the vertex; for the equation will represent the same 
plane if we substitute Bx'^ By'y Bz' for x'y y', z'. 

When the point x'y'z' is not on the surface, the equation we 
have been last discussing represents the polar of that point, and 
it appeals in like manner that the polar plane of every point 
passes through the vertex of the cone, and also that all points 
which lie on the same line passing through the vertex of a cone 
have the same polar plane. 

To find the polar plane of any point with regard to a cone 
we need only take any section through that point, and take 
the polar line of the point with regard to that section; then 
the plane joining this polar line to the vertex will be the polar 
plane required. For it was proved (Art. 60) that the polar 
plane must contain the polar line, and it is now proved that the 
polar plane must contain the vertex. 

63. We can easily find the condition that the general equa- 
tion of the second degree should represent a cone. For if it 
does it will be possible by transformation of co-ordinates to 
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make the new p^ q^ r, d vanish. The co-ordinates of the new 
vertex must therefore (Art. 55) satisfy the conditions 

dU* ^ dW ^ dW ^ rT» ^ 

. dU* 

which last combined with the others is equivalent to -^— r = 0. 

And if we eliminate x\ y\ z* from the four equations 

ax* + ny' + rm* +p = 0, 
nx'^-hy' ■{• h' +J = 0, 
mx* + ly' + cz' + r = 0, 
px' ■{• qy* ■{• rz' +rf=0, 
we obtain the required condition in the form of the determinant 

a, iiy m^ p 
n, J, Z, q 

p, q, r, d =0, 
which, written at full length, is 

Pp* + m'j* + nV — 2mjwr — ^nrJp — 2lpfnq + abcd-^- 2alqT + 2iwpr 
+ 2cnpj + 2dhnn — 6cp* — co^* — a&^ — acB" — hdn^ — crfw* = 0, 

which is the discriminant of the given equation (see Lessons on 
Higher Algebra^ p. 44). 

64. Let us return now to the quadratic of Art. 56, in which 

d is not supposed to vanish, and let us examine the condition 

that the radius vector should be bisected at the origin. It is 

obviously necessary and sufficient that the coefficient of p in 

that quadratic should vanish, since we should then get for p 

values equal with opposite signs. The condition required 

then is 

p^ + j5+r(7=0, 

which multiplied by p shews that the radius vector must lie in 
the plane j?aj+jy + r« = 0. Hence (Art. 60) every right line 
drawn through the origin in a plane parallel to its polar plane 
is bisected at the origin, 

65. If however we had p = 0, } = 0, r = 0, then every line 
drawn through the origin would be bisected and the origin 
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would be called the centre of the surface. Every quadrie iot 
in general one and hut one centre. For if we seek by trans- 
formation of co-ordinates to make the new p^q^T^ 0, we obtain 
three equations, Viz. 

-^-r= ax +ny +fnz +^ = 0, 

-^=naj'+iy'+ Iz' +J = 0, 
du 111 I rv 

which are sufficient to determine the three unknowns x\ y\ z\ 

mm Q m^ 

The resulting values are a?' = t ? V* ^\i ^* ^\i ^^^'^ 

a =p [r — bc)-\-q{cn " Im) + r (&m — Zn), 
/3=p{cn — Im) + q (m' — ca) + r [aV — mn), 
7 =p (Jiw — ?n) + J [al — mn) + r (n* — oJ), 
S = oJc + 2lmn - aP — im* — c»*, 
or, if A be the discriminant, 

d^ c,Q d^ ^ dA ^ dA 

'«=^' 2^=^' 2'^=^' *=^- 

If however 8 = the co-ordinates of the centre become infinite 
and the surface has no finite centre. If we write the original 
equation Wa + Wi + Wo = 0, it is evident that S is the discriminant 
of w,.* 

* It is possible that the numerators of these fractions might vanish at 
the same time with the denominator, in which case the co-ordinates of the 
centre would become indeterminate, and the surikce would have an infinity 

of centres. Thus if tiie three planes -r- , -r- 1 -7- aU P^s through the 

'^ dx dy dz 

same line, any point on this line will be a centre. The conditions that 

this should be the case may be written 

fl, n, m, p 

n, h, /, q 

m, I, Cf r = 0, 

the notation indicating that all the four determinants must = 0, which are 
got by erasing any of the vertical lines. We shall reserve the fuller dis- 
cussion of these cases for the next chapter. 
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66. To find the locus of the middle joints of chords parallel 

to a given line -^ = % = -r^ . 

K we transfonn the equation to any point on the locos aa 
origin^ the new jp, q^ r must fulfil the condition (Art. 64) 
^^ + j5+r(7=0, and therefore (Art. 55) the equation of the 
locus is 

.dU ^dU ^dXJ ^ 
ax dy dz 

This denotes a plane through the mtersection of the planes 

-^- , -J- , -p , that is to say, through the centre of the surface. 

It is called the diametral plane conjugate to the given direction 
of the chords. 

If xy'z' be any point on the radius vector drawn through 
the origin parallel to the given direction, the equation of the 
diametral plane may be written 

,dV^ ,dU^ ,dU ^ 
If now we take the equation of the polar plane odtx'j By'j Rz\ 

dx ^ dy dz d(o ^ 

divide it by J?, and then make R infinite, we see that the 
diametral plane is the polar of the point at infinity on a line 
drawn in the given direction, as we might also have inferred 
from geometrical considerations (see Conies^ p. 272). In like 
manner, the centre is the pole of the plane at infinity, for if 
the origin be the centre its polar plane (Art. 60) is cf=0, 
which (Art. 29) represents a plane situated at an infinite 
distance. 

In the case where the given surface is a cone, it is evident 
that the plane which bisects chords parallel to any line drawn 
through the vertex is the same as the polar plane of any 
point in that line. In fact it was proved that all points on 
the line have the same polar plane, therefore the polar of the 



^ 
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point at infinity on that line is the same as the polar plane 
of any other point in it. 

67. The^ plane which bisects chords parallel to the axis 

of a; is found by making B=0^ (7= in the equation of Art 66, 

to be 

dU 

-7- = 0, or ax-\-ny-\-mz-\'p = 0^^ 

and this will be parallel to the axis of y^ if n = 0. But this 
is also the condition that the plane conjugate to the axis of y 
should be parallel to the axis of x. Hence if the plane con- 
jugate to a given direction be parallel to a second given line^ 
the plane conjugate to the latter loill be parallel to the former. 

When n = the axes of x and y are evidently parallel to 
a pair of conjugate diameters of the section by the plane of xy ; 
and it is otherwise evident that the plane conjugate to each 
of two conjugate diameters of a section passes through the 
other. For the locus of middle points of all chords of the 
surface parallel to a given line must include the locus of the 
middle points of all such chords which are contained in a given 
plane. 

Three diametral planes are said to be conjugate when each 
is conjugate to the intersection of the other two, and three 
diameters are said to be conjugate when each Is conjugate to 
the plane of the other two. Thus we should obtain a system 
of three conjugate diameters by taking two conjugate diameters 
of any central section together with the diameter conjugate 
to the plane of that section. If we had in the equation 1=^0^ 
m = 0, n = 0, it appears from the commencement of this article 
that the co-ordinate planes are parallel to three conjugate 
diametral planes. 



* It follows that the plane x^O will bisect chords parallel to the axis 
of :p, if n a 0, m s 0, /I = 0; or, in other words/ if the original equation 
do not contain any odd power of x. But it is otherwise evident that 
this must be the case in order that for any assigned values of y and z 
we may obtain equal and opposite values of x. 
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When the surface is a cone it is evident from what was 
said (Arts. 62, 66) that a system of three conjugate diameters 
meets any plane section in points such that each ^ is the pole 
with respect to the section of the line joining the otfier two. 

68. A diametral plane is said to be principal if it be per- 
pendicular to the chords to which it is conjugate. 

The axes being rectangular, and A^ B^ C the direction- 
cosines of a chord, we have seen (Art. 66) that the corresponding 
diametral plane is 

A (oic-f ny + mz-\-]}) + B{nx-\'hy-\'h-\-q)-\'G[mx-\'ly'\-cz-\'r)^{i^ 

and this will be perpendicular to the chord, if (Art. 42) the 
coefficients of x, ^, 2; be respectively proportional to -4, B^ C. 
This gives us the three equations 

Aa^Bn-vCm=^RAy An-^ Bb+ Cl=BBy Am + Bl-^-Cc^BC. 

From these equations which are linear in A^ B^ C\ we can 
eliminate A^ By (7, when we obtain the determinant 

a — By fly m 

Tly " J — jB, I 

my ly C — i? =0, 

which expanded gives a cubic for the determination of By viz. 

-B'-^(a-i-i-t c) + i?(a5 + ic + ca- P-w'-w*) 

— {ahc + 2lmn — aP — Im? — en") = 0. 

And the three values hence found for B being successively 
substituted in the preceding equations enable us to determine 
the corresponding values of Ay By C. Hence a quadrtc has 
in general three principal diametral planeSy the three diameters 
perpendicular to which are called the axes of the surface. We 
shall discuss this equation more fully in the next chapter. 

Ex. To find the principal planes of 

7x' + 6y" + 6a" - 4«y - 4y2 = 6. 
The cubic for R is 

JP-18J? + 9912 -162=0, 

whose roots are 3, 6, 9. Now our three equations are 

7^ - 2^ = RA, -r 2^ + 6^ - 2C= RB, - 2-B + 6C= RC. 
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If in these we substitute i2 s 3, we find 2A ^ B ^ C. Multiplying by p, 
and substituting x for Ap, &c.y we get for the equations of one of the 
axes 2x = y » s. And the plane drawn through the origin, (which is the 
centre) perpendicular to this line, Is x -¥ 2y -^ 2z^0. In like manner 
the other two principal planes are 2j; - 2y + 2 «= 0, 2x + y - 2s » 0.* 

69. The sections of a quadric by parallel planer are similar 
to each other. 

Since any plane may be taken for the plane of ay^ It Is 
sufficient to consider the section made by it, which is found 
by putting « = in the equation of the surface. But the section 
by any parallel plane is found by transforming the equation 
to parallel axes through any new origin, and then making z = 0. 
And since the coefficients of the highest terms are unaltered 
by such transformation, we must obtain in every case the same 
coefficients for a^, xr/y and y", and the curves are therefore 
similar. 

If we retain the planes yz and zx^ and transform the plane 
ay parallel to itself, the section by this plane is got at once 
by writing « = c in tlie equation of the surface, since It is evident 
that It is the same thing whether we write « + c for «, and 
then make « = 0, or whether we write at once z = c. 

It is easy to prove algebraically, that the locus of centres 
of parallel sections is the diameter conjugate to their plane, 
as is geometrically evident. 

70. If pj p" be the roots of the quadratic of Art. 56, 
their product pp" is = rf divided by the coefficient of p*. But 
if we transform to parallel axes, and consider a radius vector 

* It is proved (Itessona an Higher Algebra, p. 112) that if U denote 
the terms of highest degree in the equation, and S denote 
(ftc-/*)a:« + (ca-m*)y*4-(a6-n*)«'+2(«/-a0y«+2(/c/-6m)«ar + 2(<fo-cn)xy, 

then the equation of the three principal planes, the centre being origin, 
is denoted by the determinant 
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drawn parallel to the first direction, the coefficieDt of p* remains 
unchanged, and the product is proportional to the new d. 
Hence if through two given points A^ B^ buj parallel chords 
drawn meeting the surface in points R^ E \ 8^ 8\ then the 
products RA^AR^ 83. B8* are to each other in a constant 
ratio, namely, Z7': U" where ZT, U" are the results of sub- 
stituting the co-ordinates of A and of £ in the given equation. 

71. We shall conclude this chapter by shewing how the 
theorems already deduced from the discussion of lines passing 
through the origin might have been derived by a more general 
process, such as that employed [Conies^ Art. 150). For sym- 
metry we use homogeneous equations with four variables. 

To find the points where a given quadric is met hy the line 
joining tioo given points xy'z'<o\ x"y"z"<o\ 

Let us take as our unknown quantity the ratio 7 : m, in which 
the joining line is cut at the point where it meets the quadric, 
then (Art. 8) the co-ordinates of that point are proportional to 

mx' + lx\ my' + ly\ mz + lz'\ mto + ?q)" ; 

and if we substitute these values in the equation of the surface, 
we get for the determination of 7 : m, a quadratic 

m'ir + lmP+Pir':^0. 

The coefficients of C and m* are easily seen to be the results 
of substituting in the equation of the surface the co-ordinates 
of each of the points, while the coefficient of Im may be seen 
(by Taylor's theorem, or otherwise) to be capable of being 
written in either of the forms 

,dir' ,dU" ,dir' ,dU" 

„ dir „ dw „ du . „ dU' 

Having found from this quadratic the values of 7 : m, sub- 

stituting each of them in the values — i &c., we find the 

° l + m ^ 

co-ordinates of the points where the quadric is met by the 

given line. 



48 PR0PEBTIE8 COMMON TO ALL SURFACES 

72. If x*j/z'vi! be on the surface, then U' = 0, and one of 

the roots of the last qoadratic is i[=0, which corresponds to 

the point x'i/z*io^ as evidently ought to be the case. In order 

that the second root should also be Z=0, we must have P=0. 

K then the line joining x^j/z'ttal to x'y"z"oa!' touch the surface 

at the former point, the co-ordinates of the latter must satisfy 

the equation 

dU' dXT dXT dU' ^ 

and since x"y"z"io" may be any point on any tangent line 
through x'y'z'to it follows that every such tangent lies in the 
plane whose equation has been just written. 

73. If x'y'z'io be not on the surface, and yet the relation 
PsrO be satisfied, the quadratic of Art. 71 takes the form 
ff?U* -f PZ7" = 0, which gives values of 7 : m, equal with opposite 
signs. Hence the line joining the given points is cut by the 
surface externally and internally in the same ratio ; that is to 
say, is cut harmonically. It follows then that the locus of 
points of harmonic section of radii drawn through x'y'zta! is 
the polar plane 

dU' dU dU' dXT ^ 

74. In general if the line joming the two points touch 
the surface, the quadratic of Art. 71 must have equal roots, 
and the co-ordinates of the two points must be connected by 
the relation 4Z7'Z7" = P*. If the point aj'yV© be fixed} this 
relation ought to be fulfilled if the other point lie on any of 
the tangent lines which can be drawn through it. Hence the 
cone generated by all these tangent lines will have for its 
equation 4Cr£r = -P, where 

o dV dJT dxr . dxr 

Ex. To find the equation of the tangent cone from the pomt T^^fii to 

the surface -r +?;+-•= !• 
or 0* <r 
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75. To find the condition that the plane ax + fiy-^yz + Sm 
should touch the surface given hy the general eqtuition. 

If Xj y, «, CO be the co-ordinates of the point of contact, 
and X an indeterminate multiplier, we have (Art. 58) 

Xa= ax '\- ny -{- mz +^o), 

X/9 = nx -^by-\' Iz + jco, 

X7 = mx + /y + c« + ro>, 

X8 = px -Vqy-^rz + d(Oj 

from which equations, together with ax-\- /3y-\-yzi-Sa) = 0y we 
have to eliminate a?, y, «, q>. But solving for a?, y, «, q> from 
these equations, we have {Higher Algebra^ p. 15)* 

X^" da""^^ dn^^^dm^^^ dp^' 
A , rfA , dA ^ rfA , ^A ^ 

x^ = *^«-^*rfz^-^ W^ + ^rfF^' 

A , e/A . dA a ^ dA dA ^ 

where A is the discriminant. Substituting which values in 
aa? + /8y H- 7« + <?» = 0, we get 

which is the required relation. 



* It is there proved that the coefficient of /3, for example, is the diffe- 
rential of A with regard to n on the supposition that the constituents of 
the determinant A are all different But it is easy to see that the true 
differential is double this, since the determinant has two symmetrical con- 
stituents each = n, 

E 
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This condition may also be written 
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m, 


^, a 


ft, 


h. 


h 


7, /3 


OT, 
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7, 
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= 0. 



76. The condition that the surface should be touched by 
any line 

*r + /8y + 7« -I- Sa> = 0, ax + fi'y 4- 7'^ + S'o) == 0, 

is found by eliminating two of the variables between the equa- 
tions of the line and of the quadric, and forming the condition 
that the resulting quadratic should have equal roots. The 
result contains the coefficients of the quadric in the second 
degree, and is also a quadratic function of the determinants 
(a^-/8a'), (ay -7a'), &c. Writing these (a/8'), (07), &c. the 
result is found to be 

S (oJ - n*) (7S')' + 22 {mn - al) (/8S') (78') 

+ 2Snr{(a8')(7^')-(a7')(/8«')}, 

where the sum includes all terms of like form obtained by 

symmetrical interchange of letters. This condition may also 

be written 

a. 



h <^} ^? 7j 7' 

jPj iy *•» dj S> S' 
a, fij 7, B 



n. 



m. 



= 0. 



a\ ff, 7', 8' 

If in the condition of the last article we write a -f Xa' for 
a, &C., and then form the condition that the equation in X 
should have equal roots, the result will be the condition of this 
article multiplied by the discriminant. For the two planes 
which can be drawn through a given line to touch a quadric, 
will coincide either if the line touches the quadric or if the 
surface has a double point. 
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CHAPTER V. 

CLASSIFICATION OF QUADRICS. 

77. Our object in this chapter is the redaction of the 
general equation of the second degree to the simplest form 
of which it is susceptible, and the classification of the different 
surfaces which it is capable of representing. 

Let us commence by supposing the quantity which we called 
o (Art, 65) not to be =0. By transforming the equation to 
parallel axes through the centre, the coefficients p^ q^ r are 
made to vanish, and the equation becomes 

aa^ -{- bi/* -¥ cs^ -{- 2lt/z -{ 2mzx -{- 2nxi/ -\- d' - 0^ 

where cF is the result of substituting the co-ordinates of the 
centre in the equation of the surface. Remembering that 

^^^, ,dir ,dU' ,dU' ,dU' ^ 

and that the co-ordinates of the centre make the first three 
of the latter terms to vanish, it is easy to calculate that 

where A is the discriminant of the equation. 

78. Having by transformation to parallel axes made the 
coefficients of x, ^, z to vanish, we can next make the co- 
efficients of yz^ zxy and xy vanish by changing the direction 
of the axes, retaining the new origin; and so reduce the 
equation to the form 



* 2) is of course » ^^ . I suppose in what follows that 2) is positive. 

o 

If it were a 0, the surfiEuse would represent a cone (Art 63). If it were 
negatiye, we should only have to change all the signs in the equation. 

e2 



i 
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It is easy to shew from Art. 17 that we have constants 
enough at our disposal to effect this reduction, but the method 
we shall follow is the same as that adopted, Conies^ p. 141, 
namely, to prove that there are certain functions of the co- 
efficients which remain unaltered when we transform from one 
rectangular system to another, and by the help of these re- 
lations to obtain the actual values of the new -4, 5, C. 

Let us suppose that by using the most general transfor- 
mation which is of the form 

x = \x-\- fiy-\-vZj y — \'x -f fiy + vz^ z = X"a; -f ii'y -f v"z^ 

that oj? H- jy -^rcz^ -\-ilyz-\^ ^mzx + 2wa?y 

becomes dof -f Uy^ -f c'a* + ityz + Irrizx -f 2nxy^ 

which we write for shortness [7= Z7. And if both systems 
of co-ordinates be rectangular, we must have 

a;' + / + 2j" = ^ + / + £^, 

which we write for shortness 8=8. Then if i? be any constant, 
we must have U-\-R8=^U-\-R8. And if the first side be re- 
solvable into factors, so must also the second. The discrimi- 
nants of U-\- R8 and of Z7-f R8 must therefore vanish for the 

same values of R. But the first discriminant is 

— {ahc -f 2lmn — aif* — im* — cr?). 

Equating then the coefficients of the different powers of R 
to the corresponding coefficients in the second, we learn that 
if the equation be transformed from one set of rectangular 
axes to another, we must have 

a H- J -f c = a H- J' -f c , 

hc^ca-Vah — l^'-m^—'r?^ Vc + ca -f aV — P — m^ — w'*, 

ahc + 2lmn •- aV --hm^ ^ cft =^ a'h'd + 2?Wn' - a'P - Vm!* - cV^* 

* There is no difficulty in forming the corresponding equations for 
oblique co-ordinates We should then substitute for S (see Art. 18), 

«■ + y" + a" - 2v« cosX - 2zz cos fi - 2xy cosv, 
and proceeding exactly as in the text, we should form a cubic in J2, 
the coefficients of which would bear to each other ratios unaltered by 
transformation. 
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79. The above three equations at once enable us to trans- 
form the equation so that the new Z, m, n shall vanish, since 
they determine the coefficients of the cubic equation whose 
roots are the new a, 5, c. This cubic is then 

— {abc + 2lmn — aP — frm* — cn^) = 0, 

which may also be written 

(^~a)(^-i)(^-c)-P(^-a)-w"(^-J)-n''(^-c)-2/mn=0. 

We give here Cauchy's proof that the roots of this equation 
are all real. The proof of a more general theorem, in which 
this is included, will be found in Lessons an Higher Algebra^ 
Lesson XV. 

Let the cubic be written in the form 

{^-a){(^-J)(^-c)-?j-7/i''(^-6)-w«(^-^)-2/wn = 0. 

Let a, /8 be the values of A which make (^ — J) (^ - c) — P = 0, 
and it is easy to see that the greater of these roots a is greater 
than either b or c, and that the less root /8 is less than either.f 
Then if we substitute in the given cubic ^ = a, it reduces to 

- {(a - J) w' -f ^Imn + (a - c) n^j, 

and since the quantity within the brackets is a perfect square 
in virtue of the relation (a — J) (a — c) = P, the result of sub- 
stitution is essentially negative. But if we substitute -4 = /8, 
the result is 

[h - /8) r/i' - 2lMn 4- (c - /8) n% 

which is also a perfect square, and positive. Since then, if 
we substitute -4 = oo , ^ = a, -4 = /8, -4 = — qo , the results arc 
alternately positive and negative, the equation has three real 
roots lying within the limits just assigned. The three roots arc 
the coefficients of a;', y*, z^ in the transformed equation, but 



* This is the same cubic as that found, Art. 68, as the reader will 
easily see ought to be the case. 

t We may see this either by actually solving the equation, or by sub- 
stituting successively -4 = oo,-4=6, A = Cj A = - ao , when we get results 
t, -, -| +9 shewing that one root is greater than 6, and the other less than c. 
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it 18 of course arbitrary which shall be the coefficient of o? 
or of y, since we may call whichever axis we please the 
axis of X. 

80. Quadrics are classified according to the signs of the 
roots of the preceding cubic. 

I. First, let all the roots be positive, and the equation can 
be transformed to 

The surface makes real intercepts on each of the three axes, 
and if the intercepts be a, 5, c, it is easy to see that the equation 
of the surface may be written in the form 

x^ V* «" 

-- 4- ^ -4- — = 1 

a or c 

As it is arbitrary which axis we take for the axis of x^ we 
suppose the axes so taken that a the intercept on the axis 
of X may be the longest, and c the intercept on the axis of z 
may be the shortest. 

The equation transformed to polar co-ordinates is 

1 _ cos'a cos"^ cos*7 
pa c 

which (remembering that co8*a + co8'/8 + cos*7=l) may be 
written in either of the forms 

Ax)m which it is easy to see that a is the maximum and c 
the minimum value of the radius vector. The surface is con- 
sequently limited in every direction, and is called an ellipsoid. 
Every section of it is therefore necessarily also an ellipse. Thus 

X* V* IP 
the section by any plane z^R is -5 + ^1 = 1 r, and we 

a c 

shall obviously cease to have any real section when B is greater 
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than c. The surface therefore lies altogether within the planes 
z = ±c. Similarly for the other axes. 

If two of the coefficients be equal (for instance, a = J), then 
all sections by planes parallel to the plane of xy are circles, 
and the surface is one of revolution ^ generated by the revolution 
of an ellipse round its axis major or axis minor, according as 
it is the two greater or the two less coefficients which are 
equal. These surfaces are also sometimes called the prolate 
and the oblate spheroid. 

If aU three coefficients be equal, the surface is a sphere. 

81. II. Secondly, let one root of the cubic be negative. 
We may then write the equation in the form 

/v." ^J* •' 

X y z ^ 
-!_•?: 2s 1 

a b c ' 

where a is supposed greater than J, and where the axis of z 
evidently does not meet the surface in real points. Using 
the polar equation 

1 cos* a cos'/9 cos" 7 



r a b c 



it is evident that the radius vector meets the surface or not 
according as the right-hand side of the equation is positive 
or negative; and that putting it =0, (which corresponds to 
p = 00 ) we obtain a system of radii which separate the diameters 
which meet the surface from those that do not. We obtain 
thus the equation of the asymptotic cone 

Sections of the surface parallel to the plane of ocy are ellipses; 
those parallel to. either of the other two principal planes are 
hyperbolas. The equation of the elliptic section by the plane 



.a -.« 



i? 



z = R being -5 + tj = 1 H- -r ? we see that we get a real section 

whatever be the value of iZ, and therefore that the surface 
is continuous. It is called the Hyperboloid of one sheet. 
If a = J, it is a surface of revolution. 
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82. III. Thirdly, let two of the roots be negative, and 
the equation may be written 



a O C 

The sections parallel to two principal planes are hyperbolas, 
while that parallel to the plane of yz is an ellipse 

6» ■*" c' " a« 

It is evident that this will not be real as long as JS is within 
the limits ± a, but that any plane x^R will meet the surface 
in a real section provided that R is outside these limits. No 
portion of the surface will then lie between the planes a; = ± a, 
but the surface will consist of two separate portions outside 
these boundary planes. This surface is called the Hyperboloid 
of two sheets. It is of revolution if J = c. 

By considering the surfaces of revolution, the reader can 
easily form an idea of the distinction between the two kinds 
of hyperboloids. Thus if a common hyperbola revolve round 
its transverse axis the surface generated will evidently consist of 
two separate portions ; but if it revolve round the conjugate axis 
it will consist but of one portion, and will be a case of the 
hyperboloid of one sheet. 

IV. If the three roots of the cubic be negative, the surface 

^ f z^ 

^a T^ in ~ _t * 

a o c 
can evidently be satisfied by no real values of the co-ordinates. 

V. When the absolute term vanishes, we have the cone 
as a limiting case of the above. Forms I. and IV. then become 

a V fi 

^, + J. + c« "' 

which can be satisfied by no real values of the co-ordinates, 
while forms II. and III. give the equation of the cone in 
the form 

9 s y 

4_ rZ s= 

„% ~ i^ Ji ^' 

a o c 
The forms already enumerated exhaust all the varieties of 
central surfaces. 
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Ex. 1. 7a:' + 6y« + 6z" - 4yz - 4xy = 6. 

The discrimlDating cubic is 

A^ - 18^« + 99^ - 162 = 0, 

and the transformed equation 

a» + 2y« + 3«^ = 2, 
an ellipsoid. 

Ex. 2. llic* + lOy* + 6a" - 12xy -Syz^izz^ 12. 

Discriminating cubic 

A* - 21 A* + 180-4 - 324 = 0. 

Transformed equation 

«" + 2y« + 62" = 4, 
an ellipsoid. 

Ex. 3. 7«» - ISy* + 6«" + 24«y + 12yz - 122x = ± 84. 

Discriminating cubic 

A^ - 343^ - 2058 = 0. 
Transformed equation 

«• + 2/ - 3z" = ± 12, 

a hyperboloid of one or of two sheets, according to the sign of the last term. 

Ex. 4. 2a:» 4 3/ + 42' + 6xy + 4y2 + 8zx = 8. 

Discriminating cubic is 

-4' - 9-4" - 3^ + 20 = 0. 

By Des Cartes*s rule of signs this equation has two positive and one negative 
root, and therefore represents a hyperboloid of one sheet. 

83. Let us proceed now to the case where we have S = 0. 
In this case we have seen (Art. 65) that it is generally im- 
possible by any change of origin to make the terms of the 
first degree in the equation to vanish. But it is in general 
quite indiflferent whether we commence, as in Art. 65, by 
transforming to a new origin, and so remove the coeflScients 
of a;, y, «, or whether we first, as in this chapter, transform 
to new axes retaining the same origin, and so reduce the terms 
of highest degree to the form Aa^ + Bt/* + Cz*. When S = 0, 
the first transformation being impossible we must commence 
with the latter. And since the absolute term of the cubic of 
Art. 79 is S, one of ita roots, that is to say, one of the three 
quantities Aj B^ C must in this case =0, The terms of the 
second degree are therefore reducible to the form Aa^±Bi/', 
This is otherwise evident from the consideration that 8 = 
is the condition that the terms of highest degree should be 
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« 

resolvable into two real or imaginary factors, in which case 
they may obviously be also expressed as the difference or sum 
of two squares. In this way the equation is reduced to the form 

We can then, by transforming to a new origin, make the co- 
efficients of X and y to vanish, but not that of Zj and the equation 
takes the form 

Aai' ± %* + 2rz + (f = 0. 

I. Let / = 0. The equation then does not contain «, and 
therefore (Art. 24) represents a cylinder which is elliptic or 
hyperbolic, according as A and B have the same or different 
signs. Since the terms of the first degree are absent from 
the equation the origin is a centre, but so is also equally 
every other point on the axis of Zj which is called the axis 
of the cylinder. The possibility of the surface having a line of 
centres is indicated by both numerator and denominator vanishing 
in the co-ordinates of the centre. Art. 65 (see note p. 42). 

K it happened that not only r' but also c? = 0, the surface 
would reduce to two intersecting planes. 

II. If r' be not =0, we can by a change of origin make 
the absolute term vanish, and reduce the equation to the form 

Ax* ± By* + 2rz' = 0. 

Let us first suppose the sign of B to be positive. In this 
case while the sections by planes parallel to the planes of xz 
or yz are parabolas, those parallel to the plane of xy are ellipses, 
and the surface is called the Elliptic Paraboloid. It evidently 
extends only in one direction, since the section by ai^y plane 
« = c is Ax^ + B\^ = - 2cr', and will not be real unless the 
right-hand side of the equation is positive. When therefore 
r' is positive, the surface lies altogether on the negative side 
of the plane of xy^ and when r is negative, on the positive side. 

III. If the sign of B be negative, the sections by planes 
parallel to that of xy are hyperbolas, and the surface is called 
a Hyperbolic Paraboloid, This surface extends indefinitely in 
both directions. The section by the plane of cry is a pair of 
right lines. 
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IV. If 5=0, that is, \£two roots of the discriminating cubic 
vanish, the equation takes the form 

Ax^ + 2 j'y + 2rz + c? = 0, 

but by changing the axes y and e in their own plane, and 
taking for new co-ordinate planes the plane q'y-\-rz and a 
plane perpendicular to it through the axis of Xj the equation 
is brought to the form 

^a^ + j'y + rf = 0, 

which (Art. 24) represents a cylinder whose base is a parabola. 

V. If we have also j' = 0, r' = 0, the equation Aa^ + d^O 
being resolvable into factors would evidently denote a pair 
of parallel planes. 

84. The actual work of reducing the equation of a paraboloid 
to the form -4a^ + By* + 2Bz = is shortened by observing that 
the discriminant is an invariant; that is to say, a function of 
the coefficients which is not altered by transformation of co- 
ordinates [Higher Algebra^ p. 51). Now the discriminant of 
AQi?-\-By^ '\-2Rz is simply ABIP^ which is therefore equal to 
the discriminant of the given equation. And as A and B are 
known, being the two roots of the discriminating cubic which 
do not vanish, R is also known. The calculation of the dis- 
criminant is facilitated by observing that it is in this case a 
perfect square [Higher Algebra^ p. 124). Thus let us take the 

example 

Saj" -y' + 2* -f ^zx + 4a?y + 2a; -f 4y + 6« = 8. 

Then the discriminating cubic is V — 5X* — 14X = whose roots 
are 0, 7, and —2. We have therefore -4 = 7, 5 = — 2. The 
discriminant in this case is (/> + 2g' — 3r)*, or putting in the 
actual values /? = 1, g^ = 2, r = 3 is 16. Hence we have 14i?*=16, 

R = -TTTTr i and the reduced equation is Ix^ — 2 v* = ,. . . 

V(14)' ^ ^ ^J[\4) 

If we had not availed ourselves of the discriminant, we 
should have proceeded as in Art. 68 to find the principal planes 
answering to the roots 0, 7, - 2 of the discriminating cubic, and 
should have found 

x + 2y-3« = 0, 4.r + y + 22 = 0, a;-2y-« = 0. 
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Since the new co-ordinates are the perpendiculars on these 
planes, we are to take 

4a;-fy+2«=ZV(21), a; - 2y - j8 = T V(6), a: + 2y-3« = ZV(14), 

fh)m which we can express x, y, . in terms of the new co- 
ordinates, and the transformed equation becomes 

which finally transformed to parallel axes through a new origin 
gives the same reduced equation as before. 

K in the preceding example the coefficients jp, 9, r had been 
00 taken as to fulfil the relation ;? + 2^ — 3r = 0, the discriminant 
would then vanish, but the reduction could be efiected with 
even greater facility as the terms m x^y^ z could then be ex- 
pressed in the form 

(4a: + y + 2«) + X (oj - 2y - «) . 

Thus the equation 

Sar^-y* + «' + ^zx + \xy + 2a; + 2y + 2j5 = 8 

may be written in the form 

(4a: + y + 2«)"-(a;-2y-«)" + 2(4aj + y+2«)-2(a;-2y-«) = 24, 

which transformed as before becomes 

21a:* - Gy* + 2a; V(21) - 2y V(6) = 24, 

and the remainder of the reduction presents no difficulty. 
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CHAPTER VI. 



PROPERTIES OF QUADRICS DEDUCED FROM SPECIAL 
FORMS OF THEIR EQUATIONS. 

CENTRAL SURFACES. 

85. We proceed now to give some properties of central 

a? V* «* 
qaadrics derived from the equation -5 + ^ + -« = 1. This will 

include properties of the hyperboloids as well as of the ellipsoids 
if we suppose the signs of 6* and of c* to be indeterminate. 

The equation of the polar plane of the point x'y'z' (or of the 
tangent plane, if that point be on the surface) is (Art. 59) 

The perpendicular from the origin on the tangent plane is 
therefore (Art. 32) given by the equation 

L X y z 
p a o c 

And the angles a, /3, 7 which the perpendicular makes with the 
axes are given by the equations 

px ^ py' pz 

cosa=^, cosp=-^ , cos7='S'i 
a ' b c ^ 

as is evident by multiplying the equation of the tangent plaue 
by j:>, and comparing it with the form 

X cosa + y cos/8 + « cos7=p. 

From the preceding equations we can also immediately get 
an expression for the perpendicular in terms of the angles it 
makes with the axes, viz. 

^" = a* cos*a + J' cos'/8 + (? cos* 7. 

86. To find the condition that the plane aaj + /8y + 72-t-S = 
should touch the surface. 
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Comparing this with the equation —5- + tt + ~t = ^j ^^ 

have at once 

X ^ aa y _ ^ ^ _ ^ 
a"""T' '6"""T' c""~T' 

and the required condition is 

In the same way, the condition that the plane our + /Sy + 72? 

a? y^ z^ 
should touch the cone -«+?« — 5 = is 

c h c 

These might also be deduced as particular cases of Art. 75. 

87. The normal is a perpendicular to the tangent plane 
erected at the point of contact. Its equations are obviously 

^(a:-a,')=^(y-y')=^!(.-<.'). 

Let the conmion value of these be By then we have 

, Bx' , By' , Bz' 

a;-a=-^, y-y^-p-, z^z^-^. 

Squaring and adding we find that the length of the normal 

B 
between xy'z\ and any point on it xyz is — . But if xyz be 

taken as the point where the normal meets tiie plane of xy^ we 
have is = 0, and the last of the three preceding equations gives 
JB = c*. Hence the length of the intercept on the normal be- 

tween the point of contact and the plane of o^ is — . 

88. The sum of the squares of the reciprocals of any three 
rectangular diameters is constant. This follows immediately 
from adding the equations 

1 cos*a cos'iS cos*7 
p a b <y 

1 co8*a' cos'/S' co8*7' 

^ ~~?~ '^~T~ ~?~' 

_1_ _ cobV' co8*/8" cobV 
p"»~ a« ■*" 6* "^ c" ' 
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whence since co8*a + cos* a' ■♦- cos* a" = 1, &c., we have 

1 J_ JL- i i i 

^ "*" ^ "^ p"^ "■ a* "*" 6* "^ c* " 

89. In like manner the sum of the squares of three perpen- 
diculars on tangent planes, mutually at right angles, is constant, 
as appears from adding the^ equations 

p* = a* cos* a +i'cos'/8 +c*cos*y, 

p" = a* cos* a' + 6* cos*y3' + c* cos*^', 

p"* = a* cos* a" + 6* cos*y3" + c* cos*7". 

Hence the locus of the intersection of three tangent planes 
which cut at right angles in a sphere ; since the square of its 
distance from the centre of the surface is equal to the sum 
of the squares of the three perpendiculars and therefore to 
a* + i*+c*. 
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90. The equation of the diametral plane conjugate to the 
diameter drawn to the point xt/'z on the surface is 

5' + f^ + 5^ = 0, (Art. 68). 

It is therefore parallel to the tangent plane at that point. 
Since any diameter in the diametral plane is conjugate to that 
drawn to the point xyz\ it is manifest that when two diameters 
are conjugate to each other, their direction-cosines are connected 
by the relation 

cosa cosa cos/8 cos/S" cosy cosy' _ 
? "^ b^ "^ ? "• ^' 

Since the equation of condition here given is not altered if 

we write JTa*, JTi*, JTc* for a*, i*, c*, it is evident that two lines 

x^ «/' 2* 
which are conjugate diameters for any surface -5 + ^ + -^ = 1 

are also conjugate diameters for any similar si^C^g 

\ 

ago 

or y ^ TT- 
a b c 
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And by making K= we see in particular that any surface and 
its asymptotic cone have common systems of conjugate diameters. 
Following the analogy of methods employed in the case of 
conies we may denote the co-ordinates of any point on the 
ellipsoid, by a cosX, h coHfij c cosv, where X, fij v are the 
direction-angles of some line; that is to say, are such that 
cos'X + cos*/i + cos' V = 1. In this method the two lines answer- 
ing to two conjugate diameters are at right angles to each 
other; for writing cosa = acosX, cosa=acosX', &c., the re- 
lation last written becomes 

cosX cosX' + COS/i COS/i' + cosv cosv = 0. 



91. The sum of the squares of a system of three conjugate 
senii-dtameters is constant. 

For the square of the length of any semi-diameter x'^+t/'^+z'* 
is, when expressed in terms of X, /i, v, 

a* cos*X +6*008*/^ +c'co8'i', 

which when added to 

a* cos*X' + J' cos'/i' + c' co8*v', 

a« cos'X" + i" cosV" + c' cosV" 

is equal to a* + J* + c'; since X, /x, v, &c. are the direction- 
angles of three lines mutually at right angles. 

92. The parallelepiped whose edges are three conjugate semi- 
diameters has a constant volume. 

For if x'i/z\ x'y"z*\ &c. be the extremities of the diameters 
the volume is (Art. 35) 

/*." -/' -" 
^ 7 y 7 « 



jn 



jt' 



X s y . z 



in 



or 



ahc 



7 :f 7 

cosX, COS/Lt, cosv 

cosX', COS/Lt', cosv 

cosX", cos/i", cosv" 

but the value of the last determinant is unity (see note, p. 20) ; 
hence the volume of the parallelopiped is ahc. 
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If the axes of any central plane section be a', h\ and p the 
perpendicular on the parallel tangent plane, then a'Vp^ahc. 
For if c be the semi-diameter to the point of contact, and the 
angle it makes with p^ the volume of the parallelepiped under 
the conjugate diameters a\ b\ c is ah'c cos^, but c' co&d=p. 

93, The theorems just given may also with ease be deduced 
from the corresponding theorems for conies. 

For consider any three conjugate diameters a', i', c, and let 
the plane of ab' meet the plane of a^ in a diameter A^ and let 
C be the diameter conjugate to A in the section a'V^ then 
we have ^' + C' = a'" + J"*; therefore a" + 6'" + c'* = -4" + C» -f c\ 
Again, since A is in the plane ay^ then if B is the diameter 
conjugate to ^ in the section by that plane, the plane con- 
jugate to A will be the plane containing B and containing the 
axis c, and C, c' are therefore conjugate diameters of the same 
section as By c. Hence we have A^ + C^-\- c'^ = A*-^B^-\-c^'j and 
since, finally. A* -\-B^ = a^-\- 6*, the theorem is proved. Precisely 
similar reasoning proves the theorem about the parallelepipeds. 

We might further prove these theorems by obtaining, as in 
the note, p. 52, the relations which exist when the quantity 

~?5 + ^ + -« ui oblique co-ordinates is transformed to -r; + t* + -« 
a c ^ or c 

in rectangular co-ordinates. These relations are found to be 

a^ + J' + c" =a" + y* + c'», 

JV4 cW+a*b^^ b'^c"" sin»X + c'V sinV + aV sinV, 

a*JV =a'*J'*c''(l— cos*X— cos*/Lt""C<>3V+2 cosX cos/i cos v). 

The first and last equations give the properties already ob- 
tained. The second expresses that the sum of the squares of 
the parallelog^rams formed by three conjugate diameters, taken 
two by two, is constant. 

94. The sum of the squares of the jyrojections of three con-- 
jugate diameters on any line is constant. 

Let the line make angles a, /9, 7 with the axes, then the 
projection on it of the semi-diameter terminating in the point 
x'yz' is a' cosa+y cos/9 + «' cosy, or, by Art. 90, is 

a cosX cosa + b cos/x cob/3 + c cos v cosy. 

F 
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Similarly, the others are 

a cosV cosa + b COB fjf co8/8 H-c cob v' cosy, 
a cosX" cosa4 h cos/x" cos/8 H-c cosv" C0S7, 

and squaring and adding, we get the sum of the squares 

a* cos*a + b* cos'/S + <? cos* 7. 

95. The sum of the squares of the prcgections of three con-- 
jugate diameters on any plane is constant* 

If rf, d\ d" be the three diameters, 0j ff^ ff' the angles made 
by them with the perpendicular on the plane, the sum of the 
squares of the three projections is c?" sin"^ + c?'* sin*^ + rf'" sin*5", 
which is constant, since rf* cos^^ + rf'* cos'^ + rf"* cos"^' is con- 
stant by the last article ; and rf* + rf'* + d"^ by Art. 91. 

96. To find the locus of ike intersection of three tangent planes 
at the extremities of three conjugate diameters. 

The equations of the three tangent planes are 

X cosX y cos/x g COSV _ 
a o . c ^ 

X cosX' y cos/Lt' z cosy __ 
- + ^,-- H - -1, 



X cosX" y coBfi" z cosy" 
a b c 



= 1. 



Squaring and adding, we get for the equation of the locus, 

97. To find the lengths of the axes of the section made by any 
plane passing through the centre. 

We can readily form the quadratic, whose roots are the 
reciprocals of the squares of the axes, since we are given the 
sum and the product of these quantities. Let a, /9, 7 be the 
angles which a perpendicular to the given plane makes with the 
axes, B the intercept by the surface on this perpendicular ; then 
we have (Art. 88) 

11 1111 



^„ + y, -f jj. - ^, + J, + C' 



J 
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, 1 1_/1 1 1 cos^a COS* 13 oos'yX 

,., .. Qo\ __1_ _ ^..P* — ^^^''^ co8*/9 cos* 7 
while (Art. 92J --^^^^^^^^^^^—Jt-^. 

The quadratic required is therefore 
1 1 /sin*a 8in*/9 sin^yN cos^a cos'/8 cos*7 

This quadratic may also be written in the form 



a* cos' a 



i cos )8 c cos 7 

-I L_ J f = 



This equation may be otherwise obtained from the principles 
explained in the next article. 

98. Through a given radius OR of a central quadric we can 
in general draw one section of which OR shall he an axis. 

Describe a sphere with OR as radius, and let a cone be 
drawn having the centre as vertex and passing through the 
intersection of the surface and the sphere, and let a tangent 
plane to the cone be drawn through the radius OJS, then OR 
will be an axis of the section by that plane. For in it OR is 
equal to the next consecutive radius (both being radii of the 
same sphere) and is therefore a maximum or minimum ; while 
the taugent line at R to the section is perpendicular to OR^ 
since it is also In the tangent plane to the sphere. OR is 
therefore an axis of the section. 

The equation of the cone can at once be formed by sub- 
tracting one from the other, the equations 

aj^ y* «* x^ y' z* 

a» ■*■ *y ■'' ? " ^' ?■'■?■'"?" ^' 
when we get 

If then any plane x cosa + y cos/3 + 2; C0S7 have an axis in 
length = r, it must touch this cone, and the condition that it 
should touch it, is (Art. 86) 

a' cos*a ft' cos'fl c* cos'7 
a^^r^ ^ b*^r^ ^ c^-t^ '' 

which is the equation found in the last article. 

f2 
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In like manner we can find the axes of any section of a 
qnadric given by an equation of the foim 

The cone of intersection of this quadric with any sphere 

is (a - X) a;" + (J - X) y" + (c - X) ^ -f Hyz + "Imzx + 2na:y = 0, 

and we see as before, that if X be the reciprocal of the square 
of an axis of the section by the plane x cosa + y cos/3 + 2; cos 7, 
this plane must touch the cone whose equation has just been 
given. The condition that the plane should touch this cone 
(Art. 75) may be written 

a — X, w, III, cosa 

n, J — X, Z, cos)8 

«i, ?, c — X, C0S7 

cosa, cosj3, C0S7 s=0, 

which expanded is 

X"-X{(i-f c) cos"a+(c + a) cos*/8 + (a+ J) co8"7 

— 2Z cos/9 C0S7 — 2m C0S7 cosa — 2« cosa cos/3} 

+ (Jc - P) co8*a ^-^ca- vrf) co8*/8 + (aJ - n*) cos*7 

+ 2 (mn - aZ) CO8/8 C0S7 + 2 (nZ — hm) COS7 cosa 

+ 2 (Zm — en) cosa cos^ = 0. 

CIRCULAR SECTIONS. 

99. We proceed to investigate whether it is possible to 
draw a plane which shall cut a given ellipsoid in a circle. As 
it has been already proved (Art. 69) that all parallel sections 
are similar curves, it is sufficient to consider sections made by 
planes through the centre. Imagine that any central section 
is a circle with radius r, and conceive a concentric sphere 
described with the same radius. Then we have just seen 
that 
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represents a cone having the centre for its vertex and passing 
through the intersection of the qnadric and the sphere. Bnt 
if the surfaces have a plane section common, this equation must 
necessarily represent two planes, which cannot take place unless 
the coefficient of either a;*, y", or «* vanish. The plane section 
must therefore pass through one or other of the three axes. 
Suppose for example we take r = i, the coefficient of y Vanishes, 
and there remains 



X* 



(i-}')-^^'(?-^«) = ^' 



which represents two planes of circular section passing through 
the axis of y . 

The two planes are easily constructed by drawing in the 
plane of xz a semi-diameter equal to h. Then the plane con- 
taining the axis of y, and either of' the semi-diameters which 
can be so drawn, is a plane of circular section. 

In like manner two planes can be drawn through each of 
the other axes, but in the case of the ellipsoid these planes will 
be imaginary ; since we evidently cannot draw in the plane of 
xy a semi-diameter = c, the least semi-diameter in that section 
being = h ; nor, again, in the plane of yz a semi-diameter = a, 
the greatest in that section being = h. 

In the case of the hyperboloid of one sheet c* is negative, 
and the sections through a are those which are real. In the 
hyperboloid of two sheets where both b* and c* are negative, 
if we take r*^-'<? (6' being less than c*), we get the two real 
sections. 

These two real planes through the centre do not meet the 
surface, but parallel planes do meet it in circles. In all cases 
it will be observed that we have only two real central planes 
of circular section, the series of planes parallel to each of which 
afford two different systems of circular sections. 

100. Any two surfaces whose coefficients of a?^ y*, «", differ 
only by a constant, have the same circular sections. Thus 
^4a^ + jfy« + Cz» = l, and(il+ir)«» + (5 + ^y'-f(C-l-fi)«*=l 



i 
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have the same circular Bections as easUy appears from the 
formula in the last article. 

The same thing appears by throwing the two equations into 
the form 

— J, = -4 cos'a + B cos*/8 + C cos" 7, 
P 

-j = -4 cos'a + B cos'/S + C cosS + H. 
P 

from which it appears that the difference of the squares of the 
reciprocals is constant of the corresponding radii vectores of the 
two surfaces. K then in anj section the radius vector be con- 
stant, so must also the radius vector of the other. The same 
consideration shews that any plane cuts both in sections having 
the same axes, since the maximum or minimum value of the 
radius vector will in each correspond to the same values of 

Circular sections of a cone are the same as those of a hyper- 
boloid to which it is asymptotic. 

101. Any two circular sections of opposite systems lie on the 
same sphere. 

The equations of the two planes of section are parallel each 
to one of the planes represented by 



x^ 



(?-?)"^2^"(p-?)-^^'(?-^)=^- 



Now since the equation of two planes agrees with the 
equation of two parallel planes as far as terms of the second 
degree are concerned, the equation of the two planes must 
be of the form 

^&-^)-^3^(f«-^) + *"&-^) + "• = "' 

where u^ represents some plane. K then we subtract this from 
the equation of the surface, which every point on the section 
must also satisfy, we get 

which represents a sphere. 
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102. All parallel sections are as we have seen similar. If 
now we draw a series of planes parallel to circular sections the 
extreme one will be the parallel tangent plane which must 
meet the surface in an infinitely small circle. Its point of 
contact is called an umbilic. Some properties of these points 
will be mentioned afterwards. The co-ordmates of the real 
umbilics are easily found. We are to draw in the section, 
whose axes are a and c, a semi-diameter = b, and to find the 
co-ordinates of the extremity of its conjugate. Now the for- 
mula for conies J'' = a* — cV applied to this case gives us 

a ^ 

whence -5 = -= 5 : similarly -« = -5 — ^ . 

a a — c c a ~^cr 

There are accordingly in the case of the ellipsoid four real 
umbilics in the plane of xzj and four imaginary in each of the 
other principal planes. 

103. It is convenient to add in this place how in like manner 
we are able to determine the circular sections of the paraboloid 
given by the equation 

a o c 

Considering a circular section through the origin, whose 

radius is r, we can see, as in Art. 99, that it must lie in the 

sphere 

o' + y'-f «' = 2r2?. 

And the cone of intersection of this sphere with the paraboloid is 



«^(l-5)43.'(l^?) + .- = 0. 



This will represent two planes if one of the terms vanishes. 
It will represent two real planes, in the case of the elliptic 

paraboloid, if we take -5 = 1, for the equation then becomes 

ft V = (a* — J') y*. But in the case of the hyperbolic paraboloid 
there is no real circular section, since the same substitution 
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would make the equation of the two planes take the imaginary 
formftV+(a* + ft«)/=xO. 

Indeed, it can be proved in general that no section of the 
hyperbolic paraboloid can be a closed curve, for if we take its 
intersection with any plane z = lx + my + n^ the projection on 

the plane of a:;y is -i — tj = — which is necessarily 

a hyperbola. 

RECTILINEAR GENERATORS. 

104. We have seen that when the -central section is an 
ellipse all parallel sections are similar ellipses, and the section 
by a tangent plane is an infinitely small similar ellipse. In 
like manner when the central section is a hyperbola, the section 
by any parallel plane is a similar hyperbola, and that by the 
tangent plane reduces itself to a pair of right lines parallel to 
the asymptotes of the central hyperbola. Thus if the equation 
referred to any conjugate diameters be 

and we consider the section made by any plane parallel to the 
plane o{xz{y = /3)y its equation is 

And it is evident that the value /3 = b' reduces the section to 
a pair of right lines. Such right lines can only exist on the 
hyperboloid of one sheet, since if we had the equation 

the right-hand side of the equation could not vanish for any 
value of z. It is also geometrically evident that a right line 
cannot exist either on an ellipsoid, which is a closed surface; 
nor on a hyperboloid of two sheets, no part of which, as we 
saw, lies in the space included between several systems of two 
parallel planes, while any right line will of course in general 
intersect them all. 
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105. Throwing the equation of the hyperboloid of one sheet 
into ihe form 

a* c« ~ J» ' 
it is evident that the intersection of the two planes 

lies on the surface, and by giving different values to X we get 
a system of right lines lying in the surface ; while, again, we 
get another system by considering the intersection of the planes 

^-^^xfi + ^'l x('- + -'l = i-^. 

a c \ fc/ ' \a cj b' 

What has been just said may be stated more generally as 
follows : If a, /3, 7, B represent four planes, then the equation 
ay ==/3S represents a hyperboloid of one sheet, which may be 
generated as the locus of the system of right lines 

a = X)8, \y = S, 

or a = XS, X7 = /3. 

In the case of the equation 

the lines may be also expressed by the equations 

DC Si HZ 

- = -cos^Tsin^, T = - sin^ + cos^. 
a c ^ c 

106. Any two lines belonging to opposite systems lie in the 
same plane. 

Consider the two lines 

a — X/8, X7 — S, 
a — X'S, X'7 — fi. 

Then it is evident that the plane a — X)8 + XX7 — X'8 contains 
both, since it can be written in either of the forms 

(a-X/8) + X'(X7-S), a-X'S4-X(X7-/8). 

It is evident in like manner that no two lines belonging to 
the same system lie in the same plane. Since no plane of 
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the form (a - X/3) + B (X7 - 8) can ever be identical with 
(a - \'/3) + i? (X'7 — S) if X and V are different. In the same 
way we see that both the lines 

- = - cos^ — sin 5, T = - BiR^ + cos5, 
a c ^ c ' 

- s > cos^ + sin^, .^ = - sin^ — cos^, 
which belong to different syBtems lie in the plane 

- cosi (5 + ^) +1 sin J (^ + ^) =- cosi (^-^)-8inJ (^-<^). 

Now this plane is parallel to the second line of the first 
system 

a* Si 9J z 

- = - cos^ — sin^, A ~ " sln^ + COS0, 

but it does not pass through it, for the equation of a parallel 
plane through this line will be found to be 

-cosi(tf + <^)+f sini(tf + <^) = -cosi(tf-<^) + sini(5-0), 

which differs in the absolute term from the equation of the 
plane through the &r^ line. 

107. We have seen that any tangent plane to the hyper- 
boloid meets the surface in two right lines intersecting in the 
point of contact, and of course touches the surface in no other 
point. If through one of these right lines we draw any otJier 
plane, we have just seen that it will meet the surface in a new 
right line, and this new plane will touch the surface in the 
point where these two lines intersect. Conversely, the tangent 
plane to the surface at any point on a given right line in the 
surface will contain the right line, but the tangent plane will 
in general be different for every point of the right line. Thus, 
take the surface x^^y^^ where the line ay lies on the surface, 
and ^ and '^ represent planes (though the demonstration would 
equally hold if they were functions of any higher degree). 
Then using the equation of the tangent plane 

, ,. dU* , ,. dU' f ,v dU 
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and seeking the tangent at the point a; = 0, y = 0, = «', we find 
a5^'+y'^' = 0, where ^' and '^' are what <f> and y^ become on 
substituting these co-ordinates. And this plane will vary as 
z' varies. 

All this is different in the case of the cone. Here every 
tangent plane meets the surface in two coincident right lines. 
The tangent plane then at every point of this right line is the 
same, and the plane touches the surface along the whole length 
of the line. 

And generally, if the equation of a surface be of the form 

^^ + yV = ^j 
it is seen precisely, as above, that the tangent plane at every 
point of the line xy is x = 0. 

108. It was proved (Art. 104) that the two lines in which 
the tangent plane cuts a hyperboloid are parallel to the asymp- 
totes of the parallel central section ; but these asymptotes are 
evidently edges of the asymptotic cone to the surface. Hence 
every right line which can lie on a hyperboloid is parallel to 
some one of the edges of the asymptotic cone. It follows also 
that no three of them can be parallel to the same plane, since, 
if they were, a parallel plane would cut the asymptotic cone 
in three edges, which is impossible, the cone being only of 
the second degree. 

109. We have seen that any line of the first system meets 
all the lines of the second system. Conversely, the surface 
may be conceived as generated by the motion of a right line 
which always meets a certain number of fixed right lines.* 

Let us remark in the first place, that when we are seeking 
the surface generated by the motion of a right line, it is 
necessary that the motion of the right line should be regulated 
by three conditions. In fact, since the equations of a right 



* A surface generated by the motion of a right line is called a ruled 
surface. If every generating line is intersected by the next consecutiye one, 
the surface is called a developable. If not, it is called a skew surface. The 
hyperboloid of one sheet belongs to the latter class; the cone to the former. 
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line include four constants, four conditions would absolutely 
determine the position of a right line. When we are given 
one condition less, the position of the line is not determined, 
but it is so feu* limited that the line will always lie on a certain 
surface-locus, whose equation can be found as follows: Write 
down the general equations of a right line a; = in«+j?, y=twf+y; 
then the conditions of the problem establish three relations 
between the constants m, n, p, q. And combining these three 
relations with the two equations of the right line, we have 
five equations from which we can eliminate the four quantities 
971, n, p^ qj and the resulting equation in x^ t/j z will be the 
equation of the locus required. Or, again, we may write the 
equations of the line in the form 



X — x 



_y-y _ 



cos a C08/8 cos 7 ' 

then the three conditions give three relations between the con- 
stants a;', y', z\ a, /8, y, and if between these we eliminate 
a, /3, 7, the resulting equation in x^ y\ z' is the equa- 
tion of the required locus, since x'yz* may be any point on 
the line. 

We see then that it is a determinate problem to find the 
surface generated by a right line which moves so as always 
to meet three fixed right lines.* For expressing, by Art. 40, 
the condition that the moveable right line shall meet each 
of the fixed lines, we obtain the three necessary relations between 
m, n, p^ q. Geometrically also we can see that the motion of 
the line is completely regulated by the given conditions. For 
a line would be completely determined if it were constrained 
to pass through a given point and to meet two fixed lines, 
since we need only draw planes through the given point and 
each of the fixed lines, when the intersection of these planes 
would determine the line required. If then the point through 
which the line is to pass, itself moves along a third fixed line, 
we have a determinate series of right lines, the assemblage of 
which forms a surface-locus. 



* Or three fixed curves of any kind. 
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110. Let US then solve the problem suggested by the last 
article, viz. to find the surface generated by a right line whldi 
always meets three fixed right lines. In order that the work 
may be shortened as much as possible, let us first examine 
what choice of axes we must make in order to give the equa- 
tions of the fixed right lines the simplest form. 

And it occurs at once that we ought to take the axes, one 
parallel to each of the three given right lines.* The only 
question then is where the origin can most symmetrically be 
placed. Suppose now that through each of the three right 
lines we draw planes parallel to the other two, we get thus 
three pairs of parallel planes forming a parallelepiped, of which 
the given lines will be edges. And if through the centre of 
this parallelepiped we draw lines parallel to these edges, we 
shall have the most symmetrical axes. Let then the equations 
of the three pairs of planes be 

then the equations of the three fixed right lines will be 

y = Jj;r = — c; 2j = c, a;=— a; a; = a, y= — J. 
The equations of any line meeting the first two fixed lines are 

«-fc = X(y — 6); « — c = /Lt{a;-f-a), 
which will intersect the third if 

or replacing for X and fi their values, 

c (oj 4- a) (y — 5) + a (« — c) (y — J) + J (« + c) (a; + a), 

which reduced is 

ayz + bzx + coey + abc = 0. 

On applying the criterion of p. 57 this is found to repre- 
sent a hyperboloid of one sheet, as is otherwise evident, since 



• We could not do this indeed if the three given right lines happened 
to he all parallel to the same plane. This case will he considered in the 
next Article. It will not occur when the locus is a hyperboloid of one 
sheet, see Art 108. 
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it represents a central quadric and is known to be a ruled 
surface. The problem might otherwise be solved thus: 
Assume for the equations of the moveable line 

a? - a?' __ y — y' _ « — «' 
cosa "" cos/8 C0S7 ' 

the three conditions obtained hj expressing that this intersects 
each of the fixed lines are 

y'-b _ z' + c 
cos)8 "" COS7 ' 

z' — c ^x' + a 
COS7 ~ cosa * 

a;' — a _ y + 6 
cosa " cos/8 * 

We can eliminate a, /3, 7 hj multiplying the equations 
together, and get for the equation of the locus, 

{x-a) iy-h) («- c) = (x-^a) (y + 6) (« + c), 

or reducing 

ayz + hzx + cooy + ohc = 0, 

the same equation as before. 

The following is another general solution of the same pro- 
blem : Let the first two lines be the intersection of the planes 
a, )3 ; 7, S ; then the equations of the third can be expressed in 
the form a = A^ + Bh^ ^=::Cy + BS, The moveable line, since 
it meets the first two lines, can be expressed by two equations 
of the form a = X)3, 7 = /aS. Substituting these values in the 
equations of the third line we find the condition that it and 
the moveable line should intersect, viz. 

And eliminating X and fi between this and the equations of the 
moveable line, we get for the equation of the locus, 

/3{Ay\-Bo)^a{Cy-\-DS)-. 

111. Prom the general theory explained in Art. 105, it is 
plain that the hyperbolic paraboloid may ako have right lines 
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lying altogether in the surface. For the equation -5 "" ^a = ~ 

(Art. 83) is included in the general form ay = /3S] and the 
surface contains the two systems of right lines 

ah ' \a bj c' 
The first equation shews that every line on the surface must 

be parallel to one or other of the two fixed planes -±7 = 0; 

and in this respect is the fundamental difference between right 
lines on the paraboloid and on the hyperboloid (see Art. 108). 

It is proved, as in Art. 106, that any line of one system 
meets every line of the other system, while no two lines of 
the same system can intersect. 

We give now the investigation of the converse problem, viz. 
to find the surface generated by a right line which always meets 
three fixed lines which are all parallel to the same plane. Let 
the plane to which all are parallel be taken for the plane of xt/j 
any line which meets all three for the axis of z^ and let the 
axes of X and y be taken parallel to two of the fixed lines. 
Then their equations are 

x = Oj z = a] y = 0, « = J; a; = wiy, « = c. 

The equations of any line meeting the first two fixed lines are 

x=:\{z-a)j y = /i(«-5), 

which will intersect the third if 

Xlc-'a)^' mfi (c — 6), 

and the equation of the locus is 

(a — c) oj (« — J) = (J — c) y (« — a), 

which represents a hyperbolic paraboloid since the terms of 
highest degree break up into two real factors. 

In like manner we might investigate the surface generated 
by a right line which meets two fixed lines and is always parallel 
to a fixed plane. Let it meet the lines 

2; = 0, ji; = a; y = 0, « = — a, 
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and be parallel to the plane 

X cosa+y cosfi-^-z cosy=p. 

Then the equations of the line are 

a; = X (xj — a), y = /A (« + a), 

which will be parallel to the given plane of 

CO87 + ^^ cosa + /Li cos/3 = 0. 

The equation of the required locus is therefore 

coBy[z* — a^) + x cosa (« + «) +y cos/8 (xj — a) = 0, 

which is a hyperbolic paraboloid since the terms of the second 
degree break up at two real factors. 

A hyperbolic paraboloid is the limit of the hyperboloid of 
one sheet, when the generator in one of its positions may lie 
altogether at infinity. 

We have seen (Art. 104) that a plane is a tangent to a 
surface of the second degree when it meets it in two real or 
Imaginary lines; and (Art 83) that a paraboloid Is met by 
the plane at infinity in two real or imaginary lines. Hence 
a paraboloid b always touched by the plane at infinity. 

112. Four right lines belonging to one system cut all lines 
belonging to the other system in a constant anharmonic rcUio. 

For through the four lines and through any line which 
meets them all we can draw four planes; and therefore any 
other Hue which meets the four lines will be divided in a 
constant anharmonic ratio (Art. 38). 

Conversely, if two non-intersecting lines are divided homo^ 
graphically in a series of points, that is to say, so that the 
anharmonic ratio of any four points on one line is equal to 
that of the corresponding points on the other; then the lines 
joining corresponding points will be generators of a hyper- 
boloid of one sheet. 

Let the two given lines be a, /8 ; 7, B. Let any fixed line 
which meets them both be a = V/8, 7 = /a'8; then, in order 
that any other line a = X/3, y^fiB should divide them homo- 

graphically, we must have ( Conies^ Art. 55) — , = ^, , and if we 
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eliminate X between the equations a = \/3^ \'y = /i'\S, the result 
is X'fiy^fiaB. 

113. In the case of the hyperbolic paraboloid any three 
right lines of one system cut all the right lines of the other 
in a constant ratio. For since the generators are all parallel 
to the same plane, we can draw through any three generators 
parallels to that plane, and all right lines which meet three 
parallel planes are cut by them in a constant ratio. 

Conversely, if two finite non-intersecting lines be divided, 
each into the same number of equal parts, the lines joining 
corresponding points will be generators of a hyperbolic para- 
boloid. By doing this with threads, the form of this surface 
can be readily exhibited to the eye. 

To prove this directly, let the line which joins two corre- 
sponding extremities of the given lines be the axis of z ; let 
the axes of x and y be taken parallel to the given lines, and 
let the plane of xy be half-way between them. Let the lengths 
of the given lines be a and 5, then the co-ordinates of two 
corresponding points are 

z = Cj x^jMi^ y = ^> 

» = -o, a: = 0, y = M*, 

and the equations of the line joining these points are 

X y 

- + I = yLfc, 2cx — llCbZ = fiaCj 

whence, eliminating /i., the equation of the locus is 
which represents a hyperbolic paraboloid. 

SURFACES OF REVOLUTION. 

114. Let it be required to find the conditions that the 

general equation should represent a surface of revolution. In 

this case the equation can be reduced (see p. 55), if the surface 

a? y^ z^ 
be central, to the form -§ + ^±-- = ±1, and if the surface 

G 
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Q^ t/* VLZ 

be non-central to the form -« + ^ = — . In either case then 



a a c 



when the highest terms are transformed so as to become the 
sum of squares of three rectangular co-ordinates, the coefficients 
of two of those squares are equal. It would appear then that 
the required condition would be at once obtained by forming 
the condition that the discriminating cubic should have equal 
roots. Since however the roots of the discriminating cubic are 
always positive, its discriminant can be expressed as the sum 
of squares (see Higher Algebra^ p. 134), and will not vanish (the 
coefficients of the given equation being supposed to be real) 
unless two conditions are fulfilled which can be obtained more 
easily by the following process. We want to find whether 
it is possible so to transform the equation as to have 

oaj* + 6/ + c^'* + ilyz + 2m«a? + ^nxy = ^ (Z" + T*) + CZ", 
but we have (p. 52) 

It is manifest then that by taking X = ^, we should have the 
following quantity a perfect square : 

(oaj" + 5y* + c«" + ilyz + ^mzx + VLnxy) - X (a* + ^ + a*), 
and it is required to find the conditions that this should be 
possible. 

Now it is easy to see that when 

^a;* + J5y* + Cfe* + 2Zy« + 2lfea; + 2^a?y 
is a perfect square, the six followmg conditions are fulfilled :» 

AB^N^, BC=L% CA^AP, 
AL = MN, BM=NL, CN=^LM; 
the three former of which are included in the three latter. In 
the present case then these latter three equations are 

(a — X)Z = ?ww, (6 — \)m = wZ, [c — \)n = hn. 
Solving for X from each of these equations we see that the 
reduction is impossible unless the coefficients of the given equa- 
tion be connected by the two relations 

?nw__, nl ^ Im 
I m n ' 

* That is to sayi the reciprocal equation yanishes identically. 
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If these relations be fulfilled and if we substitute any of these 
common values for X in the function 

it becomes, as it ought, a perfect square, viz. 

and since the plane Z= represents a plane perpendicular to the 

axis of revolution of the surface, it follows that -^ + ^ -f - = 

t m n 

represents a plane perpendicular to that axis. 

In the special case where the common values vanish which 
have been just found for X, the highest terms in the given 
equation form a perfect square, and the equation represents 
either a parabolic cylinder or two parallel planes (see IV. 
and v., p. 59). These are limiting cases of surfaces of re- 
volution, the axis of revolution in the latter case being any 
line perpendicular to both planes. The parabolic cylinder is 
the limit of the surface generated by the revolution of an ellipse 
round its transverse axis, when that axis passes to infinity. 

115. If one of the quantities /, wi, n vanish, the surface 
cannot be of revolution unless a second also vanish. Suppose 
that we have I and m both = 0, the preceding conditions become 

t m ' 

from which, eliminating the indeterminate — , we get 

(a — c) (6 — c) = w*. 

This condition might also have been obtained at once by 
expressing that 

(a- X)a^ + (J-X)y-f {c'-\)z'-\-2nxy 
should be a perfect square, and it is plain that we must have 

X = c ; (a — c) ( J — c) = w*. 

116. The preceding theory might also be obtained from the 
consideration that in a surface of revolution the problem of 

G2 
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finding the principal planes becomes indefinite. For since every 
section perpendicular to the axis of revolution is a circle, any 
system of parallel chords of one of these circles Is bisected by 
the plane passing through the axis of revolution, and through 
the diameter of the circle perpendicular to the chords, a plane 
which is perpendicular to the chords. It follows that every 
plane through the axis of revolution is a principal plane. Now 
the chords which are perpendicular to these diametral planes are 
^ven (see p. 45) by the equations 

(a— J2)a?4-ny+7iM5=0, na?+(J— J2)y+&=0, tna?+Zy+(c-jB)«=0, 

which when R Is one of the roots of the discriminating cubic 
represent three planes meeting In one of the right lines required. 
The problem then will not become Indeterminate unless these 
equations all represent the same plane, for which we have the 
conditions 

n b-R I' m ^l c-R^ 
which expanded are the same as the conditions found already. 
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117. We shall conclude this chapter by a few examples of 
the application of Algebraic Geometry to the investtgcOion of 
Loci. 

Ex. 1. To find the locus of a point whose shortest distances from two 
given non-intersecting right lines are equaL 

If the equations of the lines are written in their general form, the solu- 
tion of this is obtained immediately by the formula of Art 14. We may 
get the result in a simple form by taking for the axis of s the shortest 
distance between the two lines, and choosing for the other axes the lines 
bisecting the angle between the projections on their plane of the given 
lines; then their equations are of the form 

8 as c, y = mx\ s a - c, y = - fnx^ 
and the conditions of the problem give 

., (V - wtx^ , ., (y + mxf 
^ ' 1 + m* ^ 1+m" 

or cs (1 + m*) + mxy = 0. 

The locus is therefore a hyperbolic paraboloid. 
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If the shortest distances had been to each other in a given ratio, the 
locus would have been 

{(1 + X) s + (1 - X) c} {(1 - X) s + (1 + X) c) 

1 + m 
which represents a hyperboloid of one sheet. 

Ex. 2. To find the locus of the middle points of all lines parallel to 
a fixed plane and terminated by two non-intersecting lines. 

Take the plane x = parallel to the fixed plane, and the plane s • 0, 
as in the last example, parallel to the two lines and equidistant firom them ; 
then the equations of the lines are 

« r= c, y = mx 4n; «s»-c, y = m'x + n'. 

The locus is then evidently the right line which is the intersection of the 
planes 

1 B 0, 2y = (m + m') « + (n + n'). 

Ex. 3. To find the surface of revolution generated by a right line 
turning round a fixed axis which it does not intersect. 

Let the fixed line be the axis of s, and let any position of the other be 
x^mE-^n, y ^ f^'s + n'. Then since any point of the revolving line de- 
scribes a circle in a plane parallel to that of xy, it follows that the value 
of «* 4 y* is the same for every point in such a plane section, and it is plain 
that the constant value expressed in terms of % is {m% f n)' + (m% + n')'. 
Hence the equation of the required surface is 

«• + y" a {mz + fi)" + (m'« + n')*, 

which represents a hyperboloid of revolution of one sheet 

Ex. 4. Two lines passing through the origin move each in a fixed plane, 
remaining perpendicular to each other, to find the surface (necessarily a 
cone) generated by a right line, also passing through the origin perpen- 
dicular to the other two. 

Let the direction-angles of the perpendiculars to the fixed planes be 
0, &, c; a', Vf ^, and let those of the variable line be a, ^, ly; then the 
direction-cosines of the intersections with the fixed planes, of a plane per- 
pendicular to the variable line, will be proportional to (Art. 15) 

cos/S cose - C0S7 COS&, COS7 cosa - cosa cose, cosa CO8& - cos/9 cosa. 

cos/9 cose' - C0S7 cosft", COS7 cosa' - cosa cose/, cosa cosfr" - C08/9 cosa', 

and the condition that these should be perpendicular to each other is 

(cos/9 cose - C0S7 COS&) (cos/S cose' - C0S7 cosd') 

4 (COS7 cosa - cosa cose) (C0S7 coso' - cosa cosc") 

4 (cosa 0OS& - cos/9 cosa) (cosa COS&' - cos/9 cosa') a 0, 

which represents a cone of the second degree. 



\ 
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£x. 6. Two planes mutually perpendicular pass each through a fixed 
line : to find the surface generated hy their line of intersection. 
f Take the axes as in Ex. 1. Then the equations of the planes are 

Y^ \ (» - c) + y - mx; X' (» + c) + y + mx - 0, 

which will he at right angles if W + 1 - m* = 0; and putting in for 
X, V their values from the pair of equations, we get 

y«-mVH-(l-m«)(««-c") = 0, 

which represents a hyperboloid of one sheet. 

If the lines intersect, in which case c s 0, the locus reduces to a cone. 

Ex. 6. To find the locus of a point, whence three tangent lines, mutually 
at right angles, can he drawn to the quadric 3 "^ fi + 7i = ^* 

If the equation were transformed so that these lines should become the 
axes of co-ordinates, the equation of the tangent cone would take the form 
At/z + Bzx + Cory « 0, since these three lines are edges of the cone. But 
the untransformed equation of the tangent cone is, see Art 74, 

And we have seen (Art. 78) that if this equation be transformed to any 
rectangular system of axes, the sum of the coefficients of 2^, y*, and sf will 
be constant We have only then to express the condition that this sum 
should vanish, when we obtain the equation of the required locus, viz. 

x«/l 1\ y'/l 1\ ««/l 1\ 1 1 1 

Ex. 7. To find the equation of the cone whose vertex is «ys' and which 
stands on the conic in the plane of xy, -j + ^^ = 1. 

The equations of the line joining any point a/3 of the base to the 

vertex are 

o (a' -«) = «'« - afZf fi(^ - z) = i^y - y'z. 

Substituting these values in the equation of the base, we get for the 

required cone 

(zfx - afzy ^ {€y - y'z)* 



a- • -6- -(•'-^>'- 



The following method may be used in general to find the equation of 
the cone whose vertex is 7fj/€w'^ and base the intersection of any two 
surfaces TJ^ V. Substitute in each equation for jt, or + X^ ;. for y, y ^ Xy', 
&c., and let the results be 

r+xir+^aT + &c., 
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then the result of eliminatiDg \ between these equations will be the equa- 
tion of the required cone. For the points where the line joining 9f%ftvf to 
x\ftm meets the surface TJ are got from the first of these two equations; 
those where the same line meets the surf&ce V are got from the second \ 
and when the eliminant of the two equations yanishes they have -a common 
root, or the point xyzw lies on a line passing through ^f/i!iD' and meeting 
the intersection of the surfaces. 

Ex. 8. To find the equation of the cone whose yertez is the centre of 
an ellipsoid and base the section made by the polar of any point x^f/^. 






Ex. 9. To find the locus of points on the quadric -^ + ^ + -^ » !> the 

normals at which intersect the normal at the point xys'. 

An$, The points required are the intersection of the surface with the cone 

o« {j/z - zfy) (OP - «') + 6" (s^x - afz) (y - y) + c" {afy - f/x) (z - s') = 0. 

Ex. 10. To find the locus of the poles of the tangent planes of one 
quadric with respect to another. 

We have only to express the condition that the polar of xft/iitj', with 
regard to the second quadric, should touch the first, and have therefore 

only to substitute -r- > t- > t- > -r- for «f A 7, ^ in the condition given 

ax ay dz du) ^ ' 

Art 75. The locus is therefore a quadric. 

Ex. 11. To find the cone generated by perpendiculars erected at the 
vertex of a given cone to its several tangent planes. 

Let the cone be Lx* + My* 4 iVz* = 0, and any tangent plane is 
Lx'x + My'y + iVz's = 0, the perpendicular to which through the origin 

is -=-; = —z = -TT-; . If then we call the common value p, we have 
Lx' My Nz 

af^-^. ^ = ~r, ^--:rr^ substituting which values in Xar^ + Mi/* + Nt^ = 0, 
Lp Mp ^P ^ . ^ 

p* disappears, and we have 7 + ^ + "jC- = ^' "^^ ^"^"^ ®^ the equation 

shews that the relation between the cones is reciprocal, and that the edges 
of the first are perpendicular to the tangent plane to the second. It can 
easily be seen that this is a particular case of the last example. 
If the equation of the cone be given in the form 

or* + 5y' + «i[5 + 2dyz + 2ezx + 2fxy = 0, 

the equation of the reciprocal cone will be the same as that of the re- 
ciprocal curve in plane geometry, vi2. 

(6c - d») «" + (ca - s»)y" + («^ -/') «" 

+ 2 («/- oJ) y» + 2 (fd 'he)zx^2(de'Cf)xy^0. 
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Ex. 12. A line moves about so that three fixed points on it move on 
fixed planes : to find the locus of any other point on it 

Let the co-ordinates of the locus point P be a, /9, 7 ; and let the three 
fixed planes be taken for co-ordinate planes meeting the line in points 
A, B, C. Then it is easy to see that the co-ordinates of A are 0^ 

"p^ fit pTV 7» ^^ere the ratios AB : PB, A C : PC are known. Ex- 
pressing then, by Art. 10, that the distance PA is constant, the locus 
is at once found to be an ellipsoid. 

Ex. 13. ^ and O are two fixed points, the latter being on the surface 
of a sphere. Let the line joining any other point D on the sphere to A 
meet the sphere again in 2X. Then if on OD a portion OP be takqu 
= Aiy, find the locus of P. [Sir W. R. Hamilton]. 

We have AD* = AO^ + OD* - 2A0.0D cos AOD. But AD varies 
inversely as the radius vector of the locus, and OD is given, by the equa- 
tion of the sphere, in terms of the angles it makes with fixed axes. - Thus 
the locus is easily seen to be a quadric of which O is the centre. 

Ex. 14. A plane passes through a fixed line, and the lines in which 
it meets two fixed planes are joined by planes each to a fixed point ; find 
the surface generated by the line of intersection of the latter two planes. 

Ex. 15. The four fkces of a tetrahedron pass each through a fixed point. 
Find the locus of the vertex if the three edges which do not pass through 
it move each in a fixed plane. 

The locus is in general a surface of the third* degree having the inter- 
section of the three planes for a double point. It reduces to a cone of 
the second degree when the four fixed points lie in one plane. 

Ex. 16. Find the locus of the vertex of a tetrahedron, if the three 
edges which pass through that vertex each pass through a fixed point, if the 
opposite face also pass through a fixed point and the three other vertices 
move in fixed planes. 

Ex. 17. A plane passes through a fixed point, and the points where 
it meets three fixed lines are joined by planes, each to one of three other 
fixed lines ; find the locus of the intersection of the joining planes. 

Ex, 18. The sides of a polygon in space pass through fixed points, and 
all the vertices but one move in fixed planes ; find the curve locus of the 
remaining vertex. 

Ex. 19. All the sides of a polygon but one pass through fixed points, 
the extremities of the free side move on fixed lines, and all the other 
vertices on fixed planes, find the surface generated by the free side. 
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CHAPTER VIL 

METHODS OF ABRIDGED NOTA'nON. 

118. We shall In this chapter give an account of some of 
those properties of quadrics which are most simply derived by 
methods analogous to those explained in Chap. xiv. of the 
Treatise on Conies. In order to economize space we shall 
occasionally suppress such details as we think ought to present 
no difficulty to an intelligent reader. In particular we leave 
it to the reader to show that the whole theory of Reciprocal 
Polars, as explained in Chap. xv. of the Conies^ applies equally 
to space of three dimensions, the polars being taken with respect 
to -any quadric. We shall thus dispense with the necessity of 
giving separate proofs of a theorem and of its reciprocal. In 
the method of Reciprocal Polars it will be observed that a point 
corresponds to a plane and vice versd^ and that to a line (join- 
ing two points) corresponds a line (the intersection of two 
planes). In order to show what corresponds to a curve in 
space we shaU anticipate a little of the theory of curves of 
double curvature to be explained hereafter. 

119. A curve In space may be considered as a series of 
points In space 1, 2, 3, &c. arranged according to a certain law. 
If each point be joined to Its next consecutive, we shall have 
a series of lines 12, 23, 34, &c., each line being a tangent to 
the given curve. The assemblage of these lines forms a surface, 
and a developable surface (see note, p. 75) since any line 12 
intersects the consecutive line 23. Again, if we consider the 
planes 123, 234, 345, &c. containing every three consecutive 
points, we shall have a series of planes which are called the 
osculating planes of the given curve, and which are tangent 
planes to the developable generated by Its tangents. Now 
when we reciprocate, it b plain that to the series of points, 
lines, and planes, will correspond a series of planes, lines, and 
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points, and thus that the reciprocal of a Beries of points forming 
a curve in space will be a series of planes touching a develop- 
able. K the curve in space lies all in one plane, the reciprocal 
planes will all pass through one point, and will be tangent planes 
to a cone. 

Thus the series of points common to two surfaces forms a 
curve. Reciprocally the series of tangent planes common to two 
surfaces touches a developable which envelopes both surfaces. 

The degree of any surface being measured by the number 
of points in which an arbitrary line meets it, the degree of the 
surface reciprocal to a given one is the same as the number 
of tangent planes which can be drawn to the original surface 
through an arbitrary right line. The reciprocal of a quadric 
is a quadric, ^ince it may be easily deduced, from Art. 75, that 
but two tangent planes can be drawn to the quadric through 
an arbitrary Une. The same theorem is proved by forming, as 
at p. 87, the actual equation of the locus of the polar with 
respect to the quadric of the tangent planes to another, which 
equation is at once proved to be of the second degree. 

120. Let now U and V represent any two quadrics, then 
U-hW represents a quadric passing through every point 
common to U and F, and if X be indeterminate it represents 
a series of quadrics having a common curve of intersection. 
Since nine points determine a quadric (Art. 54), U+\V is the 
most general equation of the quadric passing through eight 
given points (see Higher Plane Curves^ p. 21). For if U and V 
be two quadrics, each passing through the eight points, 27+ XF 
represents a quadric also passing through the eight points, and 
the constant X can be so determined that the surface shall pass 
through any ninth point, and can in this way be made to coin- 
cide with any given quadric through the eight points. It 
follows then that all quadrics which pass through eight points 
have besides a whole series of common points, forming a com- 
mon curve of intersection ; and reciprocally, that all quadrics 
which touch eight given planes have a whole series of common 
tangent planes determining a fixed developable which envelopes 
the whole series of surfaces touching the eight fixed planes. 
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It is evident also that the problem to describe a qnadric 
through nine points may become indeterminate. For if the 
ninth point lie any where on the curve which, as we have just 
seen, is determined by the eighth fixed point, then every quadric 
passing through the eight fixed points will pass through the 
ninth point, and it is necessary that we should be given a ninth 
point, not on this curve, in order to be able to determine the 
surface. Thus if U and V be two quadrics through the eight 
points, we determine the surface by substituting the co-ordinates 
of the ninth point in U-^\V=0] but if these co-ordinates 
make 17=0, F=0, this substitution does not enable us to de- 
termine X. 

121. Given seven points [or tangent planes] common to a 
series of quadrics, then an eighth point [or tangent plane] 
common to the whole system is determined. 

For let J7, F, PF be three quadrics, each of which passes 
through the seven points, then ?7+XF+/aTF may represent 
any quadric which passes through them ; for the constants X, /t 
may be so determined that the surface shall pass through 
any two other points, and may in this way be made to coin- 
cide with any given quadric through the seven points. But 
[7-f X F+ /A W represents a surface passing through all points 
common to ?7, F, TF, and since these intersect in eight points, 
it follows that there is a point, in addition to the seven given, 
which is common to the whole system of surfaces. 

We see thus that though it was proved in the last article 
that eight points in general determine a curve of double curva^- 
ture common to a system of quadrics, it is possible that they 
may not. For we have just seen that there is a particular case 
in which to be given eight points is only equivalent to being 
given seven. When we say therefore that a quadric is deter- 
mined by nine points, and that the intersection of two quadrics 
is determined by eight points, it is assumed that the nine or 
eight points are perfectly unrestricted in position.* 

* The reader who has studied Higher Plane Curves, Arts. 22-27, will 
have no difficulty in developing the corresponding theory for surfaces of 
Any degree. Thus if we are given one less than the number of points 
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122. If a system of quadrics have If a system of quadrics be in- 

a common curve of intersection, that scribed in the same derelopable, 

is to say, if they have eight points that is to say, if they have eight 

in common, the polar plane of any common tangent planes, the locus 

fixed point passes through a fixed of the pole of a fixed plane is a 

right line. right line. 

For if P and Q be the polar planes of a fixed point with 
regard to U and V respectively, then P+\Q is the polar of 
the same point with respect to U-^W. 

In particular, the locus of the centres of all quadrics in- 
scribed in the same developable, or touching the same eight 
planes, is a right line. 

123. If a system of quadrics pass through a common curve 
of intersection [or be inscribed in a common developable], the 
polars of a fixed line generate a hyperboloid of one sheet. 

Let the polars of two points in the line be P-f X^, P* + X^, 
then it is evident that their intersection lies on the hjper- 
boloid PQ^PQ. 

124. K a system pass through a common curve, the locus 
of the pole of a fixed plane is a curve in space of the third 
degree. For eliminating X between P+ X C, JP + X ^, P" + X ^' 
we get the system of determinants 

P, P, P' 

C, Q, «" 

which represents a curve of the third degree. For the inter- 
section of the surfaces represented by PQ' = PQy PQ' =^P"Q 
is a curve of the fourth degree, but this includes the right 
line PQ^ which is not part of the intersection of PQ' ^P*Q^ 



necessary to determine a surface of the tC^ degree, we are giren a series 
of points forming a curve through which the surface must pass; and if 
we are given two less than the number of points necessary to determine 
the surface, then we are given a certain number of other points [namely 
as many as will make the entire number up to n'] through which the 
sur&oe must also pass. 



METHODS OF ABRIDGED NOTATION. 



93 



PQ'^F'Q. There is therefore only a curve of the third 
degree common to all three. 

Beciprocally, if a system be inscribed in the same develop- 
able, the polar of a fixed point envelopes the developable which 
is the reciprocal of a curve of the third degree. 



125. Giyen seven points in a 
quadric, the polar plane of a fixed 
point passes through a fixed point. 



Giyen seven tangent planes to 
a quadric, the pole of a fixed plane 
moves in a fixed plane. 



For evidently the polar of a fixed point with regard to 
17+ XF+ /Apr will be of the form P+XC + /a5, and will there- 
fore pass through a fixed point.* 

126. Since the discriminant contains the coefficients in the 
foiuth degree, it follows that we have a biquadratic equation 
to solve to determine X, in order that U-\- X V may represent 
a cone, and therefore that through the intersection of two quadrica 
four cones may be described. The vertices of these cones are 
determined by the intersection of the four planes, 



— + X' — 
dx dx ' 



dU ,dV 
dy dy ' 



d£ jjdV 
dz dz ' 



dm da ' 



where X' is one of the roots of the biquadratic just referred 
to; and they are given as the four points common to the 
series of determinants, 



dU 


dU 


dU 


dU 


db' 


dy' 


dz ' 


dm 


dV 


dV 


dV 


dV 


dx' 


dy' 


dz ' 


dm 



= 0. 



There are four points whose polars are the same with respect 
to all quadrics passing through a common curve of intersection, 



* Dr. Hesse has derived from this theorem a construction for the 
quadric passing through nine given points. CreUet Vol. xxiv. p. 36. 
Cambridge and Dublin MathenuUical Journal, Vol. IT. p. 44. See also 
some further developments of the same problem by Mr, Townsend, ib., 
VoL IV. p. 241. 
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namely, the vertices of the four cones just referred to. For 
to express the conditions that 

dU' dU' dV dU' 
dV dV dV dV 

should represent the same plane, we find the very same set 
of determinants. In like manner there are four planes whose 
poles are the same with respect to a set of quadrics inscribed 
in the same developable. 

127. As in the case of Contcs (see Art. 298), if the two 
quadrics U and V touch each other, the biquadratic in X will 
have equal roots. This may be most easily proved by taking 
the origin at the point of contact, and the tangent plane for 
the co-ordinate plane z. Then for both the quadrics we shall 
have rf = 0,^ = 0, q = 0^ and substituting these values in the 
discriminant, p. 41, the biquadratic becomes 

(r + Xr'Y {{n 4- Xn'Y - (a + Xa') {b + Xb')} = 0, 

which has two equal roots. The condition then that two 
quadrics should touch is obtained by forming the discriminant 
of the biquadratic in X. 

In general, it is evident that the ratios of the coefficients 
of the biquadratic in X will be invariants with regard to the 
pair of quadrics. 

128. It is to be remarked that when two surfaces touch, 
the point of contact is a double point on their curve of in- 
tersection. 

In general, two surfaces of the m^ and n*** degrees re- 
spectively intersect in a curve of the mn^ degree; for any 
plane meets the surfaces in two curves which intersect in mn 
points. And at each point of the curve of intersection there 
is a single tangent line, namely, the intersection of the tangent 
planes at that point to the two surfaces. For any plane drawn 
through this line meets the surfaces in two curves which touch : 
such a plane therefore passes through two coincident points 
of the curve of intersection. 
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But if the surfaces touch, then every plane through the point 
of contact meets them in two curves which touch, and every 
such plane therefore passes through two coincident points of 
the curve of intersection. The point of contact is therefore 
a double point on this curve. 

And we can show that, as in plane curves, there are two 
tangents at the double point. For there are two directions 
in the common tangent plane to the surfaces, any plane through 
either of which meets the surfaces in curves having three points 
in common. 

Take the tangent plane for the plane of xy^ and let the 
equations of the surfaces be 

z + aa? + 2nxy + Jy* + &c., 

z + aV + 'Hnxy + jy + &c., 

then any plane y = iix cuts the surfaces in curves which oscu- 
late (see Conies^ p. 206), if 

a + 2nfi + Jft* = a' 4 2nfi + h'fjL^, 

The two required directions then are given by the equation 

(a-a)a* + 2(w-w')iry + (i-J')y = 0. 

The same may be otherwise proved thus. It will be proved 
hereafter precisely as at Higher Plane Curves^ p. 27, that if 
the equation of a surface be Wj + Wjj + Wg + &c. = 0, the origin 
will be on the surface, and w, will include all the right lines 
which meet the surface in two consecutive points at the origin, 
while if Wj is identically 0, the surface has the origin for a 
double point, and u, includes all the right lines which meet 
the surface in three consecutive points. Now in the case we 
are considering, by subtracting one equation from the other, 
we get a surface through the curve of intersection, viz. 

(a - a) a;* + 2 (n- w) xy^-^l-V) /4 &c., 

in which surface the origin is a double point, and the two 
lines just written are two lines which meet the surface in 
three consecutive points. 

129. When these lines coincide there is a cusp or stationary 
point (see Higher Plane Curves^ p. 28) on the curve of inter- 



96 METHODS OF ABRIDGED NOTATION. 

section. We shall call the contact in this case stationary 
contact. The condition that this should be the case, the axes 
being assumed as above, is 

(a - a') {b - J') = (n - n')«. 

Now if we compare the biquadratic for X, given Art. 127, 
remembering also that in the form we are now working with, 
we have r = r, we shall see that when this condition is 
fulfilled, three roots of the biquadratic become equal to — 1. 
The conditions then for stationary contact are found by forming 
the conditions that the biquadratic should have three equal 
roots, viz., /ff=0, T=Oj 8 and T being the two invariants 
of the biquadratic. 

130. Since the condition that a quadric should touch a 
plane (Art. 75) involves the coefficients in the third degree, 
it follows that of a system of quadrics passing through a 
common curve, three can be drawn to touch a given plane, 
and reciprocally, that of a system inscribed in the same develop- 
able, three can be described through a given point. 

It is obvious that in the former case one can be described 
through a given point, and in the latter, one to touch a given 
plane. -^ 

In either case, two can be described to touch a given line ; 
for the condition that a quadric should touch a right line 
(Art. 76) involves the coefficients of the quadric in the second 
degree. 

131. It is also evident geometrically, that only three quad- 
rics of a system having a common curve can be drawn to 
touch a given plane. For this plane meets the common curve 
in four points, through which the section by that plane of every 
surface of the system must pass. Now, since a tangent plane 
meets a quadric in two right lines, real or imaginary, (Art. 104) 
these right lines in this case can be only some one of the three 
pairs of right lines which can be drawn through the four points. 
The points of contact which are the points where the lines of 
each pair intersect, are [Conica^ p. 133) each the pole of the 
line joining the other two vrith regard to any conic passing 
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through the four points. Hence, (p. 45) if the vertices of one 
of the four cones of the system be joined to the three points, 
the joining lines are conjugate diameters of this cone. 

132. A system of surfaces having the same centre and 
common circular sections may be regarded as a particular case 
of a system having a common curve ; for their equation has 
been proved (Art. 100) to be of the form /S-fX(a^-|-y* + «*). 
And since 3i?-\-j^-\-z^ represents a cone, it appears that the 
common centre is one of the four vertices of cones of the 
system. Moreover, any three conjugate diameters of the ima- 
ginary cone a5*-|-y* + 2* = are at right angles to each other, 
since this equation represents an infinitely small sphere. Hence 
three concentric and concyclic quadrics can he described to touch 
a given plane^ and the lines joining the three points of contact 
to the centre are mutually at right angles, 

133. If two quadrics touch in two points, their curve of 
intersection, which in the general case is a curve of double 
curvature of the fourth degree, breaks up into two plane conies. 
For if we draw any plane through the two points of contact 
and through any point of their intersection, this plane will 
meet the quadrics in sections having three points common, and 
having common also the two tangents at the points of contact ; 
these sections must therefore be identical. The equations of 
the quadrics will then be of the form /ff=0, /S-hiAf=0, where 
L and M represent the planes of section. It is proved in like 
manner that the surfaces are enveloped by two common cones 
of the second degree. For take the point where the inter- 
section of the two given common tangent planes is cut by any 
other common tangent plane ; then the cones having this point 
for vertex, and enveloping each surface, have common three 
tangent planes and two edges, and are therefore identical. The 
reciprocals of a pair of quadrics having double contact will 
manifestly be a pair of quadrics having double contact, and 
the two planes of intersection of the one pair will correspond 
to the vertices of common tangent cones to the other pair. 
Any point on the line LM will have the same polar with 

H 



98 METHODS OF ABRIDGED NOTATION. 

regard to all snrfaces of the Bystem S'\-\LM. For if P be 
the polar of S^ the polar of 8-\'\LM will in general be 
P+X(2i'Jf+Zif'), which reduces to P when Z' = 0, Jf' = 0. 
It thus appears again that at the two points where LM meets 
8^ all the surfaces have the same tangent plane. 

There are two other points whose polars with regard to all 
the quadrics are the same, which will be vertices of cones con* 
taining both the curves of section. It is easy to see geome- 
trically that these two points lie on the polar of the line LM 
with regard to the surface 8 (that is to say, on the intersection 
of the common tangent planes at the points where LM meets 
8)^ and that these points are the foci of the involution deter- 
mined by the pairs of points where that polar meets 8 and 
where it meets L and M, 

134. If two surfaces each intersect a third in the same 
plane curve and in two other plane curves they will also inter- 
sect each other again in a plane curve whose plane passes 
through the line of intersection of the two latter planes. 

For evidently two surfaces S-k- LMy 8+LN have for their 
mutual intersection two plane sections made by L^ M-^N. 

135. Similar quadrics belong to the class now under dis- 
cussion. Two quadrics are similar and similarly placed when 
the terms of the second degree are the same in both (see 
Conicsj p. 201). Their equations then are of the form 8^0j 
8-\-cL = 0. We see then that two such quadrics intersect in 
general in one plane curve, the other plane of intersection being 
at infinity. If there be three similar quadrics, their three finite 
planes of intersection pass through the same right line. 

Spheres are all similar quadrics, and therefore are to be 
considered as having a common section at infinity, which section 
will of course be an imaginary circle. 

A plane section of a quadric will be a circle if it passes 
through the two'points in which its plane meets this imaginary 
circle at infinity. We may see thus immediately of how many 
solutions the problem of finding the circular sections of a quadric 
is susceptible. For the section of the quadric by the {dane at 
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infinity meets the section of a sphere by the same plane in four 
points, which can be joined by six right lines, the planes passing 
through any one of which meet the quadric in a circle. The 
six right lines may be divided into three pairs, each pair inter- 
secting in one of the three points whose polars are the same 
with respect to the section of the quadric and of the sphere. 
And it is easy to see that these three points determine the 
direction of the axes of the quadric. 

A surface of revolution is one which has double contact with a 
sphere at infinity. For an equation of the form a? +y* + oz' = 6 
can be written in the form 

and the latter part represents two planes. It is easy to see 
then why in this case there is but one direction of real circular 
sections, determined by the line joining the points of contact 
of the sections at infinity of a sphere and of the quadric. 

FOCI. 

136. When 8 represents a sphere, the equation of the 
quadric having double contact with it, 8=LM expresses as 
at Conies^ p. 216, that the square of the tangent from any point 
on the quadric to the sphere is in a constant ratio to the rect- 
angle under the distances of the same point from two fixed 
planes. The planes L and M are evidently parallel to the 
planes of circular section of the quadric since they are planes 
of its intersection with a sphere. We have seen [Conies^ p. 217) 
that the focus of a conic may be considered as an infinitely small 
circle having double contact with the conic, the chord of con- 
tact being the directrix. In like manner we may define a 
focus of a quadric as an infinitely small sphere having double 
contact with the quadric, the chord of contact being then the 
corresponding directrix. That is to say, the point a/87 is a 
focus if the equation of the quadric can be expressed in the 

form 

(a:-ar+(y-/8r + (^-7)" = *, 

where ^ is the product of the equations of two planes. We 
must discuss separately however the two cases, where these 

h2 
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planes are real and where they are imaginary. In the one case 
the equation b of the form S^LM^ in the other S=^L* + M\ 
In the first case the directrix (the line LM) is parallel to that 
axis of the surface through which real planes of circular section 
can be drawn. Thus, for example, if the surface be an ellip* 
soid, the line LM must be parallel to the mean axis. In the 
second case the line LM must be parallel to one of the other 
axes. 

In either case the section of the quadric by a plane through 
a focus and the corresponding directrix will be a conic having 
the same point and line for focus and directrix. For if we 
take the axes x and y in any plane through LM and then 
make « = 0, the equation reduces to (a; — a)* + (y — fi)* = Im^ or 
else = Z" + m* where Z, m are the sections of i, M by the plane 
z = 0. But if this plane pass through LM^ these sections coin- 
cide, and the equation reduces itself to (a; — a)* + (y — /8)* = P, 
which represents a conic having afi for focus and I for directrix. 
This is only the algebraical statement of the fact that the 
section in question is touched by the infinitely small circle 
which is the section of Sj I being the chord of contact. 

137. Let us now examine whether a given quadric neces- 
sarily has a focus and whether it has more than one; that is 
to say, whether the equation of a given quadric can be ex- 
pressed in the form 8=^L*±M\ where B 'm a point-sphere. 
Now if the co-ordinate planes x and y were any two planes 
mutually at right angles passing through LM^ the quantity 
L* ± M* would be expressed in the form aa? -f ibxy + cy", which 
by moving round these co-ordinate planes could be made to 
take the form Aa?±By^. And if now the origin were moved 
to any point in the plane through the focus perpendicular to 
the directrix, the equation 8=^L^±M^ would take the form 

(aj-a)« + (y-/8)«4«' = -4(a;-7)« + 5(y-S)», 

where a, fi are the x and y of the focus, 7, 8 those of the foot of 
the directrix, and where, when A and B have opposite signs, 
the planes of contact of the focus with the quadric are real, 
while they are imaginary when A and B have the same sign. 
Our co-ordinate planes have manifestly been so chosen as to 
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be parallel to the principal planes of the surface, and we now 
want to find whether by a proper choice of the constants 
a, /8, 7, 8j A^ Bj the form just written can be made identical 
with a given equation 

a^ y» «" , 

First, in order that the origin may be the centre, we must 
have a = A% fi=^BSy by the help of which equations elimi- 
nating 7, the form written above becomes 

(l-^)x»+(l-5)y- + .« = ?^^a« + ^/3^, 
whence l^A^j^, A = —^', 1-^=-^, 5=:_Z^; 

Thus it appears that the surface being given the constants A 
and B are determined, but that the focus may lie anjwhero 
on the conic 

which accordingly is called sl focal conic of the surface. 

Since we have purposely said nothing as to either the signs 
or the relative magnitudes of the quantities Z, if, N^ it follows 
that there is a focal conic in each of the three principal planes, 
and also that this conic is confocal with the corresponding 
principal section of the surface; the conies 

Z_ 4. Ll. — 1 Z_4.«JZ_s-l 

being plainly confocal. Any point (ifi' on a focal conic being 
taken for focus, the corresponding directrix is a perpendicular 
to the plane of the conic drawn through the point 

7=-j, S=-5, or7 = ^— ^, 8 = 



L^N' ^^M^N' 
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These values may be interpreted geometricallj by saying that' 
the foot of the directrix is the pole, with respect to the principal 
section of the surface, of the tangent to the focal conic at the 
point aff. For this tangent is 

= 1, or -7- + -T? = 1, 



L-N ' M-N ' L ^ M 

a? iS* 
which is manifestly the polar of y'Si with regard *o 7 + "j^ = !• 

Hence, from the theory of plane confocal conies, the line 
joimng any focus to the foot of the corresponding directrix is 
normal to the focal conic* The feet of the directrices must 
evidently lie on that conic which is the locus of the poles of 
the tangents of the focal conic with regard to the corresponding 
principal section of the quadric. The equation of this conic is 

as appears by eliminating a', jS' from the equation of the focal 
conic and the equations connecting a', fi'j 7 , B\ The directrices 
themselves form a cylinder of which the conic just written is 
the base. 

138. Let us now examine in detail the different classes of 
central surfaces, in order to mvestigate the nature of their focal 
conies and to find to which of the two different kinds of fed the 
points on each belong. Now it is plain that the equation 

+ irA-T-r=l 



will represent an ellipse when N is algebraically the least of 
the three quantities Z, Mj N'y an hyperbola when N is the 
middle, and will become imaginary when N is the greatest. 

Of the three focal conies therefore of a central quadric, one 
is always an ellipse, one a hyperbola, and one imaginary. In 



* It was proved that the plane joining any focus to the corresponding 
directrix meets the surface in a section of which that point is the focus. 
It appears now that this may be stated as a property of any plane normal 
to a focal conic. 
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the case of the ellipBoid, for example, the equations of the focal 
ellipse and focal hyperbola are respectively 

y y a? ^ 

Hie corresponding equations for the hyperboloid of one sheet 
are found by changing the sign of c", and those for the hyper- 
boloid of two sheets by changing the sign both of V and c*. 

Further, we have seen that foci belong to the class whose 
planes of contact are imaginary or are real, according as A 

and B have the same or opposite signs, and that A = — j — , 

B= — Yf— . Now if ^ be the least of the three, both nume* 

raters are positive, and the denominators are also positive in 
the case of the ellipsoid and hyperboloid of one sheet, but in 
the case of the hyperboloid of two sheets one of the denomi- 
nators is negative. Hence, the points on the focal ellipse are 
foci of the class whose planes of contact are imaginary in the 
cases of the ellipsoid and of the hyperboloid of one sheet, but 
of the opposite class in the case of the hyperboloid of two sheets. 
Next, let N be the middle of the three quantities ; then the two 
numerators have opposite signs, and the denominators have 
the same sign in the case of the ellipsoid, but opposite in the 
case of either hyperboloid. Hence the points of the focal 
hyperbola belong to the class whose planes of contact are real 
in the case of the ellipsoid, and to the opposite class in the case 
of either hyperboloid. It will be observed then that all the 
foci of the hyperboloid of one sheet belong to the class whose 
planes of contact are imaginary; but that the focal conies of 
the other two surfaces contain foci of opposite kinds, the ellipse 
of the ellipsoid and the hyperbola of the hyperboloid being 
those whose planes of contact are imaginary. This is equi- 
valent to what appeared (Art. 136) that foci of the other kind 
can only lie in planes perpendicular to that axis of a quadric 
through which real planes of circular section can be drawn. 

139. Focal conies with real planes of contact intersect the 
surface, while those of the other kind do not. In fact, if the 



104 FOCI. 

equation of a surface can be thrown into the form B=L* -{-M^^ 
and if the co-ordinates of any point on the surface make 8=^0^ 
they must also make L = 0, Jf=0; that Is to say, the focus 
must lie on the directrix. But in this case the surface could 
only be a cone. For taking the origin at the focus, the equa- 
tion ai*+y + «* = X* + Jf*, where L and M each pass through 
the origin, would contain no terms except those of the highest 
degree in the variables, and would therefore represent a cone 
(p. 40). 

The focal conic on the other hand, which includes foci of 
the first kind, passes through the umbilics. For if the equa- 
tion of the surface can be thrown into the form S^LM^ and 
the co-ordinates of a point on the surface make /9=0, they 
must also make either L or M= 0. But since the surface passes 
through the intersection of Sy L] if the point 8 lies on X, the 
plane L intersects the surface in an infinitely small circle ; that 
is to say, is a tangent at an umbilic. From this property 
Professor Mac CuUagh caUed focal conies of this latter kind 
umbilicar focal conies. 

of if f? 
140. K the given quadric were a cone y + 4> + -j^- = 0, 

the reduction of the equation to the form B=^U±M'* proceeds 
exactly as before, and it is proved that the co-ordinates of the 

focus must fulfil the condition -= — r^ + ,/^ T>y = 0, which re- 

presents either two right lines or an infinitely small ellipse 
according as Z — iV^ and M—N have opposite or the same signs. 
In other words, in this case the focal hyperbola becomes two 
right lines, while the focal ellipse contracts to the vertex of the 

s s s 

•B 1/ Z 

cone. For the cone -« + t3 — « = 0, the equation of the focal 

a c ^ ^ 

a? «■ 

lines is -= — rs — f^-- — « = 0. 

The focal lines of the cone, asymptotic to any hyperboloid, 
are plainly the asymptotes to the focal hyperbola of the surface. 

The foci on the focal lines are all of the class whose planes 
of contact are imaginary; but the vertex itself, besides being 
in two ways a focus of this kind, may also be a focus of ^he 
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other kind, for the equation of the cone can be written in any 
of the three forms 

a*- J* V + <? , J«-a» - a^ + d" , 

or= — r— »+— :jr— «j or= ,^ y'^ >, g% 



a 



^ ., ... y 



The directrix, which corresponds to the vertex considered as 
a focus, passes through it. 

The line joining any point on a focal line to the foot of 
the corresponding directrix is perpendicular to that focal line. 
This follows as a particular case of what has been already proved 
for the focal conies in general, but may also be proved directly. 
The co-ordinates of the foot of the directrix have been proved 

to be 7' = f — T^, 8' = §737^) the equations of the line joining 

this point to a'/3' are 

and the condition that this should be perpendicular to the focal 

line IS' a =i a! 13 is t^^ + tt^Tm-^O, which we have already 

seen is satisfied. 

In like manner, as a particular case of Art. 136, the section 
of a cone by a plane perpendicular to either of its focal lines 
is a conic of which the point in the focal line is a focus. 

141. The focal lines of a cone are perpendicular to the cir^ 
cular sections of the reciprocal cone (see Ex. 11, p. 87). 

For the circular sections of the cone Lx* + Mt^ + Nz* = 0^ 
are (see Art. 99) 

and the corresponding focal lines of the reciprocal cone 
j^+^-^r^^OBxesBwe have just seen ^—^ + ^1^^ 0, 

and the lines represented by the latter equation are evidently 
perpendicular to the planes represented by the former. 
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The theorem of this article is a particular case of the follow- 
ing more general : — The sections of two reciproocU cones by any 
plane are polar reciprocdls wiA regard to the foot of the perpemr 
dicular on that plane from the common vertex. For let the plane 
meet an edge of one cone in a point P, and the perpendicular 
tangent plane to the other in the fine QBj let M be the foot 
of the perpendicular on the plane from the vertex 0, then it 
is easy to see that the line PM is perpendicular to QR^ and 
if it meet it in 8j then since the triangle F08 is right-angled, 
the rectangle PM,M8 is equal to the constant OP". The curve 
therefore which is the locus of the points P is the same as that 
got by letting fall from M perpendiculars on the tangents QR^ 
and taking on each perpendicular a portion inversely as its 
length. When therefore the section of one cone is a circle, that 
of the other will be a conic of which ilf is a focus. We shall 
discuss with more detail the properties of cones when we treat 
of sphero-conics. 

142. The investigation of the foci of the other species of 
quadrics proceeds in like manner. Thus for the paraboloids 

included in the equation y + ^= ^^* "^his equation can be 
written in either of the forms 

a* 
where y — rr = 27 — if, 

J? 
Jf. 

It thus appears that a paraboloid has two focal parabolsB, 
which may easily be seen to be each confocal with the corre- 
sponding principal section. The focus belongs to one or other 
of the two kinds already discussed, according to the sign of 

the fraction — j — . In the case of the elliptic paraboloid 



where , j^ j = 2y — i. 
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therefore where both L and M are positive, if jL be the 
greater^ then the fod in the plane xz are of the dasa whose 
planes of contact are imaginary, while those in the plane yz 
are of the opposite class. But since if we change the sign 

either of L or of M the quantity — j — remains positive, we 

see that aU the foci of the hyperbolic paraboloid belong to the 
former class, a property we have already seen to be true of the 
hyperboloid of one sheet. 

It remwis true that the line joining any focus to the foot 
of the corresponding directrix is normal to the focal curve, and 
that the foot of the directrix is the pole with regard to the 
principal section of the tangent to the focal conic. The feet 
of the directrices lie on a parabola and the directrices them- 
selves generate a parabolic cylinder. 

To complete the discussion it remains to notice the foci of 
the different kinds of cylinders, but it is found without the 
slightest difficulty that when the base of the cylinder ii an 
ellipse or hyperbola there are two focal lines; namely, lines 
drawn through the foci of the base parallel to the generators 
of the cylinder, while, if the base of the cylinder is a parabola, 
there is one focal line passing in like manner through the focus 
of the base. 

143. The geometrical interpretation of the equation S^LM 
has been already given. We learn from it this property of foci 
whose planes of contact are real, tiiat the square of the distance 
of any point on a quadric from such a focus is in a constant 
ratio to the product of the perpendiculars let faU from the point 
on the quadricj on two planes drawn through the corresponding 
directrix^ parallel to the planes of circular section. The corre- 
sponding property of foci of the other kind, which is less 
obvious, was discovered by Professor Mac CuUagh. It is, that 
the distance of any point on the quadric from such a focus is in 
a eonstant roHo to its distance from the corresponding directrix^ 
the latter distance being measured parallel to either of the planes 
of circular section. 

Suppose, in fact, we try to express the distance of the point 
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oiy'z from a directrix parallel to the axis of z and passing' 
through the point whose x and y are 7, S, the distance being 
measured parallel to a directive plane z =. mx. Then a parallel 
plane through a;yis'y viz. a — a' = ni(a? — a?'), meets the directrix 
in a point whose x and y of course are 7, S, while its 2; is 
given by the equation « — «' = ?w (7 — a;'). The square of the 
distance required is therefore 

(aj'-Y)«+(y'-8)« + m«(aj'-7)" = (y'-8)«+(l+m«)(a:'-7)*. 
In the equation then, of Art. 137, 

where A and B are both positive and A is supposed greater 

than By the right-hand side denotes B times the square of the 

distance of the point on the quadric from the directrix, the 

distance being measured parallel to the plane z^mx where 

A — B 
wi'ss — — — . By putting in the values of A and -B, given 

in Art. 137, it may be seen that this is a plane of circular 
section, but it is evident geometrically that this must be the 
case. For consider the section of the quadric by any plane 
parallel to the directive plane, and since evidently the distances 
of every point in such a section are measured from the same 
point on the directrix, the distance therefore of every point in 
the section from this fixed point is in a constant ratio to its 
distance from the focus. But when the distances of a variable 
point from two fixed points have to each other a constant 
ratio, the locus is a sphere. The section therefore is the inter- 
section of a plane and a sphere ; that is, a circle. 

An exception occurs when the distance from the focus is 
to be equal to the distance from the directrix. Since the locus 
of a point equidistant from two fixed points is a plane, it 
appears as before, that in this case the sections parallel to the 
directive plane are right Unes. By referring to the previous 
articles it will be seen (see Art. 142] that the ratio we are 
considering is one of equality (j&— 1) only in the case of the 
hyperbolic paraboloid, a surface which the directive plane could 
not meet in circular sections, seeing that it has not got any. 
Professor Mac CuUagh calls the ratio of the focal distance to 
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that from the directrix, the modulus of the surface, and the foci 
haying imaginary planes of contact he calls modular foci.* 

144. It was observed (Art 133) that all quadrics of the 
form S—LM are enveloped by two cones, and when 8 repre- 
sents a sphere, these cones must be of revolution as every cone 
enveloping a sphere must be. Further, when 8 reduces to a 
point-sphere, these cones coincide in a single one, having that 
point for its vertex ; and we may therefore infer that the cone 
enveloping a quadric and having any focus for its vertex is one 
of revolution, 

This theorem being of importance we give a direct alge- 
braical proof of it First, it will be observed that any equa- 
tion of the form a* + y* -I- «* = [ax + iy + czY represents a right 
cone« For if the axes be transformed, remaining rectangular, 
bat so that the plane denoted by ax-^-hy + cz may become one 
of the co-ordinate planes, the equation of the cone will become 
Jf* + F* H- Z" = XX*, which denotes a cone of revolution since 
the coefficients of Y* and Z* are equal. 

But now if we form, by the rule of Art. 74, the cone whose 
vertex is the origin and circumscribing a5* + y* + «*-"-&*--M^, 
where 

L = ax + by-^cz4-dj M^ ax + h'y 4- cz + d\ 
it is found to be 



* In the year 1836 Professor Mac Cullagh published this modular method 
of generation of quadrics. In 1842 I published the supplementary property 
possessed by the non-modular foci. Not long after M. Amyot indepen- 
dently noticed the same property, but owing to his not being acquainted 
with Professor MacCullagh's method of generation M. Amyot failed to 
obtain the complete theory of the foci. Professor Mac Cullagh has pub- 
lished a detailed account of the focal properties of quadrics, which will be 
found in the Proeeedinyt of the Royal Irish Academy, Vol. ii. p. 446. 
Mr. Townsend also has published a valuable paper ( Cambridye and Dublin 
Mathefnatical Journal, \ol. III., pp. 1, 97, 148) in which the properties of 
foci, considered as the limits of spheres having double contact with a 
quadrio, are very fully investigated. 
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or (rf*+0(^+y*+0-(rf'^-^^*=o, 

which we have seen represents a right cone. 

A few additional properties of foci easily deduced from the 
principles kid down are left as an exemse to the reader. 

Ex. 1. The polar of any directrix is the tangent to the focal conic at 
the corresponding focus. 

Ex. 2. The polar plane of any point on a directrix is perpendicular to 
the line joining that point to the corresponding focus. 

Ex. 3. If a line be drawn through a fixed point O cutting any directrix 
of a quadric, and meeting the quadric in the points A, B, then if ^ be the 
corresponding focus, tan lAFO . tan ^BFO is constant. This is proved as 
the corresponding theorem for plane conies, ConieSf p. 101. 

Ex. 4. This remains true if the point O move on any other quadric 
having the same focus, directrix and planes of circular section. 

Ex. 6. If two such quadrics be cut by any line passing through the 
common directrix, the angles subtended at the focus by the intercepts 
are equal. 

Ex. 6. If a line through a directrix touch one of the quadrics, the chord 
intercepted on the other subtends a constant angle at the focus.* 

145. Having now considered the most remarkable cases of 
quadrics included in the equation 8—LMy'\ let us pass on to 
the equation 8—L* = 0j which denotes a surface touching 8 all 
along the section of 8 by the plane L. It is easily shewn 
from geometrical considerations, as at Art. 133, that two quadrics 
cannot touch in three points without thus touching all along a 
plane curve. The equation of the tangent cone to a surface, 
given p. 48, is a particular case of this equation 8=L*. Also 
two concentric and similar quadrics are to be regarded as 



* In this section an account has been given of the relations which each 
focus of a quadric considered separately bears to the surface. In the next 
chapter we shall give an account of the properties of those conies which 
are the assemblage of foci, and of confocal surfaces. These properties 
were first studied in detail by M. Chasles and by Professor .Mao Cullagh 
who about the same time independently arrived at the principal of them. 
M. Chasles's results will be found in the notes to his AperfU Hittorique^ 
published in 1837. 

t The case where 8 breaks up into two planes has been discussed p. 78. 
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enveloping each other, the plane of contact bemg at infinity. 
Any plane obyiously cats the surfaces 8 and 8^L^ in two 
conies having double contact with each other, and if the section 
of one reduce to a point-circle, that point must plainly be the 
focus of the other. Hence token one quadric envehpea another 
the tangent plane ai the umbilic of one cuts the other in a 
conic of which the umbilic is the focus ; or if one surface be a 
sphere every tangent plane to the sphere meets the other surface 
in a section of which the point of contact is the focus. 

Or these things may be seen by taking the origin at the 
umbilic and the tangent plane the plane of xy^ when on making 
« = 0, the quantity /S— Z* reduces to ai* + y — P, and denotes a 
conic of which the origin is the focus, and I the directrix. 

Two quadrics enveloped hy the same third intersect each other 
in plane curves. Obviously S— X'*, iS— Jf', have the planes 
L — Mj L + M (or their planes of intersection. 

146. The equation oT + hM^ + ciST" + rfP-, where i, if, N, P 
represent planes, denotes a quadric such that any one of these 
four planes is polar of the intersection of the other three. 
For aL^ + bM^ + cN* denotes a cone having the point LMN 
for its vertex, and the equation of the quadric shews that this 
cone touches the quadric, P being the plane of contact. The 
four planes form what I shall call a self-conjugate tetrahedron 
with regard to the surface. It has been proved (Art. 126) 
that given two quadrics there are always four planes whose 
poles with regard to both are the same. If these be taken 
for the planes Z, My N^ P, the equations of both can be 
transformed to the forms 

ar + bM^ + cN* + dP' = 0, a'r + b'M' + c'N* + d'P' = 0. 

It might also have been seen, a priori^ that this is a form 
to which it must be possible to bring the system of equations 
of two quadrics. For X, My Nj P involve implicitly three 
constants each; and the equations written above involve ex- 
plicitly three independent constants each. The system therefore 
includes eighteen constants, and is therefore sufficiently general 
to express the equations of any two quadrics. 
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147. To find the condition that one quadric should pass through 
the vertices of a self-confugate tetrahedron tvith regard to another » 

If Xy y^ Zy w denote the faces of such a tetrahedroD, then 
the equation of the one quadric expressed in terms of these 
assumes the form aa? + Jy" + c«* + dv^ = 0, while in the equation 
of the other, the coefficients of a^, y*, «*, w* vanish. Now if 
we form the discriminant of J7+ X F, which we shall write 

it will be seen that if all the terms in fT except a, h^ Cj d vanish, 
then becomes abed + h'cda + c'dab + dabcj which vanishes when 
a\ b\ c', {f vanish, and since the coefficients A, 0, &c. are 
invariants, will be =0, no matter how the axes are trans- 
formed, if V pass through the vertices of a self-conjugate 
tetrahedron with regard to U. 

When U reduces to oa:" + iy* + C2f* + dw*j the quantity 0' is 

dA' , dA' dA' J dA! 

but -7-7 = is the condition that the plane x should touch the 

surface F. Hence 0' = is the condition that the faces of a 
self-conjugate tetrahedron with regard to U should touch the 
surface F, as well as the condition that the vertices of a self- 
conjugate tetrahedron with regard to F should lie on the 
surface U. If, therefore, one of these things be the case, the 
other must also. <I> = will be fiilfiUed if the edges of a self- 
conjugate tetrahedron with regard to either all touch the other. 

Ex. 1. If a sphere be circumscribed about a selfconjugate tetrahedron, 
the length of the tangent to it from the centre of the quadric is constant. 
For when V i% 9l sphere whose centre is a, ^, 7 and radius r, and 

U \a — . + V; + -i = 1» then we have 
a' Ir c' 

^, a'-r* ff-t* rf-t* , 
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The equation 6 = contains the theorem enunciated. The corresponding 
theorem for conies is due to M. Faure. 

Ex. 2. If a hyperboloid be such that -i + 7i + i = 0, then the centre 
of a sphere inscribed in a self-conjugate tetrahedron lies on the surface. 

Ex. 3. The locus of the centre of a sphere circumscribing a self- 
conjugate tetrahedron with regard to a paraboloid is a plane. 

148. The vertices of two self-conjugate tetrahedra with 
regard to a qnadric, form a system of eight points, such that 
every quadric through seven will pass through the eighth. 
Hesse, Crelle^ t. xx. p. ?97. 

For, if a?, y, «, w?, X, F, Z^ W be the faces of the two 
tetrahedra, the quadric can be expressed in either of the 
forms 

Xj y, &c. being supposed to contain constant multipliers im- 
plicitly. Now if any quadric given by the general equation 
in Xy y, Zy w were transformed to a function of JP, F, Z^ W, 
we fiuad, from the invariance of the function 0, 

and consequently, if seven of these quantities vanish so must 
Ae eighth. In like manner any quadric which touches seven 
faces will touch the eighth. 

149. The lines joining the vertices of any tetrahedron to the 
corresponding vertices of its polar tetrahedron voith regard to a 
quadric belong to the same system of generators of a hyperholoxd 
of one sheet y and the intersections of corresponding faces of the 
two tetrahedra possess the same property. 

The result of substituting the co-ordinates of any point 1, 
in the polar of another point 2, is the same as that of sub- 
stituting the co-ordinates of 2 in the polar of 1. Let this result 
be called [1, 2]. Let the polar of 1 be called P^. Then it is 
easy to see that the line joining the point 1, to the mtersection 

of p., P„ P„ 18 



[1,2] [1,3] [1,4]' 
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For this denotes a right line passing through the intersection 
of P^j P3, P^, and whose equation is satisfied by the co-ordinates 
of 1. The notation will be more compact if we call the four 
polar planes Xy y, Zy w^ and denote the quantities [1, 2], [1, 3], 
[1, 4] by n, wi,^, that is to say, by the same letters by which 
we have expressed the coefficients of xy^ xzj xw in the general 
equation of a quadric. Then the equations of the four lines 
we are considering are 

n m p^ 

z _^to X 
7"" j"n» 

to ^ X y 



m I 



X y z 
Now the condition that any line 

should intersect the first, is, by eliminating ± between the last 
two equations, found to be 

n [ah* - 6a') + wi {ad - cci) +p {act - da') =0, 

and the conditions that it should intersect each of the other 
three, are in like manner found to be 

n (Ja'-ya) + Z(Jc'-yc)+y(J(f-ycZ)==0, 

m{ca' -da) + l(ch' -db) +r{c€F -c'rf) = 0, 

p {da '-cFa)'{'q{db' '-d!b)+r{dd '-d:c):^(k 

But these four conditions added together Tanisfa identically. 
Any right line therefore which intersects the first three will 
intersect the fourth, which is, in other words, the thing to be 
proved.* 



>* 



* This theorem is due to M. Chasles. The proof here given is by 
Mr. Ferrers, Quarter^ Journal of MatkemaHcM^ (yo\. I. p. 241). 
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The equation of the hyperboloid Itself is found by the 
methods of (p. 78) in the form 

{Iw — qz) [mw — rx) {nw —jpy) = {Iw — ry) {mw —pfi) [nw — qx)y 

or [nr — mq) {lu>x + pyz) + {mq —pJ) [nwz + rxy) 

+ {pi— nr) {mtoy + qzx) = 0, 

150. The second part of the theorem is only the polar 
reciprocal of the first, but, as an exercise, we give a separate 
proof of it. 

Let [1, 1], [1, 2], &c. have the same signification as before, 
viz. the result of substituting the co-ordinates of 1, In the polars 
of 1, 2, &c. Form the determinant 

[1,1], [1,2], [1,3], [1,4], 

[2, 1], [2, 2], [2, 3], [2, 4], 

[3, 1], [3, 2], [3, 3], [3, 4], 

[4, 1], [4, 2], [4, 3], [4, 4], 

and let any minor of this determinant, for example, that got 
by suppressing the second row and third column, be denoted 
by (2, 3). Then the equation of the plane containing the three 
points 1, 2, 3, is easily seen to be 

a;(l,4)+y(2,4)+«(3, 4) + u?(4,4) = 0. 

And if, for compactness, we substitute for (1,4), &c., P, &c. as 
before, the equations of the four lines are 

aj=0, iVy +Jfe + Peo=0, 

y =0, Nx-\-Lz -\- Qw^% 

« = 0, Mx -^-Ly -\- Rw = 0, 

w? = 0, Px-\- Qy + Iiz=0. 

Now the conditions that any line 

<ix + by'\-cz + dw = 0^ a'x + b'y + c'z-\'d!w=^0 

should intersect each of these are found to be 

N {cd ^c'd) +M{db' " ^b) +P{bc' -5'c) =0, 

N {dc' -d!c) + Q [ca' - ca) + L (o^-cfc') = 0, 

Jf (W - yrf) + i ((fa' - (fa) + iZ (oJ' - a'J) = 0, 

P {Vc -Jc') -\-Q{ac'^ca') +R[hci^b'a) =0, 

12 
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and, as before, the theorem Is proved by the fact that these 
conditions when added vanish identically. The equation of the 
hyperboloid is found to be 

s^MNP+ y'LNQ + z^'LMR + w'FQB 

-k'XyN[PL + QM)+yzL [QM+RN)^'ZxM {PL + RN) 

-¥xwP{MQ + BN) +ywQ{LP +NB) -{-zwB (iP+ QM). 

As a particular case of these theorems the lines joining each 
vertex of a circumscribing tetrahedron to the point of contact 
of the opposite face are generators of the same hyperboloid. 

151. Pascal's theorem for conies may be stated as follows: 
^^ The sides of any triangle intersect a conic in six points lying 
in pairs on three lines which intersect each the opposite side of 
the triangle in three points lying in one right line.'' M. Chasles 
has stated the following as the analogous theorem for space 
of three dimensions : " The sides of a tetrahedron intersect a 
quadric in twelve points, through which can be drawn four 
planes, each contaming three points lying on edges passing 
through the same angle of the tetrahedron, then the lines 
of Intersection of each such plane with the opposite face of 
the tetrahedron, are generators of the same system of a certain 
hyperboloid." 

Let the faces of the tetrahedron be Xj y, z^ w^ and the quadric 

a^* + y* + «* + «^- (/-f -Tjy^ — (w*H — \zx'- \n-\ — \xy 



ZW^ 



then the four planes may be written 

aj = wy + mz -Vpw^ 

y =snx+ Iz + qiOj 

z ^s^qx-^ ly +rw^ 

w ^px + jy + r«, 

whose Intersections with the planes x^ y, 0, ti7, respectively are 
a system of lines proved in the last article to be generators of 
the same hyperboloid. 
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152. As a Airther illustration of the use of the invariaDts, 
in finding the conditions which express the permanent relations 
of two quadrics to each other, we investigate the condition that 
two quadrics shall be such that a tetrahedron may have two 
pairs of opposite edges on the surface of one while its four 
faces touch the other.* The one quadric then can be made to 
assume the form Rcw + Lyz = 0. K the four planes a;, y, Zy w 
touch a quadric its equation will be found to be of the form 

aj'* + y* + «*+ w?* + 2?(a?tr + y«) + 2m (yw-f xz) +2n{zw-\-xy) = 0, 

where 1 4-2Z7Ww = P+m* + w*, and if ?, tw, n be each less than 
unity, we may write for them — cos-4, -cos-B, — cosC, where 
Aj Bj are the angles of a plane triangle. It will be found 
then that 

A=i*P», A'=-4 sinM sm'B sin'C, 

=-2iP(i+P) cos^, 0'=4(i+P) sinM sinPsinC, 

4> =- (Z + Py sinM + 4iP BinB sin C cos A, 

eliminating between which, the required condition is obtained, viz. 

A^A'& = 0" + 8 A'*0. 

If the discriminant of U+ X V had been written in the form 

A + 4}lB+ 6X'C+ 4\»Z) + E, 

then the relation in question would be 3 CDE= 2B^ + BE*. 

153. To Jlnd the equatian of the sphere circumscribing a 
tetrahedron. 

Let the four faces be a, )8, 7, S. Let the four perpendiculars 
on each face from the opposite vertex be P^2^'iF'iP'' Now 
the equation of the circle circumscribing any triangle aic may 
be written in the form 

{bcy/3y {caYya (ai)-ay3 __ 

/ n 'T 77 T t — ^) 

PP PP PP 



* This appears to be the problem which corresponds to the plune 
problem of finding the condition that a triangle shall be inscribed in one 
conic and circumscribed about another. 
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where a, p^ &c., denote perpendiculars on the sides of the 
triangle^ the lengths of which are {bc)j &c. Bat it is evident 
that for any point in the face 8, the ratio cmp 18 the same 
whether a and p denote perpendiculars on the plane a, or 
perpendiculars on the line aS. We are thus led to the equation 
required, viz. 

; #/ I n I t I ttl * t 111 I II III ^'^ "• 

PP PP PP PP PP PP 

For this is a quadric whose intersection with each of the 
four faces is the circle circumscribing the triangle of which 
that face consists. 

It will be found, that when the equation of the sphere is 
written in the above form, the coefficient of o^, y*, iSf" is — 1. 
Hence the square of the distance between the centred of the 
inscribed and circumscribing spheres is 

KPP PP PP . PP PP PP ) 



154. From the preceding equation we can deduce the con- 
ditions that the general equation should represent a sphere. 
For the equation of any other sphere can only differ from 
the preceding by terms of the first degree, which will be of 

the form (jEa + J?)3+ Oy + Hh) f- + ^, + ^ + ^zl , the second 

\p p p p J' 

factor denoting the plane at infinity. If then we add to the 
equation of the last article the product of these two factors, 
identify with the general equation of the second degree, and 
eliminate the indeterminate constants, the resulting conditions 
are found to be 

Ap* -f Bp'' - 2Npp' __ Bp"^ 4- Cp"^-- 2Lpy _ Cp"*+Ap'- 2Mp"p 
{oby "" {bcY "~ {caY 



'jii 



_ Af + D^"* - 2Fpp"' _ Bp'* + Dp"" - 2 (gp'p 
[ady ~ {MY 

_ Cp"*-i-Dp"''-2Bpy" 

{cdY 
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166. Oiven two quadrics U and V there are two other 
principal covariant quadrics in terms of which together with 
U and V and with the invariants, all other covariant quadrics 
can be expressed. We shall choose as these two covariantS| 
8 the locus of the poles with respect to 27 of all the tangent 
planes to F, and S the locus of the poles with respect to V 
of ail the tangent planes to U^ (see Ex. 10, p. 87). Thus if 

U^asf^-h/'^ci? + dw% r^^aV + jy + cV + cfw*, 
it is easily found that 

8 = bcda'^a? + cdahY + doic V + dbcdT'w^ 
S = 6 VcTaV + c'dabY + dalVc^z^ + a'b'c'cPu^. 

These quadrics it will be observed, as well as U and Vj have 
Xy y, Zj w for the faces of a self-conjugate tetrahedron. Hence 
we can solve the problem, given two quadrics U and F, to find 
the equation which denotes the four planes Xj y, z^ to whose 
poles with regard to both are the same. For we form the 
covariants 8 and 8 and then we have only to form the Jacobian 
of the four functions ?7, 8y F, /S*, that is to say, the determinant 
whose four rows are 

dU dU dU dU 
dx ^ rfy ' dz ^ dw ^ 

dV dV o 
dx' dy'^'' 

when we have a function denoting the four planes in question. 

166. The condition that aa; + )8y -f 72; + Su? should touch U 
is a contravariant of the third order in the coefficients. If we 
substitute for each coefficient a, a + W, &c. we shall get the 
condition that (xx +i8y -f 7^ + Su? shall touch the surface {/+ X F, a 
condition which will be of the form o- + Xt -f X*t' + X'o-' = 0. The 
functions cr, cr', r, r* each contain a, )8, &c. in the second degree, 
and the coefficients of U and F in the third degree. In terms 
of these functions we can express the conditions that the sections 
of U and F by the plane oo; + )8y + 7« + Sw? shall have any per- 
manent relation to each other, such as can be expressed in 
terms of the coefficients of the discriminant of {7+ \ F when 
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U and V are two plane curves. For instance, the condition 
that (xx^- Py-\'^z-\-hw should meet the two surfaces in sections 
which touch, is got by forming the discriminant with respect to 
X of o- -f Xt + X*t' + X'o-' = ; or, in other words, this expresses 
the condition that the plane ax + )% + 7^ + S2^ should pass 
through a tangent line of the curve of intersection of U and V. 
This condition will be of the eighth order in a, )8, 7, S, and 
of the sixth order in the coefficients of each of the surfaces. 

157. The condition that ax -\- Py •\- yz •{- hw should touch ?7, 
may also be regarded as the equation of the surface reciprocal 
to U with regard to sc* + y" + «* + i^*, (see Conies^ p. 268). And 
in like manner <t-{-\t-\- I^t + l^a is the equation of the surface 
reciprocal to ?7+XF. Since if X varies, Z7+XF denotes a 
series of quadrics passing through a common curve, the re- 
ciprocal system touches a common developable, the equation of 
which is found by forming the discriminant of o- 4- Xt + X't + X'o*' 
with respect to X. The equation therefore of the developable 
reciprocal to the curve of intersection of U and V is, as has 
been noticed in the last article, of the eighth degree in the 
new variables, and of the sixth degree in the coefficients of 
each of the surfaces. 

By the same method we can form the equation of the 
developable which touches both U and V. For let U and V 
be the surfaces reciprocal to U and F, then the reciprocal of 
U-\- X V will be a surface inscribed in the same developable as 
?7and F, and the discriminant with respect to X of it« equation 
will be the equation of the required developable. 

168. By the help of the canonical form aa? + Jy* + c«' + dvo* 
we can readily express the circumscribing developable in terms 
of f7, F and the two covariants 8 and S. Let U the reciprocal 
of U be Aa' + B^^ -\- a/ -^ DS", then ^ = icrf, &c., and the 
reciprocal of U will be BCDx' + &g.^ that is to say, A*?7. 
Again, the coefficient of X is (£CZ>'+ CZ)5' + Z)5C")a;* + &c., 
which is =» A oa' [b'cd -h cdh + d'b'c) x* + &c., while the quantity 
multiplied by A is 

[h'c'da + cda'b + daUc + aVc'd) {az' + &c.) - [Vc'da^x^ + &c.). 
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The developable then is the discriminant of 

A» ?7+ AX (0' Z7- /S') + A V (0 F- 5) + A'^" r. 

The discriminant being cleared of the irrelevant factor A" A'* 
the result remains of the tenth degree in the coefficientsof each 
equation. 8' and 8 evidently pass through the curves of 
contact of the developable with U and Vj while the develop- 
able meets U again in the curve of intersection of U with 
(0r- /S)* + 4Ar>8', (see Art 160, infra). 

159. To find the condition that a given line should pass 
through the curve of intersection of two quadrics U and V. 

Suppose that we have found by Art. 76 the condition /) = 0, 
that the line should touch Uj and that we substitute in it for 
each coefficient a, a 4- Xa' the condition becomes p+\a-\- \^p = ; 
and if the line have any arbitrary position, we can by solving 
this quadratic for \ determine two surfaces passing through 
the curve of intersection W and touching the given line. 
But if the line itself pass through Z7F, then it is easy to see 
that both these surfaces must coincide, for that the line cannot 
in general be touched by a surface of the system anywhere 
but in the point where it meets W. The condition therefore 
which we are seeking is a^ = 4tpp. It is of the second order 
in the coefficients of each of the surfaces, and of the fourth 
in the coefficients of each of the planes determining the right line. 

The condition a = will be fulfilled if the right line is cut 
harmonically by the two surfaces. In the case where the 
quadrics are oa?" + Jy* + C2* + rfw?', ax^ + b'y*-{-c'z* + d'w*j and 
the right line is cfx -i- /St/ + yz -\- Swy a'x + /3't/-\-y'z + &'wj the 
quantity p is (see Art. 76) 2 ab {yB' — 7'S)", by which notation 
we mean to express the sum of the six terms of like form 
such as erf (a^' - a'fiY &c. Then o- wiU be S [aV + ba') (7S' - y'S)% 
and cr* — ipp is 

S(aJ'-fta')'(7S'-78)*+2S(ai'-5a)(ac'-ca')(7S'-7'S)»(i8S'-i8'S)» 
+22 [{ad!^da')[cb'^bc') + {ac'^ca'){db'^ ief )} (ay3'-)9a7(78'-7 S)». 

160. To find the equation of the developable genei'ated by the 
tangent lines of the curve common to U and V, 

If we consider any point on any tangent to this curve, the 
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polar plane of this point with regard to either U or V paases 
evidently through the point of contact of the tangent on which 
it lies. The intersection therefore of the two polar planes meeta 
the curve Z7, F. We find therefore the equation of the develop- 
able required by substituting in the condition of the last article 

for a, fi, &c., a, ^, &c., -^, ^i <S»., ^ , ^, &o- This 

developable will then be of the eighth degree in the variables 
and of the sixth in the coefficients of each surface. When 
we use the canonical form of the quadrics, it then easily 
appears that the result is 

S(aJ'-5a')M«?-c'(?)*«V 
+ 22 {ah' - ia') foe' - ca!) {cd - ddf {M - b'd)^y'i^to* 
+ 2iB"y*i5V {[ah' - bo!) {ccF - c'^ - ((wf - da') {be' - b'c)] 
X {(orf' - da') {be' - b'c) - {bd - db') {ca' - c'a)} 
X {{bd - db') {ca' - c'a) ~ {ab' - ba') {cd' - c'd)}. 

When we make in the above equation ii; = we obtain a 
perfect square, hence each of the four planes x^ y^ Zj to meets 
the developable in plane curves of the fourth degree which 
are double lines on the surface.* This is, a priori evidenty 
since it is plain from the symmetry of the figure, that through 
any pomt in one of these four planes through which one 
tangent line of the curve UV passes, a second tangent can 
also be drawn. 

By the help of the canonical form the previous result can 
be expressed in terms of the covariaut quadrics when the 
developable is found to be 

^8U^AV*){B'r-'A'ir)={B'u+8r-&iP--er^+4>uv)\ 

The curve ZTFis manifestly a double linef on the locus repre- 



* See Cambridge and DuhUn Mathematieal Journal, Vol. III. p. 171, 
where, though only the geometrical proof is given, I had arrived at the 
result by actual formation of the equation of the developable. See ibid. 
Vol. n. p. 68. The equations were also worked out by Mr. Cayley, 
ibid. Vol. V. pp. 50, 65. 

t It is proved, as at Higher Plane Ourve$f p. 89, (see also p. 75 of this 
volume), that when the equation of a lurfiAce is U*(p -¥ UV^ + F'x> then 
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sented by this equation, as we otherwise know it to be, and 
the locos meets V again in the line of the eighth order de- 
termined by the intersection of U with 

This is precisely the same equation as that found in Art. 158| 
and one can see geometrically that the line of the eighth order 
is in fact the eight tangents to UV at the points where UV 
meets 8. 

RECIPROCAL SURFACES. 

161. Although we have made free use already in this 
chapter of the method of reciprocation, we wish now to enter 
into a little more detail on the theory of reciprocal surfaces. 

To the section of a surface by any plane corresponds the 
tangent cone which can be drawn to the reciprocal surface 
through the corresponding point; and in particular to the 
section of the one by the plane at infinity corresponds the 
tangent cone which can be drawn to the other through the 
origin. Hence the asymptotic cone of the one surface is re- 
ciprocal to the tangent cone which can be drawn to the other 
from the origin, in the sense that each edge of the one cone 
is perpendicular to a tangent plane of the other. 

Hence also when the origin is without a quadric, that is to 
say, is such that real tangents can be drawn from it to the 
surface, the reciprocal is a hyperboloid; when it is inside it 
is an ellipsoid; when the origin is on the surface, the tangent 
plane at infinity touches the reciprocal surface, that is to say, 
the reciprocal is a paraboloid. 



UV\a a double line on the surface, the two tangents at any point of it being 
given by the equation t<^ + uvy(r + t^xS where u, v are the tangent planes 
at that point to U and V, and <tJ is the result of substituting in the co* 
ordinates of that point. Applying this to the above equation it is immediately 
found that the two tangents are given by the equation {S'u- Stif^O, where 
in &^ 8 the co-ordinates of the point are supposed to be substituted. Thus 
the two tangent planes at every point on the double curve coincide, and the 
curve is accordingly called a cuspidal curve on the surface. 
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The reciprocal of a ruled surface (that is to say, of a surface 
generated by the motion of a right line) is a ruled surface. 
For to a right line corresponds a right line, and to the surface 
generated by the motion of one right line will correspond the 
surface generated by the motion of the reciprocal-line.* Hence 
to a hyperboloid of one sheet always corresponds a hyperboloid 
of one sheet unless the origin be on the surface when the reci- 
procal is a hyperbolic paraboloid. 

It was proved (Art. 144) that the tangent cone whose vertex 
is a focus is one of revolution, hence the reciprocal of a quadrtc 
with respect to a point on a focal conic is a surface of revolution. 

162. The equation of the reciprocal of a quadric given by 
the general equation is given in Art. 75. The reciprocal of a 
central surface with regard to any point may also be found 
as at Conies^ Art. 320. For the length of the perpendicular 
from any point on the tangent plane is (see Art. 85) 

^= — = V(«* cos*a-f i* cos'iS-f c* cos"'y)-(a?' cosa+y' co8/8+«' cosy), 

and the reciprocal is therefore 

{xx + yy' + zz' + K^Y = «V + jy + cV. 

163. The reciprocal of a sphere with regard to any point 
is a surface of revolution round the transverse axis. This may 
be proved as at Conic-Sj p. 259. It is easily proved that if we 
have any two points A and jS, the distances of these two points 
from the origin are in the same ratio as the perpendicular from 



* Mr. Cayley has remarked that the decree of any ruled surface is equal 
to the degree of its reciprocal. The degree of the reciprocal is equal to 
the number of tangent planes which can be drawn through an arbitrary 
right line. Now it will be formally proved hereafter, but is sufficiently 
evident in itself, that the tangent plane at any point on a ruled surface 
contains the generating line which passes through that point. The degree 
of the reciprocal is therefore equal to the number of generating lines which 
meet an arbitrary right line. But this is exactly the number of points in 
which the arbitrary line meets the surface, since every point in a generating 
line is a point on the surface. 
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each on the plane corresponding to the other [Conies ^ Art. 98). 
Now the distance of the centre of a fixed sphere from the 
origin, and the perpendicular from that centre on any tangent 
plane to the sphere are both constant. Hence, any point on 
the reciprocal surface Is such that Its distance from the origin 
Is In a constant ratio to the perpendicular let fall from It on 
a fixed plane; namely, the plane corresponding to the centre 
of the sphere. And this locus is manifestly a surface of re- 
volution of which the origin Is a focus. 

By reciprocating properties of the sphere we thus get pro- 
perties of surfaces of revolution round the transverse axis. The 
left-hand column contains properties of the sphere, the right- 
hand those of the surfaces of revolution. 



Ex. 1. Any tangent plane to a 
sphere is perpendicular to the line 
joining its point of contact to the 
centre. 



The line joining focus to any 
point on the surface is perpendi- 
cular to the plane through focus 
and the intersection with the direc- 
trix plane of the tangent plane at 
the point. 



Ex. 2. Every tangent cone to a 
sphere is a right cone, the tangent 
planes all making equal angles with 
the plane of contact 



The cone whose vertex is the 
focus and hase any plane section is 
a right cone, whose axis is the line 
joining the focus to the pole of the 
plane of section. 

A particular case of Ex. 2. Is '' Every plane section of a 
paraboloid of revolution Is projected Into a circle on the tangent 
plane at the vertex." 



Ex. 3. Any plane through the 
centre is perpendicular to the con- 
jugate diameter. 

Ex. 4. The cone whose hase is 
any section of a sphere has its cir- 
cular sections parallel to the plane 
of section. 

Ex. 5. Any plane is perpendi« 
cuhur to the line joining centre to 
its pole. 



Any plane through the focus is 
perpendicular to the line joining the 
focus to its pole. 

Any tangent cone has for its 
focal lines the lines joining the ver- 
tex of the cone to the two foci. 



The line joining any point to the 
focus is perpendicular to the plane 
joining Uie focus to the intersec- 
tion with the directrix plane of the 
polar plane of the point 
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Ex. d. Eyery cylinder envelop- Every section passing through 

ing a sphere is right. the focus has this focus for a focus. 

Ex. 7. Any two conjugate right Any two conjugate lines are such 

lines are mutually perpendicular. that the planes joining them to the 

focus are at right angles. 

Ex. 8. Any quadric enveloping a If a quadrie envelope a surface of 

sphere is a surface of revolution. revolution, the cone enveloping the 

former, whose vertex is a focus of 
the latter is a cone of revolution. 



164. The product of the perpendiculars from the two foci 
of a surface of revolution round the transverse axis on any 
tangent plane, is evidently constant. Now if we reciprocate 
this property with regard to any point, by the method used 
in Art. 163, we learn that the square of the distance from the 
origin of any point on the reciprocal surface is in a constant 
ratio to the product of the distances of the point from two fixed 
planes. 

It appears from Ex. 4, of the last article, that the two 
planes are planes of circular section of the asjrmptotic cone to 
the new surface ; that is to say, that they are planes of circular 
section of the new surface. The intersection of the two planes 
is the reciprocal of the line joining the two foci; that is to 
say, of the axis of the sur£ace of revolution. The property 
just proved* belongs, as we know (Art. 143), to every point 
on the umbilicar focal conic, hence the reciprocal of any quadric 
with regard to an umbilicar focus is a surface of revolution 
round the transverse axis, but with regard to a modular focus 
is a surface of revolution round the conjugate axis. By reci- 
procating properties of surfaces of revolution, we obtain pro- 
perties of any quadric with regard to focus and corresponding 
directrix. It is to be noted that in either case the axis 
of the figure of revolution is the reciprocal of the cUrectrix 
corresponding to the given focus. 



* It was in this way I was first led to this property, and to observe the 
distinction between the two kinds of focL 
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The axis of the figure of revolution is parallel to the tangent 
to the focal conic at the given focus (see Art. 137). 

The left-hand column contains properties of surfaces of re- 
volution, the right-hand of quadrics in general. 



Ex. 1. The tangent cone whose 
vertex is any point on the axis is 
a right cone whose tangent planes 
make a constant angle with the 
plane of contact, which plane is 
perpendicular to the axis. 



Ex. 2. Any tangent plane is at 
right angles with the plane through 
the point of contact and the axis. 



Ex. 3. The polar plane of any 
point is at right angles to the plane 
containing that point and the axis. 



Ex. 4. Any two conjugate lines 
are such that the planes joining 
them to the focus are at right 
angles. 



Ex. 5. If a cone circumscribe 
surface of rcTolution, one principal 
plane is plane of vertex and axis, 
and another is parallel to plane of 
contact. 



Ex. 6. The cone whose vertex 
is a focus and base any plane sec- 
tion is a right cone. 



The cone whose vertex is a focus 
and base any section whose plane 
passes through the corresponding 
directrix, is a right cone, whose axis 
is the line joining the focus to the 
pole of the plane of section, and this 
right line is perpendicular to the 
plane through focus and directrix. 

The line joining a focus to any 
point on the surface is at right 
angles to the line joining the focus 
to the point where the corresponding 
tangent plane meets the directrix. 

The line joining a focus to any 
point is at right angles to the 
line joining the focus to the point 
where the polar plane meets the 
directrix. 

Any two conjugate lines pierce 
a plane through a directrix parallel 
to circular sections, in two points 
which subtend a right angle at the 
corresponding focus. 

The cone whose base is ant/ plane 
section of a quadric and vertex any 
focus has for one axis the line join- 
ing to the focus the pole of the 
plane, and for another the line join- 
ing focus to the point where the 
plane meets the directrix. 

The cone is a right cone whose 
vertex is a focus and base the sec- 
tion made by any tangent cone on 
a plane through the corresponding 
directrix parallel to those of the 
circular sections. 
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Ex. 7. Locus of intersection of 
three tangent planes to a parabo- 
loid, mutually at right angles, is a 
plane. 



Ex. 8. If a quadric envelope a 
surface of revolution, the axis of the 
latter is parallel to a principal plane 
of the former. 



If through any point on a quadric 
be drawn three lines mutually at 
right angles, the plane joining their 
other extremities passes through a 
fixed point 

If the point be not on the quadric 
the plane envelopes a surface of 
revolution. 

If two quadrics envelope each 
other, the cone, whose vertex is any 
focus of one and which envelopes 
the other, has for one axis the line 
joining that focus to the point where 
the plane of contact meets the cor- 
responding directrix. 
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CHAPTER VIII. 



CONFOCAL SURFACES. 



165. We shall in this chapter give an account of those 
properties of surfaces which are analogous to those properties 
of conies which are connected with their foci. And we com- 
mence by pointing out. a method by which we should be led 
to the consideration of the focal conies of a quadric, inde- 
pendently of the method followed (Arts. 136, &c.). 

Two concentric and coaxal conies are said to be confocal 
when the difference of the squares of the axes is the same for 

both. Thus given an ellipse -i 4- 75 = 1, any conic is confocal 

with it whose equation Is of the form 

J ^ =s 1 



If we give the positive sign to V, the confocal conic will be 
an ellipse; it will also be an ellipse when \' is negative as 
long as it is less than J*. When X* is between V and a* the 
confocal curve is a hyperbola, and when X' is greater than a* 
the curve is imaginary. If X" = J* the equation reducing itself 
to y* = 0, the axis of x itself is the limit which separates con- 
focal ellipses from hyperbolas. But the two foci belong to 
this limit in a special sense. In fact through a given point 
xy can in general be drawn two conies confocal to a given 
one, since we have a quadratic to determine X', viz. 



a«-X*^ft"-V 

or X*-X»(a' + J*-a:"--y")+a"i»-ftV"-aV = 0. 

When y=0 this quadratic becomes (X' - V) (X" - a" 4- x*) = 0, 
and one of its roots is X* = V : but if we have also a?" = a* - J', 

K 
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the second root is also X* = J*, and therefore the two foci are 
in a special sense points corresponding to the value X' = V, If 

in the equation -^ — r-| + jjr-^rt = 1) ^® make X* = J*, ,,^ ^ = 0, 

a" 

we get the equation of the two foci -5 — 7= = 1. 

a —o 

166. Now in like manner two quadrics are said to be 

confocal if the differences of the squares of the axes be the 

a^ 1/* «* 
same for both. Thus given the ellipsoid -5 + ^ + -§ = 1 ^^7 

surface b confocal whose equation is of the form 

a? y" z* 

-4- —M. L _Z = 1 



If we give X' the positive sign, or if we take it negative 
and less than (? the surface is an ellipsoid. A sphere of infinite 
radius is the limit of all ellipsoids of the system, being what 
the equation represents when X" = ao. When X* is between 
c* and J* the surface is a hyperboloid of one sheet. When 
it is between i* and a* it is a hyperboloid of two sheets. When 
X' = c'' the surface reduces itself to the plane « = 0, but if we 



z* 



make in the equation X* = c', -^ — ^ = 0, the points on the conic 

thus found, viz. ,^ , + ,„_ « = I1 belong in a special sense 

to the limit separating ellipsoids and hyperboloids. In fact, 

in general through any point x'y'z' can be drawn three surfaces 

confocal to a given one; for regarding X' as the unknown 

quantity, we have evidently a cubic for the determination of 

it: namely, 

X y z ^ 



or x"* {b* - X») (c* - X*) + y (c* - V) {a' - X") + z'* (a* - X») {b* - X*) 

= (a'-X*)(i''-X»)(c»-X»). 

If z' = 0, one of the roots of this cubic is X* = c", the other two 
being given bj the equation 

a--* (J« _ x«) + y-* (a« - X") = (a* - X*) (6» - X»), 



CONFOCAL SURFACES. 131 



and a root of this equation will also be X" = c*, if 



• M -« — '' 



The points on the focal ellipse therefore belong in a special 

sense to the value \^=^c*. In like manner the plane y = 

separates hyperboloids of one sheet from those of two, and to 

this limit belongs in a special sense the hyperbola in that 

a? «' 

plane ,^ ,, + ~TZh* ~ ^' "^^ ioosX conic in the third principal 

plane is imaginary. 

167. The three quadrics which can be draion through a given 
point confocal to a given one are respectively an ellipsoid^ a 
hyperholoid of one sheet^ and one of tico. For if we substitute 
in the cubic of the last article successively 

X'^a", \^=^b\ X» = c», X* = -oo, 

we get results successively h h— which proves that the 

equation has always three real roots, one of which is less than c*, 
the second between c* and 6', and the third between J* and a*, 
and it was shown in the last article that the surfaces corres- 
ponding to these values of X' are respectively an ellipsoid, a 
hyperboloid of one sheet, and one of two. 

168. Another convenient way of solving the problem to 
describe through a given point quadrics confocal to a given 
one, is to take for the unknown quantity the primary axis 
of the sought confocal surface. Then since we are given 
a" — J'" and a** — c*" which we shall call A' and ^^, we have the 
equation 

or a'«-a'*(A» + A:" + aj'' + y" + 

From this equation we can at once express the co-ordinates 
of the intersection of three confocal surfaces in terms of their 

R2 
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axes. Thus if a", a"^, a'"* be the roots of the above equation, 
the last term of it gives us at once aj'^AU^ = a Va'"*, or 

^ a a a 

X = 



(a--J'')(a«-c«)' 

And by parity of reasoning, since we might have taken V or (? 
for our unknown, we have 






N.B. In the above we suppose 6'*, J"*, &c. to involve their 
signs implicitly. Thus c"* belonging to a hyperboloid of one 
sheet is essentially negative, as are also i'"' and c'"*. 

169. The preceding cubic also enables us to express the 
radius vector to the point of intersection in terms of the axes. 
For the second term of it gives us 

or a:" + y"* + «'^ = a'« H- b"^ + c'"*. 

This expression might also have been worked out directly from 
the values given for a;'*, y'*, «'* in the last article, by a process 
which may be employed in reducing other symmetrical functions 
of these co-ordinates. For on substituting the preceding values 
and reducing to a conmion denominator, a;'* +y* + «'* becomes 

(y-c^)(c^-g'')(a«-y) 

But the numerator obviously vanishes if we suppose either 
y = c', c* = g*, g' = y. It is therefore divisible by the de- 
nominator. The division then is performed as follows: Any 
term, for example gW"*c*, when divided by g" — J* (or by 
its equal g'* — J") gives a quotient g"*g'"V, and a remainder 
J'*g" V"V. This remainder divided by g"* — J"* gives a quotient 

* These expressions enable us easily to remember the co-ordinates of the 
umbilics. The umbilics are the points (Art 139) where the focal hyperbola 
meets the surface. But for the focal hyperbola a"^ <= o^'* s a* - V. The 
co-ordinates are therefore 
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V*a"*i? and a remainder b'^b"*a"*(?^ which divided in like manner 
by a'"«-6'"" gives a quotient ft'^J'V and a remainder J'"i"*i"V, 
which is destroyed by another term in the dividend. Proceeding 
step by step in this manner we get the result ah^ady obtained. 

170. Ttoo confocal surfaces cut each other everywhere at 
right angles. 

Let x'yz' be any point common to the two surfaces, p and p" 
the lengths of the perpendicular from the centre on the tangent 
plane to each at that point, then (Art. 85) the direction-cosines 

of these two perpendiculars are 

II ft II II I II I II I 
px py P^ ^ P ^ p y P ^ 

And the condition that the two should be at right angles, 
is, (Art. 13) 



t ^3* *< -.'* ^ 



I II 



pp . 



X y z 



1% 11% I "ii^int • >x I 

a a c c 



= 0. 



But since the co-ordinates xyz' satisfy the equations of both 
surfaces we have 

19 It 1^ 19 19 1^ 

or y* *— 1 _ y_ f 

""75 I* T/S "t" "75 ""•*•? ~775 i £775 "• "i — J . 

a o c 'a o c 

And if we subtract one of these equations from the other, 
and remember that a"* — a * = J"* — J'* = c'" — c", the remainder is 

(a"*-a'*) |^;5^j + j75^ + ^V^| = ^» 

which was to be proved. 

At the point therefore where three confocals intersect, each 
tangent plane cuts the other two perpendicularly, and the 
tangent plane to any one contains the normals to the other two. 

171. If a plane be drawn through the centre parallel to any 
tangent plane to a quadric^ the axes of the section made by that 
plane are parallel to the normals to the two confocals through 
the paint of contact. 

It has been proved that the parallels to the normals are at 
right angles to each other, and it only remains to be proved 
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that thej are conjugate diameters in their section. But (Art. 90} 
the condition that two Unes should be conjugate diameters is 

cosa cosa cos/8 cosjS' C0S7 cosy' _ 

—-75 H 7?i r ~ii — "• 

a o c 

The direction-cosines then of the normals being 

p"x' yy yv. yv /y £v 

we have to prove that 

-^ -^ (aV'*«'"* J'"J""6"'* c'V^c'"") ■" 
But the truth of this equation appears at once on subtracting 
one from the other the equations which have been proved in 
the last article^ 

172. 2b ^nrf the lengths of the axes of the central section of a 
quadrtc by a plane parallel to the tangent plane at the point x'y*z'. 

From the equation of the surface the length of a central 
radius vector whose direction-angles are oc, ^, 7 is given by 
the equation 

1 __ cos*a cos*/8 co8*7 

Put for a, /8, 7 the values given in the last article, and we find 
for the length of one of these axes, 



1- "«j-^ i Jll 



Now we have the equations, 






x" y" «" 1 

a c p 

Subtracting we have 



/».'« 4^'« •'« 

X y z 



o'V« *"6"* " c V« p"" (o" - o'") * 
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And substituting this value in the expression ah*eady found 
for p' we get p' = a'* — a "• In like manner the square of the 
other axis is a** — rt"'*. 

Hence, if two confocal quadrics intersect, and a radius of 
one be drawn parallel to the normal to the other at any point 
of their curve of intersection, this radius is of constant length. 

173. Since the product of the axes of a central section by 
the perpendicular on a parallel tangent plane is equal to abc 
(Art. 54), we get immediately expressions for the lengths 
P7 V\ y '• We have 

^ ■" (a" - a"*) (a" - a "") ' ^ " (a"" - a'") (a"" - a'"*) ' 

These values might have been also obtained by substituting 
in the equation 



the values already found for a;'*, y'*, «'* and reducing the re- 
sulting value for j^'* by the method of Art. 169. 

The reader will observe the symmetry which exists between 
these values for j^**, j^"*, y '*, and the values already found for 
a;'*, y**, z^. If the three tangent planes had been taken as 
co-ordinate planes, p\ p'\ p"' would be the co-ordinates of the 
centre of the surface. The analogy then between the values 
for p'p'p" and those for xyz may be stated as follows : With 
the point x'y'z as centre three confocals may be described 
having the three tangent planes for principal planes and inter- 
secting in the centre of the original system of surfaces. The 
axes of the new system of confocals are a , a", a'" ; J', ft", V" ; 
c', c", d". The three tangent planes to the new system are the 
three principal planes of the original system. 

If a central section be parallel to one of these principal 
planes (the plane of xy for instance) in the surface to which it 
is a tangent, it appears from Art. 172 that the squares of the 
axes are a* — ft*| a^-^d'. In other words, that the section is 
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precisely equal to the focal ellipse, no matter where the point 
oiy'z* be situated. In like manner the section parallel to the 
plane of xz is equal to the focal hyperbola. 

174. K i> be the diameter of a quadric parallel to the 
tangent line at any point of its intersection with a confocal, 
and p the perpendicular on the tangent plane at that point, 
then pD is constant for every point on that curve of intersec- 
tion. For the tangent line at any point of the curve of inter- 
section of two surfaces is the intersection of their tangent planes 
at that point, which in this ease (Art. 170) is normal to the third 
confocal through the point. Hence (Art. 172) D^ = a^''a"^^ 

and therefore (Art. 173) p*II^=^-^ jf^ which is constant if 

a', a" be given. 

1 75. To find the locus of the pole of a given plane vnth regard 
to a system of confocal surfaces. 

Let the given plane be Ax + By+Cz==lj and its pole fi;f; 
then we must identify the given equation with 

Eliminating \* between these equations we find, for the equa- 
tions of the locus, 

A "" B ^ G ' 

The locus is therefore a right line perpendicular to the given 
plane. 

The theorem just proved, implicitly contains the solution of 
the problem, ^^ to describe a surface confocal to a given one to 
touch a given plane.^' For since the pole of a tangent plane 
to a surface is its point of contact, it is evident that but one 
surface can be described to touch the given plane, its point of 
contact being the point where the locus line just determined 
meets the plane. The theorem of this article may also be 
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stated — ^**The locus of the pole of the tangent plane to any 
quadricy with regard to any confocal, is the normal to the first 
surfiekce." 

176. To find an expression for the distance between the point 
of contact of any tangent plane^ and its pole mith regard to any 
oonfocal surjuce. 

Let x'y'z' be the point of contact of a tangent plane to the 
surface whose axes are a^b^ c] {, 97, ^ the pole of the isame 
plane with regard to the surface whose axes are a', b\ c. Then, 
as in the last article, we have 

^'-1 I -a "1-1 

a*~ a-'^ J' ~ J"" c" ~ c'" ' 

a" — a* b'* — b* c" — c' 

whence f-x' = —^—ic', ,,-y = _^j_y, f_a' = __a'j 

squaring and adding 

whence i>= where p is the perpendicular from the centre 

Jr 

on the plane. 

177. The axes of any tangent cone to a quadric are the 
normals to the three confocals which can be drawn through the 
vertex of the cone. 

Consider the tangent plane to one of these three surfaces 
which pass through the vertex xy'z'] then the pole of that 
plane with regard to the original surface lies (Art. 61) on the 
polar plane of x'yz\ and (Art. 175) on the normal to the ex- 
terior surface. It is therefore the point where that normal 
meets the polar plane of xyz\ that is to say, the plane of 
contact of the cone. 

It follows then (Art. 60) that the three normals meet 
this plane of contact in three points, such that each is the 
pole of the line joining the other two with respect to the 
section of the surface by that plane. But since this is also 
a section of the cone, it follows (Art. 67) that the three normals 
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are a system of conjugate diameters of the cone, and since they 
are mutaally at right angles they are its axes. 

178. If at any point on a quadric a line be drawn touching 
the surface and through that line two tangent planes to any 
confocal, these two planes will make equal angles with the 
tangent plane at the given point on the first quadric. For by 
the last article that tangent plane is a principal plane of the 
cone touching the confocal surface and having the given point 
for its vertex, and the two tangent planes will be tangent 
planes of that cone. But two tangent planes to any cone 
drawn through a line in a principal plane make equal angles 
with that plane. 

The focal cones (that is to say, the cones whose vertices 
are any points and which stand on the focal conies) are limiting 
cases of cones enveloping confocal surfaces, and it is still true 
that the two tangent planes to a focal cone drawn through any 
tangent line on a surface make equal angles with the tangent plane 
in which that tangent line lies. K the surface be a cone its 
focal conic reduces to two right lines, and the theorem just 
stated in this case becomes, that any tangent plane to a cone 
makes equal angles with the planes containing its edge of 
contact and each of the focal lines. This theorem, however, 
will be proved independently in Chap. IX. 

179. It follows, from Art. 177, that if the three normals be 
made the axes of co-ordinates, the equation of the cone must 
take the form Ao^ -f -By* + Cs? = 0. To verify this by actual 
transformation will give us an independent proof of the theorem 
of Art. 177, and a knowledge of the actual values of Aj By C 
will be useful to us afterwards. 

The equation of the tangent cone given. Art. 74, is 

If the axes be transformed to parallel axes passing through the 
vertex of the cone, this equation becomes, as is easily seen, 

/x"* y-* «•» Af^.y', A _ (XX' yy' z£\* 
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Now to transform to the three normals as axes, we have to 
substitute the direction-cosines of these lines in the formul® 
of Art. 17) and we see that we have to substitute 

for x,^x +^ y +^ z, 

/irk'«' ^"m* s,^"*m' 

for «, ^x + ^ y+ ^ z. 
c c c 



180. In order more easily to see the result of this substitu- 
tion the following preliminary formulsB will be useful : 

a" «/" 2*" 

Let ?- + ^ + l..l = 5* 

a c ' 

x^ v" «'* 
then wnce -73 + 7«i + -75 — 1 = 0, 

a c 

, x"^ y« z" ^ 

In Uke manner -^-775 + ^777- 

a a 00 



+ 


cV 


~ d'-a*' 


+ 


«'• 


8 


cV" 


~ a"*-a*' 



8 



, , X' y *. |^^^^ 

aa a 6 o 6> cc c {a —a) [a — a) 



.'a -.'« -'» 



Lastly, Since -^ + f?? + ;7i = -ra , 



ITjCj • iTTTa '• ~^ji — l/a IS > 



, »'» y z"* 8 1 

we nave ;?V + FV + ?V " (a" - a')' /'(a-^-a*)' 



* It may be observed that this quantity 8 is equal to 

(q^ - a«) (g-^ - o«) (g"'' - a') 

for of* '€^, cf'^-a*, oT^^c? are the roots of the cubic of Art. 166, whose 
absolute term is o'&VjS^. 
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181. When now we make the transformations directed, in 
the left-hand side of the equation of Art. 179, the coefficient 
of Q^ is found to be 

and that of a^ is 

The left-hand nde therefore of the transformed equation is 

But the quantity — ,- + ^ + — i treated m like manner becomes 



"^. — '»'. 



Its square therefore destroys the first group of terms on the 
other side of the equation, and the equation of the cone becomes 

a? y' a" ^ 

a— a a —a a -— a 

which is the required transformed equation of the tangent cone. 



182. As a particular case of the preceding may be found 
the equations of the focal cones (Art. 178) ; that is to say, the 
cone whose vertex is any point x'y'z and which stands on the 
focal ellipse or focal hjrperbola. These answer to the values 
cf — (?^ cf — b^ for the square of the primary axis: the equa- 
tions therefore are 

These equations might also have been found, by forming, as at 
p. 86, the equations of the focal cones, and then transforming 
them as in the last articles. 
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It may be seen njrithout difficulty that any normal and the 
corresponding tangent plane meet any of the principal planes 
in a point and line wluch are pole and polar with regard to 
the focal conic in that plane. This Is a particular case of 
Art 177. 

183. Haying all the necessary formulsB at hand, we give 
also in this place the transformation of the equation of the 
quadric itself to the three normals through any point xy^ as 
axes. The equation transformed to parallel axes becomes 

a c \a c J 

V V S lit 

But the transformations of -5 4- 7^ + -« and of —5- + ^ + — 3- 

a c a c 

are given in Art. 181. The transformed equation Is therefore 

at once found to be 

c. px py p z S^ _ x y' , ^' 

and the quantity under the brackets on the left-hand side of 
the equation is evidently the transformed equation of the polar 
plane of the point. 

This equation is somewhat modified If the point x'y'z' is on 
the surface. The equation transformed to parallel axes Is 

a?" y' «* ^ fxx yy zz'\ 
When we transform as before, the coefficient of a? becomes 






which we write = -=■ : that of y* becomes 

r 



that of 



^ ,(x'^ y» z'^\ 2p' 

^ ^'^^ \aa 00 " cc J p [or - a") ' 



t^ 






it 






«« 


y 


+ 


a' 


+ 


o* 


-a'" 
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the coefficient of yz vanishes while the terms of the first degree 
reduce to — • The transformed eqaation is therefore 

184. We give in this place also the transformation of the 
equation of the reciprocal surface with regard to any point to 
the three normals through the point. The equation is (Art. 162) 

Now using the formulsB of Art. 179, the quantity axc'-fyy'+^^'+A;* 
is immediately transformed into (jp'a? -{-p^'y •\-p"z + A?). Again, 
when aV + jy + cV is transformed, the coefficient of a?" is 



8 'X t 

= a - a 4-i> 



f% 



While the coefficient of xy is 

But smce (a* - o**) j^,^ + ^^^m, + ^ni^, J = 0, 



J% ^jnt jnt 



1 X V Z 

and _ + |;_ + _ «1, 

, aV jy» cV« 

we nave -_4._-. + -^ « l, 

and the transformed equation is therefore 

(a "-a«) a^+ (a '»-a«)y« + (a"'«- a») «*+ 2A;« {px^fy^fz) +i*=0. 

185. To return to the equation of the tangent cone (Art. 181). 
Its form proves that all cones having a common vertex and cir- 
cumscribing a series of confocal surfaces are coaxal and confocal. 
For the three normals through the common vertex are axes to 
every one of the system of cones ; and the form of the equation 
shows that the differences of the squares of the axes are inde- 



CONFOCAL SURFACES. 143 

pendent of a*. The equations of the common focal lines of the 
cones are (Art. 140) 

a —a a —a 

But it was proved (Art. 172) that the central section of the 
hjperholoid of one sheet which passes through x'yz' is 



X Z 



o — a a — a 



'"« -"^j 



and the section of the Iiypcrboloid by the tangent plane itself is 
similar to this, or is also 

a? z" 



1% 11% it2 iifi 

a —a a —a 



= 0. 



Hence the foc4xl lines of the system of cones are the generating 
lines of the hyperboloid which passes through the point — a theorem 
due to Jacobi [Crelle^ Vol. xii. p. 137). 

This may also be proved thus : Take any edge of one of the 
system of cones, and through it draw a tangent plane to that 
cone and also planes containing the generating lines of the 
hyperboloid ; these latter planes are tangent planes to the hyper- 
boloid, and therefore (Art. 178) make equal angles with the 
tangent plane to the cone. The two generators are therefore 
such that the planes drawn through them and through any 
edge of the cone make equal angles with the tangent plane to 
the cone; but this is a property of the focal lines (Art. 178). 

Cor. 1. The reciprocals of a system of confocals, with 
regard to any point, have the same circular sections. For 
the reciprocals of the tangent cones from that point have the 
same circular sections (Art. 141), and these reciprocals are the 
asymptotic cones of the reciprocal surfaces. 

Cor. 2. If a system of confocals be projected orthogonally 
on any plane, the projections are confocal conies. The pro- 
jections are the sections by that plane of cylinders perpendicular 
to it, and enveloping the quadrics. And these cylinders may 
be considered as a system of enveloping cones whose vertex 
is the point at infinity on the common direction of their 
generators. 
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186. 2W confocal surfaces can be drawn to touch a given line. 
Take on the line any point x'y'z' ; let the axes of the three 

surfaces passing through it be a\ d\ a\ and the angles the 
line makes with these axes a, /9, 7. Then it appears, from 
Art. 181, that a is determined by the quadratic 

cos*a cos'iS cos*7 
a -^a a —a a — a 

If a and a' be the roots of this quadratic, the two cones 

have the given line as a common edge, and it is proved, pre- 
cisely as at Art. 170, that the tangent planes to the cones 
through this line are at right angles to each other. And since 
the tangent planes to a tangent cone to a surface, by definition 
touch that surface, it follows that the tangent planes drawn 
through any right line to the two conjbcals which it touches^ are 
at right angles to each other. 

The property that the tangent cones from any point to 
two intersecting confocals cut each other at right angles, is 
sometimes expressed as follows : two confocals seen from any 
point appear to intersect everywhere at right angles, 

187. // through a given line tangent planes he drawn to a 
system of confocals^ the corresponding normals generate a hyper^ 
holic paraboloid. 

The normals are evidently parallel to one plane; namely, 
the plane perpendicular to the given line ; and if we consider 
any one of the confocals, then, by Art. 1 74, the normal to any 
plane through the line contains the pole of that plane with 
regard to the assumed confocal, which pole is a point on the 
polar line of the given line with regard to that confocal. Hence, 
every normal meets the polar line of the given line with regard 
to any confocal. The surface generated by the normaU is 
therefore a hyperbolic paraboloid (Art. 111). It is evident that 
the surface generated by the polar lines, just referred to, is 
the same paraboloid, of which they form the other system of 
generators. 
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The points in which this paraboloid meets the given line 
are the two points where this line touches confocals. 

A special case occurs when the given line is itself a normal 
to a surface 8 of the system. The normal corresponding to 
any plane drawn through that line is found by letting fall a 
perpendicular on that plane from the pole of the same plane 
with regard to 8 (Art. 175), but it is evident that both pole 
and perpendicular must lie in the tangent plane to 8 to which 
the given line is normal. Hence in this case all the normals 
lie in the same plane. 

From the principle that the anharmonic ratio of four planes 
passing through a line is the same as that of their four poles with 
regard to any quadric, it is found at once that any four normals 
divide homographically all the polar lines corresponding to the 
given line with respect to the system of surfaces. In the special 
case, now under consideration, the normals will therefore en- 
velope a conic, which conic will be a parabola, since the normal 
in one of its positions may lie at infinity ; namely, when the 
surface is an infinite sphere (Art. 166). The point where the 
given line meets the surface to which it is normal lies on the 
directrix of this parabola. 

188. If a, /8, 7 be the direction-angles, referred to the three 
normals through the vertex, of the perpendicular to a tangent 
plane of the cone of Arts. 179, &c., since this perpendicular lies 
on the reciprocal cone, a, /3, 7 must satisfy the relation 

(a'* - a') cos'a + (a"» - a») cos'^/S + [a"' - a') cos»7 = 0, 

or a" cos* a + a '* co8*/3 -I- a'"* cos* 7 = a'. 

This relation enables us at once to determine the axis of the 
surface which touches any plane, for if we take any point on 
the plane, we know a', a", a" for that point, as also the angles 
which the three normals through the point make with the plane, 
and therefore a* is known. 

189. If the relation of the last article were proved inde- 
pendently, we should, by reversing the steps of the demon- 
stration, obtain a proof without transformation of co-ordinates 
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of the eqaation of the tangent cone (Art. 181). The following 
proof is due to M. Chasles : The quantity 

a* cos'a + a"* cos'^S + a'"* cos'y 

is the sum of the squares of the projections on a perpen- 
dicular to the given plane of the lines a, a", a". We have 
seen (Art. 173) that these are the axes of a surface having 
fx'y'z for its centre and passing through the original centre. 
And it was proved in the same article that three other con- 
jugate diameters of the same surface are the radius vector 
from the centre to xy'z\ together with two lines equal and 
parallel to the axes of the focal ellipse. It was also proved 
(Art. 74) that the sum of the squares of the projections on 
any line of three conjugate diameters of a quadric is equal to 
that of any other three conjugate diameters. It follows then 
that the quantity 

a • cos'a + a"* cos'^S + o'"* cos'y 

is equal to the sum of the squares of the projections on the 
perpendicular from the centre on the given plane, of the radius 
vector, and of two lines equal and parallel to the axes of the 
focal ellipse. The last two lines are constant in magnitude 
and direction, and their projections are therefore constant, while 
the projection of the radius vector is the perpendicular itself 
which is constant if x'y'z' belong to the given plane. It b 
proved then that the quantity 

a" cos'a -f a"» cos»i9 + a'"* cos^y 

is constant while the point x'y'z' moves in a given plane ; and 
it is evident that the constant value is the a* of die surface 
which touches the given plane, since for it we have 

cosa = l, cos^ = 0, cos7 = 0. 

190. The locus of the interaection of three planes mutually at 
right angles^ each of which touches one of three oonfocals is a sphere. 
This is proved as in Art. 89. 
Add together 

p* =a* cos'a +J* coB^^ +c* cos'y, 
/» =a'" cos'a' +J'« cos'iS' +o'« cosV, 
f* = a"* cos»a" + i"« C08*i8" + o"* cosV, 
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when we get p* = a'-f J" + c'+ (a'^- a^ + {ci'^-a^ 

where p is the distance from the centre of the intersection of 
the planes. 

Again, by subtracting one from the other, the two equations 

^*=a* co8*a -f-i' cos* /8+c* cos* 7, p*^=a* co8*a+ J" cos* /8+c'* cos* 7, 

we learn that the difference of the squares of the perpendiculars 
on two parallel tangent planes to two confocals is constant and 
equal a* — a?. 

m 

191. Two cones having a common vertex envelope two con- 
foccls ; to find the length of the intercept made on one of their 
common edges hy a plane through the centre parallel to the tangent 
plane to one of the confocals through the vertex. The intercepts 
made on the four common edges are of course all equal since 
the edges are equally inclined to the plane of section which is 
parallel to a common principal plane of both cones. 

Let there be any two confocal cones 

a? t/^ z' ^ a^ f/' z* ^ 

a* /3* 7* ' a'* /S"* 7'* ' 

then for their intersection, we have 



o^a" 03" - V) ^ff' (y - a") 7V (a* - ^) ' 
and if the common value of these be X*, we have 

a? + y + «« = V («« - /y) (/3" - y) («• - 7'). 

Putting in the values of a*, ^, 7* from tlie equations of the 
tangent cones (Art. 186), and remembering that the a? of the 

plane through the centre is ,^^ „^.. „__ ,„^. (Art. 173), we 

get for the square of the required intercept 

(a'* -a*) (a'* -a'*)' 

I£ then the surfSetces be all of different kinds this value shews 
that the intercept is equal to the perpendicular from the centre 
on the tangent plane at their intersection. 

In the particular case where the two cones considered are 
the cones standing on the focal ellipse, and on the focal hypcr- 

l2 
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bola we have a' = a" — c", a'* = a' — 6*, and the intercept reduces 
to a . Hence, if through any point on an ellipsoid be drawn 
a chord meeting both focal conies^ the intercept on this chord by 
a plane through the centre parallel to the tangent plane at the 
point will be equal to the axis-major of the surface. This 
theorem, due to Prof. Mac Cullagh, is analogous to the theorem 
for plane curves, that a line through the centre parallel to a 
tangent to an ellipse cuts off on the focal radii portions equal 
to the axis-major. 

« 

192. M. Chasles has used the principles just established to 
solve the problem to determine the magnitude and direction of 
the axes of a central quadric being given a system of three 
conjugate diameters. 

Consider first the plane of any two of the conjugate dia- 
meters, and we can by plane geometry determine in magnitude 
and direction the axes of the section by that plane. The 
tangent plane at P, the extremity of the remaining diameter, 
will be parallel to the same plane. Now it was proved 
(Art. 173) that the centre of the given quadric is the point 
of intersection of three confocals, having the point P for their 
centre. If now we could construct the focal conies of this new 
system of confocals, then the two focal cones, whose conmion 
vertex is the centre of the original quadric, determine by their 
mutual intersection four right Imes. The six planes containmg 
these four right lines intersect two by two in the directions of 
the required axes, while (Art. 191) the three tangent planes 
through the point P cut off on these four lines parts equal in 
length to the axes. 

The focal conies required are inmiediately constructed. We 
know the planes in which they lie and the direction of their 
axes. The lengths of their axes are to be a^^d"^, d^-^d'':, 
a* — a'*, 'a^ — a"*. But now the lengths of the axes of the given 
section are cf — a*^ af-^ci*^ (Art 172), and these latter axes 
being known, the axes of the focal conies are immediately found. 

193. If through any point P on a quadric a chord be 
drawn, as in Art. 191, touching two confocals, we can find 
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an expression for the length of that chord. Draw a parallel 
semi-diameter through the centre, the length of which we shall 
call JS. And if through P there be drawn a plane conjugate 
to this diameter, and a tangent plane, they will intercept 
(counting from the centre) portions on the diameter whose 
product =£■. But the portion intercepted by the conjugate 
plane is half the chord required, and the portion intercepted 
by the tangent plane is the intercept found (Art. 191). Hence 

^ 2iyV{(a''-a')(a''-a'^} 

aoc 

When the chord is that which meets the two focal conies; 
K^^d^^V*. a'« = a'"-c'«, and C=^. 

194. To find the locus of the vertices of right cones which 

can envelope a given surface. 

. aj* v" a' 

In order that the equation -7= 7 + -ttt — i + —mi « = 

^ a —or a —a a —or 

may represent a right cone, two of the coefficients must be 

equal; that is to say, a'=^a\ or (i*^a\ or in other words, 

for the point oiriz* the equation of Art. 166 must have two 

equal roots, but from what was proved as to the limits within 

which the roots lie, it is evident that we cannot have equal 

roots except when \ is equal to one of the principal axes, or 

when TSifz' is on one of the focal conies. This agrees with 

what was proved (Art. 144). 

It appears, hence, that the reciprocal of a surface, with 
regard to a point on a focal conic, is a surface of revolution ; 
and that the reciprocal, with regard to an umbilic, is a para- 
boloid of revolution. For an umbilic is a point on a focal 
conic (Art 139), and since it is on the surface the reciprocal 
with regard to it is a paraboloid. 

Another particular case of this theorem is that two right 
cylinders can be circumscribed to a central quadric, the edges 
of the cylinders being parallel to the asymptotes of the focal 
hyperbola. For a cone whose vertex is at infinity is a cylinder. 

As a particular case of the theorem of this article, the cone 
standing on the focal ellipse will be a right cone only when 
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its vertex is on the focal hyperbola and vice verad. This 
theorem of course may be stated without any reference to the 
quadrics of which the two conies are focal conies; that the 
locus of the vertices of right cones which stand on a given conic 
is a conic of opposite species in a perpendicular plane. If the 

equation of one conic be -5 + tj = 1, that of the other will 

It was proved (p. 126) that if a quadric circumscribe a 
surface of revolution, the cone enveloping the former whose 
vertex is a focus of the latter is of revolution. From this 
article then we see that the focal conies of a quadric are the 
locus of the foci of all possible surfaces of revolution which 
can circumscribe that quadric. 

195. The following examples will serve further to illustrate 
the principles which have been laid down : 

Ex. 1. To find the locus of the intersection of generators to a hyper- 
boloid which cuts at right angles. 

The section parallel to the tangent plane which contains the generators 
must be an equilateral hyperbola, so that (Art. 172) (a**- a*) + (a^-a^=0. 
But (Art 169) the square of the radius yector to the point is 

We have, therefore, the locus a sphere, the square of whose radius is equal 
to o^ + ^^ -I- </". Otherwise thus : If two generators are at right angles, 
their plane together with the plane of each and of the normal at the 
point, are a system of three tangent planes to the surfiEtce, mutually at 
right angles, whose intersection lies on the sphere r* = a"* + ft"* + c"" (Art. 89). 

Ex. 2. To find the locus of the intersection of three tangent lines to 
a quadric mutually at right angles (see p. 86). 

Let a, pf 7 be the angles made by one of these tangents with the 
normals through the locus point, and since each of these tangents lies 
on the tangent cone through that point, we haye the conditions 

cos'o co8*/3 cos' 7 
a^-a« a^^-a* flT^-fl' ' 

cos' a' COS*/y cos'*/ 

COS*a" COS'/S" COS'7" 

«'■ - a* «"* - a» a"^ - a« 
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Adding, we ha^e 

+ 1:3— 3+3sr--i = 0. 



a^'C^ oT'-t^ <^-a^ 

Bat i^ - a", a!* -t^^ a^"* - o^ are the three roots of the cubic of Art 166, 
which arranged in terms of X* is 

- X« {(&• + c») «»+((!» + flO y" + («• + *•)«"- W - (!»a« - aV) 

And the sum of the reciprocals of the roots will vanish when the coefficient 
of X' ■ 0. This, therefore, gives us the equation of the locus required. 

Ex. 3. The section of an ellipsoid by the tangent plane to the asymp- 
totic cone of a confocal hyperboloid is of constant area. 

The area (Art 92) is inversely proportional to the perpendicular on 
a parallel tangent plane, and we have 

/j^ = a* cos'a + IF co8'/3 + c* co8"7. 

But since the perpendicidar is an edge of the cone reciprocal to the 
asymptotic cone of the hyperboloid, we have 

= a^ cos'a + 6" cos')8 + &* co8'7, 
whence jf-a^-a^, 

Ex. 4. To find the length of the perpendicular from the centre on the 
polar plane of «y:^ in terms of the axes of the confocals which pass 
through that point. 

Am. If a'^'(^ = k\ a"" - a« = k\ a"^ - a* = /*, 



i ^*!?/l 1 I i i i\ 



196. Two points, one on each of two confocal ellipsoids, 
are said to correspond if 

x_X i_Y z_Z 

It is evident that the intersection of two confocal hyper- 
boloids pierce a system of ellipsoids in corresponding points, 

for from the value (Art. 168) x* = . « _ 7 »w 2 _ ^\ ? ^^ quantity 

-i is constant as long as the hyperboloids, having a'*, a"* for 
axes, are constant. 
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It will be observed that, the principal planes being limits 

of confocal surfaces, points on the principal planes determined 

a;'* X* v'^ y* 
by eqaations of the form —^ = -5 — 5 , ^ = 75 — 5 , Z* = 0, 

correspond to any point xy'z' on a surface, and when x'yz' is 
in the principal plane, the corresponding point is on the focal 
conic. 

197. The points on the plane of xy, which correspond to 
the intersection of an ellipsoid with a series of confocal surfaces, 
form a series of confocal conies, of which the points corre- 
sponding to the umbilics are the common foci. 

Eliminating z^ between the equations 

a? y* z^ ^ 01? y* s? 

we nna ^,^,, + j.^,^ - 1, 

whence the corresponding points are connected by the relation 

This is evidently an ellipse for the intersections with hyper- 
boloids of one sheet, and a hyperbola for the intersections with 
hyperboloids of two. 

The coordinates of the umbilics are 

the points corresponding to which are 

which are therefore the foci of the system of confocal conies. 

Curves on the ellipsoid are sometimes expressed by what 
are called elliptic co-ordinates; that is to say, by an equation 
of the form ^ (a', a") = 0, expressing a relation between the 
axes of the confocal hyperboloids which can be drawn through 
the point. Now since it appears from this article that a is half 
the sum and a" half the difference of the distances of the 
points corresponding to the points of the locus from the points 
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which correspond to the umbiUcs, we can from the equation 
4> {a\ a") = obtain an equation (jyifi + p^ p — p') = 0, from which 
we can form the equation of the xurve on the principal plane 
which corresponds to the given locus. 

198. If the intersection of a sphere and an ellipsoid be pro- 
jected on either plane of circular section by lines parallel to 
the least (or greatest) axis, the projection will be a circle. 

This theorem is only a particular case of the following: 
that ^4f any two quadrics have common circular sections, any 
quadric through their intersection will have the same;" a 
theorem which is evident, since if by making 2; = in U and 
in V the result in each case represents a circle, making z = 
in ZJ-f AF, must also represent a circle. 

It will be useful, however, to investigate this particular 
theorem directly. If we take as axes the axis of y which is 
a line in the plane of circular section and a perpendicular to 
it in that plane, the y will remain unaltered, and the new 
a? = the old a? 4 z*. But by the equation of the plane of 



c« a'^h' . ., , 6« a'-d" 



circular section «* = -5 . ri ? ^^^ ^^^ new a;* = — - . -rz 5 x*. 

a —c ' a b ^c 

But for the intersection of 

f^ — c* J* — c^ 

we have — 3 — s? ^ — ^ o-— y* = r^ — c", 

or 

which, on substituting for o^, 

i« _ c' a* J' — c' 

-j — -^ . T5 a?" becomes — j^ — {a^ -f y") = r' — c'. 

It will be observed that to obtain the projection on the 
planes of circular sections we left y unaltered, and substituted 

7 8 t a 

for a^y -3 — -^ . T5 **. But to obtain the points corresponding 
to any point, as in the last article, we substitute for a:*, -5 — 5 al^^ 
and for y*, ^ — 5 y". Now the squares of the former co-ordinates 

o "~ c 
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have to those of the latter the confitant ratio — ^ — . Hence 

we may immediately infer from the last article that the pro- 
jection of the intersection of two confocal quadrics on a 
plane of circular section of one of them is a conic whose foci 
are the similar projections of the umbilics; and, again, that 
given any curve ^ (a', d') on the ellipsoid we can obtain the 
algebraic equation of the projection of that curve oa the plane 
of circular section. 

199. The distance between two painta^ one on each of two 
confocal ellipeoida is equal to the distance between the two corre^ 
sponding points. 

We have 

Now (Art. 169) 

a:«+y» + «» = a" + i'* + c"S X« + y-f ^ = ^'-f 5'^-f 0"*. 
But for the corresponding points 

The sum of the squares therefore of the central radii to the 
two points is the same as that for the two corresponding points. 
But the quantities xX^ yY^ zZ are evidently respectively equal 

to aj'X', y r, z'Z\ since X' = ^ , oj' = ^ , &c. The theorem 

of this article, due to Sir J. Ivory, is of use in the theory of 
attractions. 

200. In order to obtain a property of quadrics analogous 
to the property of conies that the sum of the focal distances 
is constant, Jacob! states the latter property as follows: Take 
the two points G and C on the ellipse at the extremity of the 
axis-major, then the same relation p + p' = 2a which connects 
the distances from C and G* of any point on the line joining 
these points, connects also the distances from the foci of any 
point on the ellipse. Now, in like manner, if we take on the 
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principal section of an ellipsoid the three points which corre- 
^nd in the sense explained (Art. 196) to any three points 
<»i the focal ellipse, the same relation which connects the dis- 
tances from the former points of any point in their plane will 
also connect the distances from the latter points of any point 
on the surface. In fact, by Art. 198, the distances of the 
points on the confocal conic from a point on the surface will 
be equal to the distances of the point on the principal plane 
which corresponds to the point on the surface, from the three 
points in the principal section.* 

201. Conversely, let it be required to find the locus of 
a point whose distances from three fixed points arc connected 
by the same relation as that which connects the distances from 
the vertices of a triangle, whose sides are a, 5, c, to any point 
in its plane. Let p, p', p" be the three distances, then (Art. 50) 
the relation which connects them is 

«'(p"-p'')(p"-p"") + J"(p'--p')(p"-n + o>--.p")(p--p-) 

_a*(6*+c''-a'')p''-J»(c»+a«-y)f''"-c'(a'+&"-c»)p"«+a»iV=0. 

But f>" — f>'*, &c. being only functions of the co-ordinates of 
the first degree, the locus is manifestly only of the second 
degree. 

That any of the points from which the distances are 
measured is a focus is proved by shewing that this equation 



* Mr. Townsend has shewed from geometrical considerations ( OambrtdgB 
and Dublin Mathematical Journal, Vol. III., p. 1 54) that this property only 
belongs to points on the modular focal conies, and in fact the points in the 
plane y which correspond to any point a/y'z' on an ellipsoid are imaginary 
as easily appears from the formula of Art. 196. Mr. Townsend easily 
derives Jacobi's mode of generation from Mac Cullagh's modular property. 
For if through any point on the surface we draw a plane parallel to a 
circular section, it will cut the directrices corresponding to the three 
fixed foci in a triangle of invariable magnitude and fig^ure, and the distances 
of the point on the surface from the three foci will be in a constant 
ratio to its distances from the vertices of this triangle. And a similar 
triangle can be formed with its sides increased or diminished in a fixed 
ratio, the distances from the vertices of which to the point x't/^ shall be 
equal to its distances from the foci. 
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is of the form 8-\- LM^ where 8 is the Infinitely small sphere 
whose centre is this point. In other words, it is required to 
prove that the result of making p' = in the preceding equation 
is the product of two equations of the first degree. But that 
result is 

Let now the planes represented by p'* — p* — c", p'^ — p^ — b* be 
L and M^ then the result of making p' = in the equation is 

a'iilf + [VL - c^M) [L - M), 

or J'i"-2Jci3fcos^ + c"Jfcr, , 

where A is the angle opposite a in the triangle ahc. But this 
breaks up into two imaginary factors, shewing that the point 
we are discussing is a focus of the modular kind. 

202. If several parallel tangent planes touch a series of 
con/bcalsj the locus of their points of contact is a hyperbola. 

Let a, /3, 7 be the direction-angles of the perpendicular on 

the tangent planes. Then the direction-cosines of the radius 

. , ^ , , a' cosa V cos^ c* CO87 

vector to any pomt of contact are , , ; 

^ r rp rp ^ rp ^ 

as easily appears by substituting in the formula (Art. 85) 

cosa='^ , r cosa' for x and solving for cosa'. Forming then 
a 

by Art. 15, the direction-cosines of the perpendicular to the 

plane of the radius vector and the perpendicular on the tangent 

plane, we find them to be 

(J* — c*) cos^ CO87 (c* — a') COS7 cosa (a* — J*) cosa cos)9 
rp sin^ ' rp sin^ ' rp sin^ ' 

where ^ is the angle between the radius vector and the per- 
pendicular. Now the denominator is double the area of the 
triangle of which the radius vector and perpendicular are sides. 
Double the projections, therefore, of this triangle on the co- 
ordinate planes are 

(J* — c*) cos^ cos 7, (c* — a*) C0S7 cosa, (a" — i") cosa cos)3. 

Now these projections being constant for a system of confocal 
surfaces, we learn that for such a system, both the plane of 
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the triangle and its magnitude is constant. If then CM be 
the perpendicular on the series of parallel tangent planes and 
PM the perpendicular on that line from any point of contact 
P, we have proved that the plane and the magnitude of the 
triangle CPM are constant, and therefore the locus of P is a 
hyperbola of which CM is an asymptote. 

203. The reciprocal of a system of confocal surfaces 

a? j^ ^^ _ 1 

is the system of concyclic surfaces 

Now Uie latter equation denotes a system of quadrics passing 
through a common curve, one quadric of the system being 
the point sphere a;' + y'' + «* = 0. The reciprocal system is 
therefore inscribed in a common developable. Many of the 
properties proved in this chapter for confocal surfaces can be 
derived as particular cases of properties of surfaces inscribed 
in a common developable. Compare Arts. 132, 170, and 
Arts. 122, 175.* 

Since the tangent cone from any point on a focal conic is 
one of revolution ; that is to say, one which has double contact 
with the imaginary circle at infinity (Art. 135), it follows that 
through any point on a focal conic can be drawn two imaginary 
planes which will touch every confocal surface, and we thus 
see geometrically the existence of this developable, the tangent 
planes to which touch all the confocals. And we can also 
see that it is the same as the developable generated by the 
tangent planes to the surface which pass through the tangents 
to the imaginary circle at infinity. The actual equation of 
the developable is obtained by forming the discriminant with 
regard to X* of the equation of the confocals. The imaginary 
circle at infinity and the focal conies are all double lines on 
this surface. 



* See ako Chaslea' Hist, Geom,, p. 397, and Quarterly/ Journal of 
MaihemaHe$t Vol. ill., p. 165. 
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204. The general theory of the curvature of surfaces will 
be explained in Chap, x., but it will be convenient to state 
here some theorems on the curvature of quadrics which are 
immediately connected with the subject of this chapter. 

If a normal section he made at any point on a quadric its 

radius of curvature at that point is equal to — , where fi is the 

semi-diameter parallel to the trace of the section on the tangent 
plancj and p is the perpendicular from the centre on the tangent 
plane. 

We repeat the following proof by the method of infini- 
tesimals from Conicsy p. 296, which see. 

Let P, Q be any two points on a quadric; let a plane 
through Q parallel to the tangent plane at P meet the central 
radius CP in Rj and the normal at P in S^ then the radius 
of a circle through the points P, Q having its centre on P8 

is ^na' But if the point Q approach indefinitely near to P, 

QP is in the limit equal to QB] and if we denote CP and 
the central radius parallel to QR by a! and ^, and if P be 
the other extremity of the diameter CP, then (Art. 70) 

^la'^ii QR" : PR.RF (=2a'.Pii) ; 

therefore QR^ = — ^7 — and the radius of curvature = -7 . -^^ . 

a a Jra 

But if from the centre we let fall a perpendicular CM on the 
tangent plane, the right-angled triangle CMP is similar to 
PR8 and PR : PS i: a' : p. And the radius of curvature is 

therefore —. — = — ; which was to be proved. 
a p p ^ '^ 

If the circle through PQ have its centre not on PS but on 

any line PS' making an angle with PS^ the only change 

PQ* 
is that the radius of the circle is ^^or j S' being still on the 

plane drawn through Q parallel to the tangent plane at P. 
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But P8 evidently =P/ff' COB (?. The radius of curvature is 

therefore TTp^ c6Sw4, or the value for the radius of curvature 

cf an oblique section is the radius of curvature of the normal 
section through PQj multiplied by cos 9. 

205. These theorems may also easily be proved analytically. 
It is proved [Conies^ p. 206) that if Aa?-\-^Bxy-\ Ct/* + 2JEy = 
be the equation of any conic, the radius of curvature at the 

origin is = -^ . If then the equation of any quadric, the plane 

of ay being a tangent plane, be 

then the radii of curvature by the sections y = 0, x = are 

E E 
respectively -T) 77- -^^^ ^ *^® equation be transformed to 

parallel axes through the centre, the terms of highest degree 
remwx unaltered, and the equation becomes 

Aa? + 2Bxy-\Cy*->t2Lxz-\-2MyZ'{'Nz''=^H. 
The squares of the intercepts on the axis of x and y are "t ? 77 • 

Thb proves that the radii of curvature are proportional to the 
squares of the parallel semi-diameters of a central section. And 
since, by the theory of conies, the radius of curvature of that 
section which contains the perpendicular on the tangent plane 

is — , the same is the form of the radius of every other section. 

The same may be proved by using the equation of the 
quadric transformed to any normal and the normals to two 
confocals as axes (Art. 183), viz. 

g* . y , g* 2p'xy 2fxz , 2a; ^ 

y "^ ^^^ ■*■ a^'-d'^ p (a-- a"*) a^-a"^ '^ p 

The radii of curvature of the sections by the planes « = 0, y = 



a ^a a —a 



are respectively , . The numerators are the 

squares of the semi-axes of the section by a plane parallel to 
the tangent plane (Art. 172). The equation of the section 
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made by a plane making an angle with the plane of y is 

found by first turning the axes of co-ordinates round through 

an angle by substituting y cos^ — a sin^, y 8in^ + « cos^ for 

y and z^ and then making the new z=^0. The coefficient of 

y" will then become 

cos' sin* 

a ^a a —a 
and the radius of curvature is 

cos"^ sin*^ 



1 / cos'g sm'^ \ 
p \a —a a ^a / 



But this coefficient of y* is evidently the square of that semi- 
diameter of the central section, which makes an angle with 
the axis y, 

206. It follows from the theorem enunciated in Art. 204, 
that at any point on a central quadric the radius of curvature 
of a normal section has a maximum and minimum valuSy the 
directions of the section for these values being parallel to the 
aads-major and axis-minor of the central section by a plane 
parallel to the tangent plane. 

These maximum and minimum values are called the prin- 
cipal radii of curvature for that point, and the sections to 
which they belong are called the principal sections. It appears 
from (Art. 171) that the principal sections contain each the 
normal to one of the confocals through the point. The inter- 
section of a quadric with a confocal is a curve such that at 
every point of it the tangent to the curve is one of the prin- 
cipal directions of curvature. Such a curve is called a line 
of curvature on the surface. 

In the case of the hyperboloid of one sheet the central 
section is a hyperbola, and the sections whose traces on the 
tangent plane are parallel to the asymptotes of that hyperbola 
will have their radii of curvature infinite ; that is to say, they 
will be right lines, as we know already. In passing through 
one of those sections the radius of curvature changes sign ; that 
is to say, the direction of the convexity of sections on one 
side of one of those lines is opposite to that of those on the 
other. 
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207. The tt€0 principal centres of curvature are the two 
pclee of the tangent plane with regard to the two cxmfocal surfaces 
which pass through the point of contact. For these poles lie 
on the normal to that plane (Art. 175), and at distances from 

^i 1 ^« lit 

it = and (Art. 176), but these have been just 

proved to be the lengths of the principal radii of curvatTU*e. 

We can also hence find, by Art. 176, the co-ordinates of 
the centres of the two principal circles of curvature, viz. 

_aV _JY _cV __a"V _^Vy _c"V 

^■""?"» y- y » ^""?"5 ^--^» y-iT' ^""?"* 

208. If at each point of a quadric we take the two prin- 
cipal centres of curvature, the locus of all these centres is a 
surface of two sheets which is called the surface of centres. 
To find its equation, we observe that the co-ordinates x\ y\ «' 
satisfy the equations 

= 0. 



a« + 6« + c* ^» 


aj" y"* z" 



Sobstitating for x' in terms of x by the help of the last 
article, and writing for a'", a" — A*, &c., we obtain the follow- 
ing two equations: 

aV by cV 

(a«-Ay "^ (y- A7 "^ (c'-A7 " ' 

gV ay cV _ ^ 

(a'* - hy "^ (6* - **)• "*■ (c* - *»)• " 

These equations express that all the centres which correspond 
to points on a line of curvature on the given surface, for which 
h is constant, lie on the intersection of two quadrics. If we 
eliminate V between these two equations, we get the equation 
of the surface of centres. I have performed this elimina- 
tion and given the result, Quarterly Journal of Mathematics^ 
Vol. III., p. 218.* The surface is one of the twelfth degree. 



* It may be worth while to state the process by which the elimination 
was effected : 

M 
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209. We can see h priori the nature of the section of the 
surface by the principal planes. In fact, one of the principal 
radii of curvature at any point on a principal section is the 
radius of curvature of the section itself, and the locus of the 
centres corresponding is evidently the evolute of that section. 
The other radius of curvature corresponding to any point in 

the section by the plane of a:;^ is — , as appears from the for- 
mula of Art. 204, since c is an axis in every section drawn 
through the axis of z. From the formulsB of Art. 207 the 

a^ — i^ b*-c* 
co-ordinates of the corresponding centre are — 5 — a?', —75 — y'] 

that is to say, they are the poles with regard to the focal 
conic of the tangent at the point x'y' to the principal section. 
The locus of the centres will be the reciprocal of the principal 
section, taken with regard to the focal conic, viz. 



aV 



J ^ s= 1 



(a*-.c")»^(i--c7 

The section then by a principal plane of the surface (which is 
of the twelfth degree) consists of the evolute of a conic, which 
is of the sixth degree, and of a conic (it will be found) 
three times over, this conic being a double line on the surface. 
The section by the plane at infinity is also of a similar nature. 



Substitute in the co-ordinates of the centre of curvature (Art 207) the 
values for x^, y'^, ^ (Art 168), and vre have 

aV (a« - ft«) (a* - c«) = a'*a'^, ft«y« (h* - a«) (6« - c») = b'^b"*, 

c»«« (c» - a«) (c« - 6«) = <<»c-*. 

Now if we write of* ^ a^ ~ h*, a'^ = a* - ^, the first equation may be thrown 
into the form 

a«;t«(a« - y) (a« - c») = a* - Pa" ^ Qa* - EaU S, 

while the right-hand sides of the other two equations are got by writing 
b* and c*, in turn, instead of a* in this last equation. We thus get three 
linear relations between P, Q, JB, 8. But further, since these quantities 
are coefficients of a biquadratic equation which has three roots equal, 
those coefficients are connected by two relations, one of the second, the 
other of the third degree. The elimination is thus reduced to elimination 
between a cubic and a quadratic equation, which is practicable. 
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210. Hie reciprocal of the surface of centres is a smface 
of the fourth decree. 

It will appear from the general theory of the curvature of 
surfaces, to be explained in the next chapter, that the tangent 
plane to either of the confocal surfaces through xy'z is also a 
tangent plane to the surface of centres. The reciprocals of the 
intercepts which the tangent plane makes on the axes are given 
by the equation 

x' y y z 

The relation 



f-^, ^-j7i, f-^l- 



^'^ */« tm'^ 



aa cc 
gives between {, 17, ^ the relation 

and the relation 

rvt'l' -,/« «'^ 

—+^+-=1 

gives (a»f» + 5V + cT - 1) = (a» - a") {e + v' + ?')• 
Eliminating a' — a**, we have 

(r'+'7''+n"=(5+p+7.)(«T+iv+cr-i).* 

But it is evident (as at Higher Plane Curves^ p. 14) that f , 77, f 
may be imderstood to be co-ordinates of the reciprocal surface ; 
since, if f , 1;, f be the co-ordinates of the pole of the tangent 
plane with regard to the sphere a:'* + y' + 2* = 1 , the equation 
ojf + yiy + «?= 1 being identical with that of the tangent plane, 
f > 1;, ? will be also the reciprocals of the intercepts made by 
the tangent plane on the axis. 



* This equation was first given, as far as I am aware, by Dr. Booth, 
Tanff€ntial QhordinateSt Dublin, 1840. 
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CHAPTER IX. 



CONES AND SPHERO-CONICS. 



211. If a cone of any degree be cut by any sphere, whose 
centre is the vertex of the cone, the curve of section will 
evidently be such that the angle between two edges of the cone 
is measured by the arc joining the two corresponding points 
on the sphere. When the cone is of the second degree, the 
curve of section is called a sphero-conic. By stating many of 
the properties of cones of the second degree as properties of 
sphero-conics, the analogy between them and corresponding 
properties of conies becomes more striking.* 

Strictly speaking, the intersection of a sphere with a cone 
of the n"* degree is a curve of the 2n** degree : but when the 
cone is concentric with the sphere, the curve of intersection 
may be divided, in an infinity of ways, into two symmetrical 
and equal portions, either of which may be regarded as analo- 
gous to a plane curve of the n*^ degree. For if we consider 
the points of the curve of intersection which lie in any hemi- 
sphere, the points diametrically opposite evidently trace out 
a perfectly symmetrical curve in the opposite hemisphere. 

Thus then a sphero-conic may .be regarded as analogous 
either to an ellipse or to a hyperbola. A cone of the second 
degree evidently intersects a concentric sphere in two similar 
closed curves diametrically opposite to each other. One of 
the principal planes of the cone meets neither curve, and if we 
look at either of the hemispheres into which this plane divides 



* See M. Chasles'B Memoir on Sphero- conies (published in the Sixth 
Volume of the TranMciions of the Boyal Academy of Brttueh, and trans- 
lated by Professor Graves, Dublin, 1837), from which the enunciations of 
many of the theorems in this chapter are taken. 
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the sphere, we see a closed curve analogous to an ellipse. But 
if we look at one of the hemispheres into which the sphere 
is divided by a principal plane meeting both the opposite 
curves, we see a curve consisting of two opposite branches 
like a hyperbola. 

The curve of intersection of any quadric with a concentric 
sphere b evidently a sphero-conic. 

212. The properties of spherical curves have been studied 
by means of systems of spherical co-ordinates formed on the 
model of Cartesian co-ordinates. Choose for axes of co-ordi- 
nates any two great circles OX^ OY intersecting at right 
angles, and on them let fall perpendiculars PMj FN from any 
point on the sphere P. These perpendiculars are not, as in 
plane co-ordinates, equal to the opposite sides of the quad- 
rilateral OMPN] and therefore it would seem that there is 
a certain latitude admissible in our selection of spherical co- 
ordinates, according as we choose for co-ordinates the per- 
pendiculars PM^ PNj or the intercepts OMy ON which Aey 
make on the axes. 

M. Gudermann of Cleves has chosen for co-ordinates the 
tangents of the intercepts OMy ON (see Crelle's Journal^ 
Vol. VI., p. 240), and the reader will find an elaborate discussion 
of this system of co-ordinates in the appendix to Dr. Graves's 
translation of Chasles's Memoir on Sphero-conics. It is easy 
to see however that if we draw a tangent plane to the sphere 
at the point 0, and if the lines joining the centre to the points 
if J Ny P, meet that plane in points rn^ny p\ then Om^ On will 
be the Cartesian co-ordinates of the point p. But Om^ On 
are the tangents of the arcs OM^ ON, Hence the equation 
of a spherical curve in Gudermann's system of co-ordinates 
is in reality nothing but the ordinary equation of the plane 
curve in which the cone joining the spherical curve to the 
centre of the sphere is met by the tangent plane at the 
point 0. 

So again, if we choose for co-ordinates the sines of the per- 
pendiculars PMy PNj it is easy to see in like manner that the 
equation of a spherical curve in such co-ordinates is only the 
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equation of the orthogonal projection of that curre on a plane 
parallel to the tangent plane at the point 0. 

It seemfly however, to us that the properties of spherical 
curves are obtained more simply and directly from the equa- 
tions of the cones which join them to the centre, than from 
the equations of any of the plane curves into which they can 
be projected. 

213. Let the co-ordinates of any point P on the sphere be 
substituted in the equation of any plane passing through the 
centre (which we take for origin of co-ordinates), and meeting 
the sphere in a great circle AB^ the result will be the length 
of the perpendicular from P on that plane; which is the sine 
of the spherical arc let fall perpendicular from P on the great 
circle AB, By the help of this principle the equations of 
cones are interpreted so as to yield properties of spherical 
curves in a manner precisely corresponding to that used in 
interpreting the equations of plane curves. 

Thus, let a, iS be the equations of any two planes through 
the centre, which may also be regarded as the equations of the 
great circles in which they meet the sphere, then (as at Ccnics^ 
p. 52) a — k/S denotes a great circle such that the sine of the 
perpendicular arc from any point of it on a is in a constant 
ratio to the sine of the perpendicular on fi; that is to say, 
a great circle dividing the angle between a and jS into parts 
whose sines are in the same ratio. 

Thus, again, a — k/Sj a - k'/3 denote arcs forming with a 

k 
and 13 a pencil whose anharmonic ratio is p. And a^kfij 

a^k^ denote arcs forming with a, ^8 a harmonic pencU. 

It may be noted here that if A' be the middle point of 
an arc AB^ then B\ the fourth harmonic to A\ A and B^ is 
a point distant from A' by 90*". For if we join these points 
to the centre (7, CA is the internal bisector of the angle A CB^ 
and therefore CB' must be the external bisector. Converselyi 
if two corresponding points of a harmonic system are distant 
from each other by 90'', each is equidistant from the other two 
points of the system. 
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It is convenient also to mention here that if oiyz* be the 
co-ordinates of any point on the sphere, then xx' ■¥ yy' + zz' 
denotes the great circle having x'y'z' for its pole. It is in 
fact the equation of the plane perpendicular to the line joining 
the centre to the point x'y'z'. 

214, We can now immediately apply to spherical triangles 
the methods used for plane triangles ( Conies^ p. 54, &c.). Thus 
if a, )8, 7 denote the three sides, then, as in plane triangles, 
ta^m/S^ny denote three lines meeting in a point, one of 
which passes through each of the vertices : while 

mjS + n7 — fa, W7 -f fot — mjSy la + m/S -- ny 

are the sides of the triangle formed by connecting the points 
where each of these joining lines meets the opposite sides of 
the given triangle ; and la + ml3 + ny passes through the inter- 
sections of corresponding sides of this new triangle and of the 
given triangle. 

The equations a = /3 = y evidently represent the three bi- 
sectors of the angles of the triangle. And if A^ B^ C be the 
angles of the triangle, it is easily proved that as in plane 
triangles a cos-4 = ^ cosjB = y cosC denote the three per- 
pendiculars. It remains true, as at Conies^ p. 54, that if the 
perpendiculars from the vertices of one triangle on the sides 
of another meet in a point, so will the perpendiculars from the 
vertices of the second on the sides of the first. 

The three bisectors of sides are a sin-4=)8 sin5=7 sin(7. 
The arc a sin -4 4-^9 sin jB -I- 7 sin (7 passes through the three 
points where each side is met by the arc joining the middle 
points of the other two; or, again, it passes through the 
point on each side 90'' distant from its middle point, for 
asin^i^sin^ meet 7 in two points which are harmonic 
conjugates with the points in which a, ft meet them, and since 
one is the middle point the other must be 90° distant from it 
(Art. 213). 

It follows from what has been just said that the point 
where a sin -4 + ^ sin 5 +7 sin (7 meets any side is the pole 
of the great circle perpendicular to that side, and passing 
through its middle point, and hence that the int^ection of 
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the three such perpendiculars; that is to say, the centre of 
the circumscribing circle is the pole of the great circle 
PL Bin A -^ 13 BinB + y sinC, 

215. The condition that two great circles ax •{• by + ce^ 
a'x + Vi/ + c'z should be perpendicular is manifestly 

aa + bb' + cc' = 0. 

The condition that aa-\-bl3 + cyy a'a + V/S + c'y should be per- 
pendicular is easily found from this by substituting for a, jSy y 
their expressions in terms of Xy y^ z. The result is exactly the 
same as for the corresponding case in the plane, viz. 

aa'+iJ'4-cc'-(ic'+i'c) cos -4 -(ca'+c'a) cos5-(a5'+ia') cosC=0. 

In like manner the sine of the arc perpendicular to aa-^bjS + cyj 
and passing through a given point is found by substituting the 
co-ordinates of that point in aa + i^S + cyy and dividing by the 
square root of 

a* + i" + c' — 2bc coaA — 2ca cos-B— 2ai cosC 

216. Passing now to equations of the second degree, we 
may consider the equation 07 = m/S* either as denoting a cone 
having a and 7 for tangent planes, while fi passes through 
the edges of contact, or as denoting a sphero-conic, having 
a and 7 for tangents, and fi for their arc of contact. The 
equation plainly asserts that the product of the sines of per- 
pendiculars from any point of a sphero-conic on two of its 
tangents is in a constant ratio to the square of the sine of the 
perpendicular from the same point on the arc of contact. 

In like manner the equation ay = k/38 asserts (see Conies j 
p. 215) that the product of the sines of the perpendiculars 
from any point of a sphero-conic on two sides of an inscribed 
quadrilateral is in a constant ratio to the product of sines of 
perpendiculars on the other two sides. And from this pro- 
perty again may be deduced, precisely as at Conies^ p. 216, 
that the anharmonic ratio of the four arcs joining four fixed 
points on a sphero-conic to any other point on the curve is 
coostaut. In like manner almost all the proofs of theorems 



CONES AND SPHEBO-CONICS. 169 

respectmg plane conies (given Conies^ chaps. xiY., XV.) applj 
eqoallj to sphero-conlcs. 

217. H Oj 13 represent the planes of circular section (or 
cyclic planes) of a cone, the equation of the cone is of the 
form a? + t^ + s/'s=Jeafi (Art. 99), which interpreted, as in the 
last article, shews that the product of the sines of perpen- 
diculars from any point of a sphero-conic on the two cyclic 
arcs is constant. Or, again, that, ^^ Given the base of a spherical 
triangle and the product of cosines of sides, the locus of vertex 
is a sphero-conic, the cyclic arcs of which are the great circles 
having for their poles the extremities of the given base." The 
form of the equation shews that the cyclic arcs of sphero-conics 
are analogous to the asymptotes of plane conies. 

Every property of a sphero-conic can be doubled by con- 
sidering the sphero-conic formed by the cone reciprocal to 
the given one. Thus (Art. 141) it was proved that the cyclic 
planes of one cone are perpendicular to the focal lines of the 
reciprocal cone. K then the points in which the focal lines 
meet the sphere be called the foci of the sphero-conic, the 
property established in this article proves that the product 
of the sines of the perpendiculars let fall from the two foci 
on any tangent to a sphero-conic is constant. 

218. If any great circle meet a sphero-conic in two points 
P, Q^ and the cyclic arcs in points Ay jB, then AP= BQ, 

This is deduced from the property of the last article in 
the same way as the corresponding property of the plane 
hyperbola is proved. The ratio of the sines of the perpen- 
diculars from P and Q on a is equal to the ratio of the sines 
of perpendiculars from Q and P on ^. But the sines of 
the perpendiculars from P and Q on a are in the ratio 
%\nAPi AnAQy and therefore we have 

sin-4P: AaAQ :: %mBQ : sinPP, 

whence it may easily be inferred that AP^ BQ. 

Reciprocally, the two tangents from any point to a sphero- 
conic make equal angles with the arcs joining that point to 
the two fod. 
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219. As a particular case of the theorem of Art. 218 
we learn that the portion of any tangent to a sphero-^onic 
intercepted between the two cyclic arcs is bisected at the chord 
of contact. This theorem may also be obtained by the method 
of infinitesimals from that of Art 217 ; or it may be obtained 
directly from the equation of a tangent, viz. 

2 {xx' + yy' + zz') = k {a'l3 4- a/S'). 

The form of this equation shews that the tangent at any point 
is constructed by joining that point to the intersection of its 
polar {xx +yy' + zz\ see Art. 213) with aj3-\-l3a' which is the 
fourth harmonic to the cyclic arcs a, jSj and the line joining 
the given point to their intersection. Since then the given 
point is 90** distant from its harmonic conjugate in respect of 
the two points where the tangent at that point meets the 
cyclic arcs, it is equidistant from these points (Art. 213). 

BeciprocaUy, the lines joining any point on a sphero-conic 
to the two foci make equal angles with the tangent at that 
point. 

220. From the fact that the intercept by the cyclic arcs 
on any tangent is bisected at the point of contact, it may at 
once be inferred by the method of infinitesimals (see Conies^ 
p. 294) that every tangent to a sphero-conic forms toith the cyclic 
arcs a triangle of constant area^ or a triangle the sum of whose 
base angles is constant. This may also be inferred trigono- 
metrically from the fact that the product of sines of perpen- 
diculars on the cyclic arcs is constant. For if we call the 
intercept of the tangent c, and the angles it makes with the 
cyclic arcs A and B^ the sines of the perpendiculars on a 
and /8 are respectively sin^c sin^, sin^ sin^. But consider- 
ing the triangle of which c is the base and A and B the base 
angles, then by spherical trigonometry, 

sin'^c sin-4 sin-B=— cos/ff cos(iS- (7). 

But C is given, therefore 8^ the half sum of the. angles, is given. 

BeciprocaUy, the sum of the arcs joining the two foci to 

any point on a sphero-conic is constant. Or the same may be 

deduced by the method of infinitesimals (see Conies^ p. 297) 
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from the theorem that the focal radii make equal angles with 
the tangent at any point.* 

221. Conversely, again, we can find the locus of a point 
on a sphere, such that the sum of its distances from two 
fixed points on the sphere may be constant. The equation 
cos(/>-f /:>') = cosa may be written 

cos"p + cos*p' — 2 cosp cosp cosa = sin' a. 

If then a and fi denote the planes which are the polars of 
the two given points, since we have a = co8p, the equation 
of the locus b 

a" + /S" - 2al3 cosa = sln^a (a?" + y* + «*). 

In order to prove that the planes a and /3 are perpendicular 
to focal lines of this cone, it is only necessary to shew that 
sections parallel to either plane have a focus on the line per- 
pendicular to it. Thus let a', a" be two pianos perpendicular 
to each other and to a, and therefore passing through the 
line which we want to prove a focal line. Then since 

aj» + y» + «« = a»-|-a" + a"», 

the equation of the locus becomes 

sin»a (a'" + a") = (y3 - a cosa)«. 

If then this locus be cut by any plane parallel to a, a** -I- a"* 
is the square of the distance of a point on the section from 
the intersection of a'a", and we see that this distance is in a 
constant ratio to the distance from the line in which /8 — a cosa 



* Here again vre can see that a sphero-conic may be regarded either 
as an ellipse or hyperbola. The focal lines each evidently meet the sphere 
in two diametricidly opposite points. If we choose for foci two points 
within one of the closed curves in which the cone meets the sphere, then 
the wm of the focal distances is constant. But if we substitute for 
one of the focal distances FP, the focal distance from the diametrically 
opposite point, then since F'F = 180° - FP, we should have the difference 
of the focal distances constant. 

In like manner we may say that a variable tangent makes with the 
cyclic arcs angles whose difference is constant, if we substitute its supple- 
ment for one of the angles at the beginning of this article. 
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is cut by the same plane. This line is therefore the directrix 
of the section, the point a'a" being the focus. 

We see thus also that the general equation of a cone having 
the line xy for a focal line b of the form a^ + y* = [ax + iy + czf] 
whence again it follows that the sine of the distance of any point 
on a sphero-conic from a focus is in a constant ratio to the sine 
of the distance of the same point from a certain directrix arc, 

222. Any tvoo variable tangents meet the cyclic arcs in four 
points which lie on a circle. For if Z, Jf be two tangents 
and B the chord of contact, the equation of the sphero-conic 
may be written in the form LM^B^\ but this must be iden- 
tical with a^ = a^4-y* + «*. Hence afi—.LM is identical with 
a?-\'j/^-\'Z* — B?. The latter quantity represents a small circlci 
having the same pole as J?, and the form of the other shews that 
that circle circumscribes the quadrilateral (xfiLM. 

Beciprocally, the focal radii to any two points on a sphero- 
conic form a spherical quadrilateral in which a small circle can 
be inscribed. From this property again may be deduced the 
theorem that the sum or difference of the focal radii is con- 
stant, since the difference or sum of two opposite sides of such 
a quadrilateral is equal to the difference or sum of the re- 
maining two. 

223. From the properties just proved for cones can be 
deduced properties of quadrics in general. Thus iJie product 
of the sines of the angles that any generator of a hyperbohid 
makes vnth the planes of circular section is constant, -For the 
generator is parallel to an edge of the asymptotic cone whose 
circular sections are the same as those of the surface. Again, 
since the focal lines of the asymptotic cone are the asymptotes 
of the focal hyperbola, it follows from Art. 220 that the sum 
or difference is constant of the angles which any generator of 
a hyperboloid makes with the asymptotes to the focal hyper- 
bola. Again, given one cuds of a central section of a quadric^ 
the sum (yr difference is given of the angles which its plane 
makes with the planes of circular section. For (Art. 98) given 
one axis of a central section its plane touches a cone concyclcc 



CONES AND SPHERO-CONICS. 



173 



with the given quadric, and therefore the present theorem 
follows at once from Art. 220. 

We get an expression for the sum or difference of the angles, 
in terms of the given axis, by considering the principal sec- 
tion containing tlie greatest and least axes of the quadric. 
We obtain the cyclic planes by inflecting in that section 
semi-diameters OB^ OB' each = h. 
Then the planes containing these 
lines and perpendicular to the 
plane of the figure are the cyclic 
planes. Now if we draw any 
semi-diameter a making an angle 
a with 0(7, we have 

1 _ cos* a 




sin' a 



a 



a 



But a' is obviously an axis of the section which passes 
through it and is perpendicular to the plane of the figure, 
and (if a! be greater than h) a is evidently half the sum of 
the angles BOA\ B'OA' which the plane of the section makes 
with the cyclic planes. If a be less than (, OA falls between 
05, 0B\ and a is half the difference of BOA\ B'OA. But 
this sum or difference is the same for all sections having the 
same axis. Hence, if a , h' be the axes of any central section, 
making angles 0, ff with the cyclic planes, we have 

1 _ co9'|(g-g^) sinHt^-g^) 
V^ ? "*" ? ' 

1 C08'^(g + g^) sinH(g + g^) 

Z.'s — ^« ■^" _« • 



a 



Subtracting, we have 



i^"Z« = (?"?)''''^'"'^' 



or, the difference cf ike squares of the reciprocals of the aoces of 
a centred section is proportional to the product of the sines of 
the angles it makes with the cyclic planes. 

224. We saw (Art 218) that given two sphero-conics 
having the same cyclic arcs, the intercept made by the outer 
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on any tangent to the inner is bisected at the point of contact ; 
and hence, by the method of infinitesimals, that tangent cuts 
off from the outer a segment of constant area {Conies^ p. 294). 

Again, if two sphero-conics have the same foci, and if 
tangents be drawn to the inner from any point on the outer, 
these tangents are equally inclined to the tangent to the outer 
at that point. Hence, by infinitesimals, (see Cantcsj p. 297) 
the excess of the sum of the two tangents over the included 
arc of the inner conic is constant. This theorem is the reci- 
procal of the first theorem of this article, and it is so that 
it was obtained by Dr. Graves (see his translation of Chasles's 
Memoir, p. 77). 

225. To find ike locus of the intersection of two tangents to 
a sphero-Hionic which cut at right angles. This is in other words 
to find the cone generated by the intersection of two rect- 

the direction-angles of the perpendiculars to the two tangent 
planes be a'yS'y', a"l3'Y] then they fulfil the relations 

A cos*a'+5cos")8'+CcosV=0, A cos'a"+5cos*)8"+(7cosV=0. 

But if a, )8, 7 be the direction-cosines of the line perpendicular 
to both, we have cos*a = l — cos*a' — cos*a", &c. Therefore 
adding the two preceding equations, we have for the equation 
of the locus, 

^ai» + 5/+C«" = (^ + 5+C)(aj'+/ + A 
a cone concyclic with the reciprocal of the given cone. Reci- 
procally, the envelope of a chord 90* in length is a sphero- 
conic, confocal with the reciprocal of the given cone. 

226. To find the locus of the foot of the perpendicular from 
the focus of a sphero-conic on the tangent. The work of this 
question is precisely the same as that of the corresponding 
problem in plane conies, and the only difference is in the inter- 
pretation of the result. Let the equation of the sphero-conic 
(Art. 221) be a5*+y* = <" where t = Qx-\'hy-\-cz^ then the equa- 
tion of the tangent b 
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and of a perpendicular to it through the point ocy is 

[pi - ai) y-{y'- hi) aj = 0. 

Solving for x\ y\ and ( from these two equations, and sub- 
stituting in a;'' + y'* = f'*, we get for the locus required, 

(a^ + /) {(a' + J''- 1) («» + /) + 2c«(aa; + iy) + cV}=0. 

The quantity within the brackets denotes a cone whose circular 
sections are parallel to the plane z. 

227. It was proved (Art. 214) that the relation 

a sin-4 + /8 sinjB+7 sinC=0 

is not, as in plano^ an identical relation satisfied by the perpen- 
diculars from any point. It remains then to ask how the 
three perpendiculars from any point on three fixed great circles 
are connected. But this question we have implicitly answered 
already, for the three perpendiculars are each the complement 
of one of the three distances from the three poles of the sides 
of the triangle of reference. If then a, J, c be the sides; 
-4, J5, C the angles of the triangle of reference, then a, ^9, 7 
the sines of the perpendiculars on the sides from any point 
are connected by the following relation, which is only a trans- 
formation of that of Art. 52, 

a* sinM + /?- sin«5 + 7' sin* (7 

+ 2^7 sin-B sinCcosa + 27a sin(7sin^ cosJ + 2a^ sin-4 sin J5 cose 

= 1 — cos*^ — cos*-B — cos* (7 — 2 cos -4 cos5 cos G, 

The equation in this form represents a relation between the 
sines of the arcs represented by a, ^, 7. If we want to get 
a relation between the perpendiculars from any point of the 
sphere on the planes represented by a, ^8, 7, we have evidently 
only to multiply the right-hand side of the preceding equation 
by r', and that equation in a, ^, 7 will be the transformation 
of the equation aj* + y* + «' = r'. 

Hence, it appears that if we equate the left-hand side of 
the preceding equation to zero, the equation will be the same 
as iB* + y*4-«* = 0, and therefore denotes the imaginary circle 
which is the intersection of two concentric spheres ; that is to 
say, the imaginary circle at infinity (see Art. 135). 
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228. This equation enables us to find the equation of the 
sphere inscribed in a given tetrahedron, whose faces are 
a, )8, 7, 8. If through the centre three planes be drawn 
parallel to a, )8, 7, the perpendiculars on them Irom any point 
will be a — r, ^--r^ 7 — r. The equation of the sphere is 
therefore 

(a - r)« sinM 4 (/3 - r)" sin'^ + &c. 

= r^ (1 — cos* -4 — cos'jB— cos* (7- 2 cos-4 cosjB cos(7). 

But if X, JIf, JV, P denote the areas of the four faces, we have 

ia + if/3 + iV7 + PS=(i + if+i\r+P)r. 

Hence, we can eliminate r, and the result is most convenientlj 
written as follows : Let 

I = cos* i(Jc), m = cos*i(ca), n = cos*i(aJ), 

^ = cos'^(arf), j = cos*i(6(i), r = cos*^(crf), 

where [ad) is the angle made with each other by the planes 
a, 8. Then the equation of the inscribed sphere is 

Irqd? + mpr^ + npq^ + Imn^ 

+ {Jtp — wij - nr) {laS -{-p/Sy) + {mq — nr — Ip) {m/3S + qcty) 

H- (nr - fo — wj) {nyS + ra^) = 0. 

229. The equation of a small circle (or right cone) is easily 
expressed. The sine of the distance of any point of the circle 
from the polar of the centre is constant. Hence, if a be that 
polar the equation of the circle is a* = co8*p (a?* + y* + «*). 

All small circles then being given by equations of the form 
8=^ of J their properties are all cases of those of conies having 
double contact with the same conic. 

The theory of invariants may be applied to small circles. 
Let two circles 8^ 8' he 

a?+y* + «*-a*sec*/3, iB*+y* + «*-^ sec*/^', 

and let us form the condition that \8 + 8* should break up 
into factors. This cubic being 
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we have A = - tan*/^, A' = - tanV, 

e = Bec"p sec'p' 8in*i) — 2 tan'p - tan*p', 

0' = 8ec*/3 sec'p Bin"i) - 2 tan^p' — tan*p, 

where J) is the distance between the centres. 

Now the corresponding values for two circles in a plane are 

A = -r^, A' = -r^ = i)« - 2r" - r'", 0' = J7 - 2r'* - r». 

Hence, if any invariant relation between two circles in a plane 
is expressed as a function of the radii and of the distance 
between their centres, the corresponding relation for circles 
on a sphere is obtained by substituting for r, r\ D\ tanr, tanr, 
and seer sec/ sini>. 

Thus the condition that two circles in a plane should touch 
is obtained by forming the discriminant of the cubic equation, 
and is either i) = or ]) = r±r\ The corresponding equation 
therefore for two circles on a sphere is 

tanr ± tanr' =■ seer seer sini), or sini) = sin (r ± r'). 

Again, if two circles in a plane be the one inscribed in, 
the other circumscribed about the same triangle, the invariant 
relation is fulfilled 0^ = 4A0', which gives for the distance 
between their centres the expression i^* = jB" — 2i?r. 

The distance therefore between the centres of the inscribed 
and circumscribed circles of a spherical triangle is given by 
the formula 

sec*i? sec*r sin'i) = tan'i? — 2 taniZ tanr. 

So, in like manner, we can get the relation between two 
circles inscribed in, and circumscribed about the same spherical 
polygon. 

230. The equation of any small circle (or right cone) in 
trilinear co-ordinates must (Art. 227) be of the form 

a" sinM + 13* sin'jB+ 7" sin" (7 

+ 2/3y sinjBsm (7cosa + 27a sin (7 sin J cosb + 2a)3 sin^ sinjBcosc 

= (fet4m/8 + n7)*. 

If now the small circle circumscribe the triangle 0^7, the 
coefficients of a*, ^3", and 7" must vanish, and we must therefore 

N 
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have la -f m/3 + 717 = a biii-4 + fi sinjB4 7 sin (7. Hence, as was 
proved before, this represents the polar of the centre of the 
circumscribing circle. Substituting this value, the equation 
of the small circle becomes 

^87 tan^a + 7a tan^i + a^ tan^c = 0. 

The equation of the inscribed circle turns out to be of 
exactly the same form as in the case of plane triangles, viz. 

coB^A V(a) + cos JjB V(/8) + cos^ (7 V(7) = 0. 
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CHAPTER X. 

GENERAL THEORY OF SURFACES. 
INTRODUCTORY CHAPTER. 

231. Reserving for a future chapter a more detailed ex- 
amination of the properties of surfaces in general, we shaU 
in this chapter give an account of such parts of the general 
theory as can be obtained with least trouble. 

Let the general equation of a surface be written in the form, 

A 

+ -Rr4 Cy-\-Dz 

+ ^a:* + Fif + Gz"" + 2Hyz + 2Kzx ^^iLxy 

+ &c. = 0, 
or, as we shall write it often for shortness, 

**0 + ^1 + ^2 + ^'s + ^^' = ^1 

where u^ means the aggregate of terms of the second degree, 

&c. Then it is evident that u^ consists of one term, u, of three, 

w, of six, &c. The total number of terms in the equation is 

therefore the sum of n + 1 terms of the scries 1, 3, 6, 10, &c., 

,. ,, . ,, ^^ (n + l(n4-2)(n + 3) 
that 18 to say, ^ • 

The number of conditions necessary to determine a surface 

^,11., . ,11. w(n"+6n + ll) 
of the n degree is one less than this, or = . 

The equation above written can be thrown into the form 
of a polar equation by writing p cosa, p cos/8, p CO87, for 
a:, y, «, when we obviously obtain an equation of the n^ degree, 
which will determine n yalues of the radius vector answering 
to any assigned yalues of the direction-angles a, ^, 7. 

n2 
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232. If now the origin be on the surface, we have u^^O^ 
and one of the roots of the equation is always p = 0. But a 
second root of the equation will be p=^0 if a^ fij y he con- 
nected by the relation 

jB cosa + (7 co8)8 + J) COB7 = 0. 

Now multiplying this equation by p it becomes -Br+Cy-f J9«=0, 
and we see that it expresses merely that the radius vector must 
lie in the plane u^ = 0. No other condition is necessary in order 
that the radius should meet the surface in two coincident 
points. Thus we see that in general through an assumed 
j^nt on a mrfoce we can draw an infinity of radii vecUyres 
which will there meet the surface in two coincident points ; that 
is to say^ an infinity of tangent lines to the surface ; and these 
lines lie all in one plane^ called the tangent plane^ determined 
by the eguaticn ti, = 0. 

233. The section of any surface made by a tangent plane 
is a curve having the point of contact for a double point.* 

Every radius vector to the surface, which lies in the tangent 
plane, is of course also a radius vector to the section made 
by that plane ; and since every such radius vector (Art. 232} 
meets the section at the origin in two coincident poLijits, the 
origin is, by definition, a double point (see Higher Plane 
Curves^ p. 27). 

We have already had an illustration of this in the case 
of hyperboloids of one sheet, which are met by any tangent 
plane in a conic having a double point, that is to say, in 
two right lines. And the point of contact of the tangent 
plane to a quadric of any other species is equally to be con- 
sidered as the intersection of two imaginary right lines. 

From this article it follows conversely, that any plane 
meeting a surface in a curve having a double point touches 
the surface, the double point being the point of contact. If 
the section have two double points, the plane will be a double 
tangent plane; and if it have three double points, the plane 

* This remark, I belieye, was first made by Mr. Cayley: Gregory's 
Solid Geometry, p. 132. 
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will be a triple tangent plane. Since the equation of a plane 
oontalnB three constants, it is possible to determine a plane 
which will satisfy any three conditions, and therefore a finite 
number of planes can in general be determined which will 
meet a given surface in a curve having three double points: 
that is to say, a surface has in general a determinate number 
of triple tangent planes. It will also have an infinity of double 
tangent planes, the points of contact lying on a certain curve 
locus on the surface. The degree of this curve, and the 
number of triple tangent planes will be subjects of investi- 
gation hereafter. 

234. Through an assumed point on a surface it is generally 
possible to draw two lines which shall there meet the surface 
in three coincident points. 

In order that the radius vector may meet the surface in 
three coincident points, we must not only, as in Art. 232, 
have the condition fulfilled 

5 cosa + (7 C08/8 + D cosy = 0, 

but also jB cos'a + -F cos*)8 + <? cos*7 

+ 2J7 cosyS CO87 + 2K COS7 cosa + 2L cosa cos/3 = 0. 

For if these conditions were fulfilled, A being already supposed 
to vanish, the equation of the n^ degree which determines p, 
becomes divisible by p\ and has therefore three roots = 0. 
The first condition expresses that the radius vector must lie 
in the tangent plane u^. The second expresses that the radius 
vector must lie in the surface u^ = 0, or 

.Eb" + iy + <?«* + 2 J%« + 2Zia? + 2ia?y = 0. 

This surface is a cone of the second degree (Art. 62) and 
unce every such cone is met by a plane passing through its 
vertex in two right lines, two right lines can be found to 
fulfil the required conditions. 

Every plane (beside the tangent plane) drawn through 
either of these lines, meets the surface in a section having 
the point of contact for a point of inflexion. For a point of 
inflexion is a point, the tangent at which meets the curve 
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in three coincident points [Higher Plane Curves^ p. 35). On 
this account we shall call the two lines which meet the surface 
in three coincident points, the inflexional tangents at the 
point. 

The existence of these two lines may be otherwise perceived 
thus. We have proved that the point of contact is a double 
point in the section made by the tangent plane. And it has 
been proved {Higher Plane Curves^ p. 28) that at a double 
point can always be drawn two lines meeting the section 
(and therefore the surface) in three coincident points. 

235. A ^double point may be one of three different kinds 
according as the tangents at it are real, coincident, or imaginary. 
Accordingly the contact of a plane with a surface may be of 
three kinds according as the tangent plane meets it in a section 
having a node, a cusp, or a conjugate point; or in other 
words according as the inflexional tangents are real, coincident, 
or imaginary. 

Dupin, who first noticed* the difference between these three 
kinds of contact, stated the matter as follows: Suppose that 
we confine our attention to points so near the origin that all 
powers of the co-ordinates above the second may be neglected, 
then the tangent plane (or a veiy near plane parallel to it) 
meets any surface u^-\-u^'\-u^-\-&c. in the same section in 
which it meets the quadric tt^ + u,. And according as the 
sections of this quadric by planes parallel to the tangent plane 
are ellipses, hyperbolas, or parabolas, so the section made by 
the tangent plane Is to be considered as an infinitely small 
ellipse, hyperbola, or parabola. This infinitely small section 
Dupin calls the indicatrix at the point of contact, and he divides 
the points of the surface, according to the nature of the in- 
dicatrix into elliptic, hyperbolic, and parabolic points. We 
shall presently show that there will be in general on every 
surface a number of parabolic points forming a curve locus, 
this curve separating the elliptic fix>m the hyperbolic points. 



* Sec Dupin's Developpemenis de GiomUriet p* ^B. 
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If the tangent plane be made the plane of xtf^ and the equa- 
tion of the SQT&ce be 

«+-4a? + 2Jb?y + Oy* + 2Jaw5 + 2-%« + -F«* + &c.==0, 

it is manifest that the origin will be an elliptic, hyperbolic, 
or parabolic point according as £* is less, greater than, or 
equal to AC* 

236. Knowing the equation of the tangent plane when 
the origin is on the surface, we can, by transformation of 
co-ordinates, find the equation of the tangent plane at any 
point. It is proved precisely as at (Art. 58) that this equa- 
tion may be written in either of the forms 

dU dU dV dV ^ 

237. Let it be required now to find the tangent plane at 
a point, indefinitely near the origin, on the surface 

We have to suppose x\ rf so small that their squares may be 
neglected ; while, since the consecutive point is on the tangent 
plane, we have is' = 0: or, more accurately, the equation of 
L B^ce shows that z' I a quantity of ^e sam? order aa 
the squares of oi and y\ Then, either by the formula of the 
last article, or else directly by putting aj + a, y + y' for x 
and y, and taking the linear part of the transformed equation, 
the equation of a consecutive tangent plane is found to be 

« + 2(^' + jBy)aj + 2(5b' + Cy')y = 0. 

* This is BometimeB expressed as follows : When the plane of xy is the 
tangent plane, and the equation of the surface is expressed in the form 
s s (jT, y), ire have an elliptic, hyperbolic, or parabolic point according 

as (t-^) i» le«» greater than, or equal to f^j (yi)- It will be found 

that this is equiyalent to the statement in the text ; but we do not enter 
into details because we shall have seldom occasion in practice to deal with 
equations where s is giyen explicitly as a function of x and y. 
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Now (see Cantcsj Art. 141) {Ax' + By') x + (JRu' + Cy') y denotes 
the diameter of the conic Aof + ^Bxy + Oif = F^ which is con- 
jugate to that to the point Qi!y\ Hence any tangent plane la 
intersected by a consecutive tangent plane in the diameter of the 
indicatrix which is conjugate to the direction to which the con" 
secutive point is taken. 

This in fact is geometrically evident fix>m Dupin^s point 
of view. For if we admit that the points consecutive to the 
^ven one lie on an infinitely small conic, we see that the tan- 
gent plane at any of them will pass through the tangent line to 
that conic; and this tangent line ultimately coincides with 
the diameter conjugate to that drawn to the point of contact: 
for the tangent line is parallel to this conjugate diameter and 
infinitely close to it. 

Thus then all the tangent lines which can be drawn at 
a point on a surface may be distributed into pairs such that the 
tangent plane at a consecutive point on either will pass through 
the other. Two tangent lines so related are called conjugate 
tangents. 

In the case where the two inflexional tangents are real, 
the relation between two conjugate tangents may be otherwise 
stated. Take the inflexional tangents for the axes of x and y, 
which is equivalent to making A and OsQ in the preceding 
equation: then the equation of a consecutive tangent plane is 
z -\- 2B [x'y -\- y'x) — 0. And since the lines a, y, a'y+y'a?, 
x'y -y'x form a harmonic pencil, we learn that a pair of 
conjitgate tangents form^ toith the inflexional tangents^ a harmonic 
pencil. 

238. In the case where the origin is .a parabolic point, 
the equation of the surface can be thrown into the form 
z + A^ + &c. = Oj and the equation of a consecutive tangent 
plane will be 2; + ^Ay'y = 0. Hence the tangent plane at every 
point consecutive to a parabolic point passes through the in- 
flexional tangent; and if the consecutive point be taken in 
this direction so as to have y' = 0, then the consecutive tangent 
plane coincides with the given one. Hence the tangent plane 
at a parabolic poijit is to he consider^ as a double tangent 
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pkme^ rince it touches the surface in two consecutive points.* 
In this way parabolic points on surfaces may be considered 
as analogous to points of inflexion on plane curves: for we 
have proved [Higher Plane Curves^ p. 35) that the tangent 
line at a point of inflexion is in like manner to be regarded 
as a double tangent. A further analogy between parabolic 
points and points of inflexion will be afterwards stated. 

It is convenient to have a name to distinguish double 
tang^t planes which touch in two distinct points, from those 
now under consideration where the two points of contact coin- 
dde. We shall therefore call the latter stationary tangent 
planes, the word expressing that the tangent plane being 
supposed to move round as we pass from one point of the 
surface to another, in this case it remains for an instant in 
the same position. For the same reason we have called the 
tangent lines at points of inflexion in plane curves, stationary 
tangents. 

239. If on transforming the equation to any point on a 
surface as origin we have not only u^ = but also all the terms 
in u^ = 0, so that the equation takes the form 

then it is easy to see in like manner that every line through 
the origin meets the curve in two coincident points; and the 
origin is then called a double point. It is easy to see also 
that a line through the origin there meets the surface in three 
coincident points, provided that its direction-cosines satisfy the 
equation 

E cos'a + F cos*/3 -f O cos> 

+ 2H cos)8 C0S7 + 2K cosy cosa + 2ii cosa cos)8 = 0. 

In other words, through a double point on a surface can he 
drawn an infinity of lines which will meet the surface in three 
coincident points^ and these will all lie on a cone of the second 
degree whose equation is u, = 0. Further, of these lines six will 

* I belieTO this was first pointed out, Cambridge and Dublin Mathe- 
maUeal Journal^ Vol. ill. p. 45. 
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meet the surface in four coincident points; namely, the lines 
of intersection of the cone ti, with the cone of the third degree 
II, = 0. 

Double points on surfaces might be classified according to 
the number of these lines which are real, or according as two 
or more of them coincide, but we shall not enter into these 
detiuls. The only special case which it is important to mention 
is when the cone u^ resolves itself into two planes; and this 
again includes the still more special case when these two 
planes coincide; that is to say, when u, is a perfect square. 

240. Every plane drawn through a double point may in 
one sense be regarded as a tangent plane to the surface, since 
it meets the surface in a section having a double point, but 
in a special sense the tangent planes to the cone u^ are to be 
regarded as tangent planes to the surface, and the sections 
of the surface by these planes will each have the origin as a 
cusp. To a double point then on a surface (which is a point 
through which can be drawn an infinity of tangent planes), 
will in general correspond on the reciprocal surface a plane 
touching the surface in an infinity of points, which wiU in 
general lie on a conic. If however the double point be of 
the special kind noticed at the end of the last article, there 
will correspond to it on the reciprocal surface a double tangent 
plane having two points of contact 

241. The results obtained in the preceding articles by taking 
as our origin the point we are discussing, we shall now extend 
to the case where the point has any position whatever. Let us 
first remind the reader (see p. 29) that since the equations of a 
right line contain four constants, a finite number of right lines 
can be determined to fulfil four conditions (as, for instance, 
to touch a surface four times) ; while an infinity of lines can 
be found to satbfy three conditions (as, for instance, to touch 
a surface three times), those right lines generating a certain 
surface, and their points of contact lying on a certain locus. 
In a subsequent chapter we shall return to the problem to 
•determine in general the number of solutions when four con- 
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dltions are given, and to determine the degree of the surface 
generated, and of the locus of points of contact, when three 
conditions are given. In this chapter we confine ourselves to 
the case when the right line is required to pass through a 
^ven point, whether on the surface or not. Tlids is equivalent 
to two conditions; and an infinity of right lines (forming a 
cone) can be drawn to satisfy one other condition; while a 
finite number of right lines can be drawn to satisfy two other 
conditions. 

We use Joachimstal's method employed, Conies^ pp. 81, 
134; Higher Plane Curves^ P« ^1 5 and at p. 47 of this volume. 
If the quadriplanar co-ordinates of two points be x'y'z'w\ 
x"y"z"w'\ then the points in which the line joining them is 
cut by the surface are found by substituting in the equation 
of the surface, for a?, Xa;' + /ia;", for y, xy + /iy, &c. The 
result will give an equation of the rC^ degree in X : /a, whose 
roots will be the ratios of the segments in which the line joining 
the two given points is cut by the surface at any of the points 
where it meets it. And the co-ordinates of any of the points 
of meetmg are \x -{-fix , \y ■{■ fiy , \z -\-fjLZ , \w -\-fjLw , 
where X' : fi' is one of the roots of the equation of the n!^ degree. 
All this will present no difficulty to any reader who has mastered 
the corresponding theory for plane curves. And, as in plane 
curves, the result of the substitution in question may be written 

X* CT + X-V A ^' + -^ X^^/i* A- CT + &c. = 0, 

where A represents the operation 

d d d d 

Following the analogy of plane curves we shall call the surface 
represented by 

^, dJl , dU , dU , dU^^ 
dx ^ dy dz dio ' 

the first polar of the point x'y'zw'. We shall call 

(id , d , d I d \ TT ^ 
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the second polar, and Ek) on : the polar plane of the same point 

being 

dJT dJT dir dir ^ 

Each polar surface is manifestly also a polar of the point x'j/z'w' 
with regard to all the other polars of higher degree. 

If a point be on a surface all its polars touch the tangent 
plane at that point: for the polar plane with regard to the 
surface is the tangent plane; and this must also be the polar 
plane with regard to the several polar surfaces. This may 
also be seen by taking the polar of the origin with regard to 

where we have made the equation homogeneous by the in- 
troduction of a new variable w. The polar surfisu^es are got 
by di£ferentiating with regard to this new variable. Thus the 
first polar is 

nti^io*"* + (n — 1) tt^ti;*^ + (n — 2) w,ti;*^ + &c, 

and if u^^Oy the terms of the first degree, both in the surface 
and in the polar, will be u^. 

242. If now the point x*t/z'u/ be on the surface, XT vanishes, 
and oncTof the roots of the equation in X : ;a, will be /a=0. 
A second root of that equation will be ;a = 0, and the line 
will meet the surface in two coincident points at the point 
x'j/z'w\ provided that the coefficient of lC~^fi vanish in the 
equation referred to. And in order that this should be the 
case, it is manifestly sufficient that x"y"z"ul' should satisfy the 
equation of the plane 

dU dir dTT dU ^ 

It is proved then that all the tangent lines to a surface which 
t^an be drawn at a given point lie in a plane whose equation 
is that just written. By subtracting from this equation, the* 
identity 

,dTT ^ ,dU ^ ,dir ^ ,dir ^ 
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we get the ordinary CarteBian equation of the tangent plane, viz. 

, ,. dZT . , « dZT , ,. dTT ^ 
(x-«)^ + (y-y)^ + (.-.)^=0. 

Hence again by Art. 42, can immediately be deduced the 
equations of the normal, viz. 

x — x _ y — y' _ Z" z' 

dx' dy dz' 

243. The right line will meet the surface in three con- 
secutive points, or the equation we are considering will have 
for three of its roots /a = 0, if not only the coefficients of X" and 
X*"*;* vanish, but also that of X"~V" : that is to say, if the line 
we aie considering not only lies in the tangent plane, but 
also in the polar quadric 



( 



d d d d \^ rrf r^ 



Now (Art. 241) when a point is on a surface all its polars 
touch the surface. The tangent plane therefore, touching the 
polar quadric, meets it in two right lines, real or imaginary, 
which are the two inflexional tangents to the surface. (Art. 234.) 

244. Through a point on a surface can he dravm (n + 2) (n - 3) 
tangents which vnll also touch the surface elsewhere. 

In order that the line should touch at the point x'y*z*w\ 
we must, as before, have the coefficients of X" and X*"*;* = ; 
in consequence of which the equation we are considering be- 
comes one of the (tz — 2)*^ degree, and if the line touch the 
surface a second time this reduced equation must have equal 
roots. The condition that this should be the case involves 
the coefficients of that equation in the degree n - 3 ; one term, 
for instance, being ( A* U\ ?7)""*. By considering that term we 
see that this discriminant involves the co-ordinates xy'z'w* In 
the degree (n — 2) (n — 3), and xyzw in the degree (n + 2) (n — 3). 
When therefore x'y*z'u/ is fixed, it denotes a surface whidi 
is met by the tangent plane in (n + 2) (n — 3) right lines. 
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Thus then we have proved that at any point on a surface 
an infinity of tangent lines can be drawn : that these in general 
lie in a plane ; that two of them pass through three consecutive 
points, and (n 4 2] (n - 3) of them touch the surface again. 

245. Let us proceed next to consider the case of tangents 
drawn through a point not on the surface. Since we have 
in the preceding articles established relations which connect 
the co-ordinates of any point on a tangent with those of the 
point of contact, we can, by an interchange of accented and 
unaccented letters, express that it is the former point which 
is now supposed to be known, and the latter sought. 

Thus for example, making this interchange in the equation 
of Art. 242, we see that the points of contact of all tangent 
lines (or of all tangent planes) which can be drawn through 
a:'y '«'«?', lie on the first polar, which is of the degree (n — 1) : viz. 

,dU .dU ,dU ,dU ^ 
ax '^ ay az aw 

And since the points of contact lie also on the given surface, 
their locus is the curve of the degree n{;a^ 1), which i& the 
intersection of the surface with the polar. 

246. The assemblage of the tangent lines which can be 
drawn through x'y'z'w' form a cone, the tangent planes to which 
are also tangent planes to the surface. The equation of this 
cone is found by forming the discriminant of the equation of 
the n^ degree in X (Art. 241). For this discriminant expresses 
that the line joining the fixed point to xyzw meets the surface 
in two coincident points; and therefore xyzw may be a point 
on any tangent line through x'y'z'w'. The discriminant b easily 
seen to be of the degree ts (n — 1), and it is otherwise evident 
that this must be the degree of the tangent cone. For its 
degree is the same as the number of lines in which any plane 
through the vertex cuts it. But such a plane meets the surface 
in a curve to which n(n — 1) tangents can be drawn through 
the fixed point, and these tangents are also the tangent lines 
which can be drawn to the surface through the given point. 



GENERAL THEORY OF SURFACES. 191 

247. Through a point not on the suirface can in general be 
draum n (n — 1) (n — 2) inflexional tangents. We have seen, 
Art 243, that the co-ordinates of any point on an inflexional 
tangent are connected with those of its point of contact by 
the relations ?7' = 0, A?7' = 0, A"?7' = 0. If then we consider 
the xyzw of any point on the tangent as known ; its point of 
contact is determined as one of the intersections of the given 
surface Z7, which is of the n^ degree, with its first polar AU^ 
which is of the (n — I)"*, and with the second polar A*?7, which 
is of the (n — 2)"*. There are therefore w (» — 1) (n - 2) such 
intersections. 

248. Through a point not on the surfoxe can in general be 
dravm ^ (n — 1) (n - 2) (n - 3) dovhU tangents to it. The points 
iji contact of such lines are proved by Art. 244, to be the 
intersections of the given surface, of the first polar, and of the 
surface represented by the discriminant discussed in Art. 244, 
and which we there saw contained the co-ordinates of the point 
of contact in the degree (n — 2)(n — 3). There are therefore 
n(w — l)(n — 2) (w — 3) points of contact: and since there are 
two points of contact on each double tangent, there are half 
this number of double tangents. 

Thus then we have completed the discussion of tangent 
lines which pass through a given point. We have shown that 
their points of contact lie on the intersection of the surface 
with one of the degree n— 1, that their assemblage forms a 
cone of the degree w (n — 1) : that n (n — 1) (n - 2) of them are 
inflexional, and |n (n — 1) (w — 2) (n — 3) of them are double. 

These latter double tangents are also plainly double edges- 
of the tangent cone, since they belong to the cone in virtue of 
either contact. Along such an edge can be drawn two tangent 
planes to the cone, namely, the tangent planes to the surface 
at the two contacts. 

The inflexional tangents, however, are also to be regarded 
as double tangents to the surface : since the line passing through 
three consecutive points is a double tangent in virtue of joining 
the first and second, and also of joining the second and third. 
The inflexional tangents are therefore double tangents whose 
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points of contact coincide. They are therefore doable edges 
of the tangent cone ; but the two tangent planes along any 
such edge coincide. They are therefore cospidal edges of 
the cone. We have proved then that the tangent cone which 
18 of the degree n(n— 1) has n(n — l)(n — 2) cuepidal edgea^ 
and in(n— l)(n — 2)(n — 3) double edges; that is to say, any 
plane meets the cone in a section having such a number of 
cusps and such a number of double points. 

249. It is proved precisely as for plane curves {Higher Plane 
Curves J page 57), that if we take on each radius vector a length 
whose reciprocal is the n^ part of the sum of the reciprocals 
of the n radii vectores to the surface, then the locus of the 
extremity will be the polar plane of the point: that if the 
point be on the surface, the locus of the extremity of the mean 
between the reciprocals of the n — 1 radii vectores will be the 
polar quadric, &c. 

By interchanging accented and unaccented letters in the 
equation of the polar plane, it is plain that the locus of the 
poles of all planes which pass through a given point is the 
first polar of that point. The locus of the pole of a plane 
which passes through two fixed points is hence seen to be a 
curve of the (n— 1)' degree, namely, the intersection of the 
two first polars of these points. We see also that the first 
polar of every point on the line joining these two points must 
pass through the same curve. And in like manner the first 
polars of any three points on a plane determine by their in- 
tersection (n— 1)' points, any one of which is a pole of the 
plane, and through which points the first polar of every other 
point on the plane must pass. 

250. From the theory of tangent lines drawn through a 
point we can in two ways derive the degree of the reciprocal 
surface. First; the number of points in which an arbitrary 
line meets the reciprocal is equal to the number of tangent 
planes which can be drawn to the given surface through a 
given line. Consider now any two points A and B on that 
line, and let C be the point of contact of any tangent plane 
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passing through AB. Then since the line AG touches the 
surface, C lies on the first polar of A ; and for the same reason 
it lies on the first polar of B. The points of contact therefore 
are the intersection of the given surface, which is of the n*^ 
degree with the two polar surfaces, which are each of the degree 
(n— 1). The number of points of contact, and therefore the 
degree of the recijyrocal^ is 7«(7i — l)^ 

251. Otherwise thus: let a tangent cone be drawn to the 
surface having the point A for its vertex; then since every 
tangent plane to the surface drawn through A touches this 
cone, tlie problem is, to find how many tangent planes to the 
cone can be drawn through any line AB] or if we cut the 
cone by any plane through -B, the problem is to find how many 
tangent lines can be drawn through B to the section of tlie 
cone. But the class of a curve whose degree is n[n — \)^ which 
has n [n - 1) (n — 2) cusps, and \n [n — 1) [n — 2) [n - 3) double 
points is 

w [n- 1) {w [n - 1) - 1} - 3n (w - 1) (n - 2) 

- n [n - 1) (n - 2) (w - 3) = )i (n - If. 

Generally the section of the reciprocal surface by any plane cor- 
responds to the tangent cone to the original surface through 
any point. And it is easy to see that the degree of the tangent 
cone to the reciprocal surface (as well as to the original surface) 
through any point is of degree w (n — 1). 

252. Betuming to the condition that a line should touch 

a surface 

dir dir dTT dU ^ 

we see that if all four differentials be made to vanish by the 
co-ordinates of any point, then every line through the point 
meets the surface in two coincident points; and the point is 
therefore a double point. The condition that a given surface 
may have a double point is obtained by eliminating the variables 

dTJ 

between the four equations -t~ = 0, &c., and is called the dis- 
criminant of the given quantic [Lessons on Higher Algebra^ 
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page 43). The diBcriminant being the result of elimination 
between four equations^ each of the degree n — 1, contains the 
coefficients of each in the degree (n — 1)'*, and is therefore of 
the degree 4 (w — 1)* in the coefficients of the original equation. 

It is obvious from what has been said, that when a surface 
has a double point, the first polar of every point passes through 
the double point. 

The surfaces represented by -^ , &c., may happen not 

merely to have points in common, but to have a whole curve 
common to all four surfaces. This curve will then be a double 
curve on the surface 17, and every point of it will be a double 
point. Now we saw (Art. 233) that the surface represented 
by the general Cartesian equation of the n** degree will, in 
general, have an infinity of double tangent planes; the re- 
ciprocal surface therefore will, in general, have an infinity of 
double points, which will be ranged on a certain curve. The 
existence then of these double curves is to be regarded among 
the "ordinary singularities" of surfaces (see Higher Plane 
Curves^ page 47). 

When the point xy'z'w is a double point, IT and Ai7' 
vanish identically ; and any line through the double point meets 
the surface in three consecutive points if it satisfies Ae equation 
A*£r = 0, which represents a cone of the second degree. 

253. The polar quadric of a pa/rabolic point on a surface 
i$ a cone. 

The polar quadric of the origin with regard to any surface 

u^" + u^vf"^ + UjUO^ + &C. = 0, 

(where, as in Art. 241, we have introduced t(7 so as to make 
the equation homogeneous) is found by differentiating n - 2 
times with respect to w. Dividing out by (n — 2) (n — 8)...8, 
Ihe polar quadric is 

w(n-l)w^ + 2(n- l)Wj + 2Mg = 0. 

Now the origin being a parabolic point, we have seen, Art. 235, 
that the equation is of the form 
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[or, in other words, u^ = Oy and u^ is of the form u^t\-\ w^*]. 
The polar quadric then is 

z [n- I -\-2Dx-^ '2Ey + Fz) f C/ = 0. 

But we have seen (page 40) that any equation represents a 
cone when it is a homogeneous function of three quantities, 
each of the first degree. The equation just written therefore 
represents a cone whose vertex is the intersection of the three 
planes, «, n - 1 + 2Dx + 2Ei/ + Fz^ and y. The two former 
planes are tangent planes to this cone, and y the plane of 
contact. 

254. It follows from the last article that if we form the 
locus of points whose polar quadrics represent a cone, this 
will meet the surface in the parabolic points. This locus is 
found by writing down the discriminant of A^U' = 0. If a, 

i, &c., denote the second differential coefficients -j-,^ , — =-75r ^ 

ax ^ ay ' 

&c., the discriminant will be (page 41) 

ahcd -f 2 {alqr + hmjpr + cnpq + dhnn) 

- {adJ^ -f Idrr^ -f cdrf^ + Icf + ca(f + ahr^) 

+ Tp^ -f wy + wV* — 2mnqr — 2nlrp - 2lmpq = 0. 

This denotes a surface of the degree 4(;i — 2), which we shall 
call the Hessian of the given siuface. In the same manner 
then as the intersection of a plane curve with its Hessian de- 
termines the points of inflexion, so the intersection of a surface 
with its Hessian determines a curve of the degree 4w(n — 2), 
which is the locus of parabolic points (see Art. 238). 

255. It follows from what has been just proved that through 
a given point can be drawn 4w (n — 1) (n — 2) stationary tangent 
planei^ (see Art. 288). For since the tangent plane passes 
through a fixed point, its point of contact lies on the polar 
surface, whose degree is n— 1, and the intersection of this sur- 
face with the surface Z7, and the surface determined in the 
last article as the locus of points of contact of stationary tangent 
planed, determine 4n (n — 1 ) (n — 2) points. 

Otherwise thus ; the stationary tangent planes to the surface 

02 
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through any point are also stationary tangent planes to the 
tangent cone through that point, and if the cone be cut by 
any plane, these planes meet it in the tangents at the points 
of inflexion of the section. But the iHimber of points of in- 
flexion on a plane curve are determined by the formula [Higher 
Plane Curves^ page 91) 

But in this case, AiH,. 248, we have v = w (n - 1)*, ;t = n (w — 1) ; 
therefore v — /a = w (w - 1) (n — 2), /k = 3n (n - 1) (n - 2). Hence, 
as before, t = 4n {n - 1) (w — 2). 

The number of double tangent planes to the cone are de- 
termined by the formula 

2(T-S) = (i'-M)(v + ;t-9), 

and 2S = n(n~l)(w-2)(7i-.S); (v + ;t-9) = w'-7i'*-9. 

Hence 2T = n(w- 1) (n-2) (w'-7i*4 n- 12). 

It follows then that through any point can be drawn t double 
tangent planes to the surface, where t is the number just de- 
termined. It will be proved hereafter, that the points of contact 
of double tangent planes lie on the intersection of the surface 
with one whose degree is [n — 2) (w" — n* + w — 12). 

256. If a right line lie altogether in a surface it will touch 
the Hessian and therefore the parabolic curve^ {Cambridge and 
Dublin Mathematical Journal^ Vol. IV., page 255). 

Let the equation of the surface be a;^4yV^ = 0, and let 

us seek the result of making a; and y = in the equation of 

the Hessian, so as thus to find the points where the line meets 

., , d'U d^V d^TJ „ 
that surface. Now evidently -jr % 'T~i j j j % ^ contam 

a; or y as a factor, and therefore vanish on this supposition. 
And if we make a = 0, d'=0, r = in the equation of the 
Hessian, it becomes a perfect square ^p^fnq)^^ showing that 
the right line touches the Hessian. If wo make a;=:0, y = 

in ?/> — mj, it reduces ^<> 77 ^ "" ;/ 77 • I*^ is evident that 

when the tangent plane touches all along any line, straight 
or curved, this line lies altogether in the Hessian. The reader 
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can verify this without difficulty, with regard to the surface 

CURVATURE OF SURFACES. 

257. We proceed next to investigate the curvature at any 
point on a surface of the various sections which can be made 
by planes passing through that point. 

In the first place let it be premised that if the equation of 
a curve be Wj + m^ + M3 + &c. = 0, the radius of curvature at the 
origin is the same as for the conic u^ + u^. For it will be 
remembered that the ordinary expression for the radius of 
curvature includes only the co-ordinates of the point and the 
values of the first and second differential coefficients for that 
point. But if we differentiate the equation not more than twice, 
the terms got from differentiating Wg, w^, &c. contain powers 
of X and y, and will therefore vanish for a; = 0, y = 0. The 
values therefore of the differential coefficients for the origin are 
the same as if they were obtained from the equation u^ + u^=^ 0. 

It follows hence that the radius of curvature at the origin 
(the axes being rectangular) of y-\-ax^ + 2hxy-i-cy^-\-&c. = 

is T- (sec Conies^ p. 206); or this value can easily be found 

directly from the ordinary expression for the radius of curva- 
ture {Hig/ier Plane Curves^ p. 108). 

258. Let now the equation of a surface refi^rrcd to any 
tangent plane as plane of xy and the corresponding normal 
as axis of z^ be 

and let us investigate the curvature of any normal section, that 
is of the section by any plane passing through the axis of z. 
Thus, to find the radius of curvature of the section by the 
plane xz^ we have only to make y = in the equation, and 

we get a curve whose radius of curvature is ^. In like 
manner the section by the plane yz has its radius of curvature 

= jrj;, . And in order to find the radius of curvature of any 
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section whoso plane makes an angle 6 with the plane xz^ we 
have only to torn the axes of x and y through an angle 6 
(by substituting x costf — y sintf for a;, and a; sintf + y costf for y, 
Gontcs^ P« '^); ^^^ by ^b®^ putting y=s:0 it appears as before 
that the radius of curvature is half the reciprocal of the new 
coefficient of at? ; that is to say, 

-^ = ^co8^tf + 25cosesin^+(7 8in"^, 

259. The reader will not fail to observe that this expression 
for the radius of curvature of a normal section is identical in 
form with the expression for the square of the diameter of a 
central conic in teims of the angles which it makes with the 
axes of co-ordinates. Thus if p be the semi-diameter answer- 
ing to an angle 6 of the conic Ax^ -f 2Bxy + Gy^ = J^, we have 

It may be seen otherwise tliat the radii of curvature are 
connected with their directions in the same manner as the 
squares of the diameters of a central conic* For we have 
seen that the radii of curvature depend only on the terms in 
Mj and Mj. The radii of curvature therefore of all the sections 
of w, + M, 4- Ug + &c. are the same as those of the sections of 
the quadric u^ + u^] and it ^as proved (p. 158) that these are 
all proportional to the squares of the diameters of the central 
section parallel to the tangent plane. 

It is plain that the conic, the squares of whose radii are 
proportional to the radii of curvature, is similar to the in- 
dicatrix. 

260. We can now at once apply to the theory of these 
radii of curvature all the results that we have obtained for 
the diameters of central conies. Thus we know that the 
quantity -4 cos'5 + 2-B costf sintf + (7sin*tf admitis of a maxi- 
mum and minimum value; that the values of 6 which corre- 
spond to the maximum and minimum are always real, and 
belong to directions at right angles to each other; and that 
those values of d are given by the equation (see Conies^ p. 140) 

B co^'0'{A - C) cos^ sine- B 8in«e = 0. 
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Hence, at anj point on a surface there are among the normal 
sections, one for which the value of the radius of curvature 
is a maximum and one for which it is a minimum ; the direc- 
tions of these sections are at right angles to each other; and. 
they are the directions of the axes of the indicatrix. They 
plainly bisect the angles between the two inflexional tangents. 
We shall call these the principal sections, and the correspond- 
ing radii of curvature the principal radii. 

If we turn round the axes of x and y so as to coincide 
with the directions of maximum and minimum curvature just 
determined, it is known that the quantity Aa?-^ 2Bxy + (7y* 
will take the form A'a?-\-B'y^. Now the formula of Uie last 
article, when the coefficient of xy vanishes, gives the following 

expression for any radius of curvature -j^ = A' cos'tf 4 B* sin"^. 

But evidently A' and B' are the values of \R corresponding 
to ^ = 0, and ^ = 90°. Hence any radius of curvature is ex- 
pressed in terms of the two principal radii p and p', and of 
the angle which the direction of its plane makes with the 
principal planes, by the formula 

1 cos'tf sin"tf ^ 
= I * 

R p p' * 

It is plain (as in Conies^ p. 142) that A' and B\ or -- , ^ 

are given by a quadratic equation, the sum of these quantities 
being A + C and their product A CJ—B^. 

When p = p^ all the other radii of curvature are also =p. 
The form of the equation then is «4--4(a?^+y) -h&c, = 0, or 
the indicatrix is a circle. The origin is then an umbilic. 

From the expressions in this article we deduce at once, as 
in the theory of central conies, that the sum of the reciprocaU 
of the radii of curvature of two normal sections at right angles 
to each other is constant ; and again, if normxd sections he made 
through a pair of conjugate tangents (see Art. 237), the sum 
of their radii of curvature is constant. 



• This formula (with the inferences drawn from it) is due to Eulcr. 
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261. It will be observed that the radius of curvature, being 
proportional to the square of the diameter of a central conic, 
does not become imaginary, but only changes sign, if the 
quantity A cos" d-\-2B cos tf sin ^ -f C sin* d becomes negative. 
Now if radii of curvature directed on one side of the tangent 
plane are considered as positive, those turned the other way 
must be considered as negative; and the sign changes when 
the direction is changed in which the concavity of the curve 
is turned. 

At an elliptic point on a surface; that is to say, when B* 
is less than AC^ the sign of -4 cos*tf + 2-Bcos^ sin^ + Csin*^ 
remains the same for all values of 6] and therefore at such 
a point the concavity of every section through it is turned in 
the same direction. 

At a hyperbolic point, that is to say, when B'* is greater 
than AC^ the radius of curvature twice changes sign and the 
concavity of some sections is turned in an opposite direction 
to that of others. The surface in fact cuts the tangent plane 
in the neighbourhood of the point, and the inflexional tangents 
mark the directions in which the surface crosses the tangent 
plane and divide the sections whose concavity is turned one 
way from those which are turned the other way.* And when 
we have chosen a hyperbola the squares of whose diameters 
are proportional to one set of radii, then the other set of radii 
are proportional to the squares of the diameters of the con-- 
jugate hyperbola. 

262. Having shewn how to find the radius of curvature 
of any normal section, we shall next show how to express, 
in terms of this, the radius of curvature of any oblique section, 
inclined at an angle to the normal section, but meeting the 
tangent plane in the same line. Thus we have seen that the 
radius of curvature of the normal section made by the plane 



• The illustration of the summit of a mountain pass will enable the 
reader to conceive how a surface may in two directions sink below the 
tangent plane, and on the other sides rise above it. The shape of a saddle 
affords another familiar illustration of the same thing. 
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y = is ^. Now let US turn the axes of y and z round in 

their plane through an angle ^ (which is done bj substituting 
z cos^ — y sin^ for z and z sin^ + y cos^ for y). If we now 
make the new y = 0, we shall get the equation (still to rect- 
angular axes] of the section by a plane making an angle ^ 
with the old plane ^ == 0, but still passing through the old axis 
of X ; and this equation will plainly be 

z cos^+-4a^+25a:5? sin0-f- Gs" sm*^+2i>a;2f4-2^«' sin^-f -R5*+&c:, 
and by the same method as before the radius of curvature is 

found to be .^ , or is =-Bcos0, where E is the radius 

of curvature of the corresponding normal section. This is 
Meunier's theorem, that the radius of curvature of an oblique 
section IS equal to the projection on the plane of this section of 
the radius of curvature of a normal section passing through the 
same tangent line. Thus we see that of all sections which can 
be made through any line drawn in the tangent plane, the 
normal section is that whose radius of curvature is greatest; 
that is to say, the normal section is that which is least curved 
and which approaches most nearly to a straight line. 

Meunier's theorem has been already proved in the case of 
a quadric (see p. 159), and wc might therefore, if we had 
chosen, have dispensed with giving a new proof now; for 
we have seen that the radius of cui'vature of any section of 
w, + Mj + 1<3 + &c. is the same as that of the corresponding 
section of the quadric w, -f w^. 

263. Every sphere whose centre is on a normal to a surface, 
and which passes through the point where the normal meets 
the surface, of course touches the surface. But tlie contact 
will be of the kind called stationary contact (Art. 129) when 
the length of the radius of the sphere is equal to one of the 
principal radii. For if the equations of two surfaces which 
touch be 
z-{ Aa^ + 2Bxy-\-Cy^ + &c.=^0, z -\- A'ar + 2B'xy-^Cy + &c.=^0, 

then {A^A')x'-¥2{B^B')xy-\-{C--C')y'-\-&c. 
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passes tlirough their conre of intersection, and it was proved 
(Art. 128) that the three terms just written represent the tan- 
gents to the curre of intersection of the surfaces. These 
tangents coincide, or there is stationary contact (Art. 129) 
when (^-^')((7-0')-(5-jB')». When jB = J5' = 0, this 
condition implies either -4 = -4' or C=G\ The surface then 
« + -4a? + (7y' + &c.=sO will have stationary contact with the 

sphere 2r2f + ic* + y*4-2* = 0, if 2r=-^ or=y^. But these are 
the values of the principal radii. 

264. The principles laid down in the last article enable 
us to find an expression for the values of the principal radii 
at any point; the axes of co-ordinates having any position. 
It will be observed that what we have proved is, that if 
w, + w, + <Sbc, w, + r, + &c. represent two surfaces which touch, 
then the intersection of the plane u^ with the cone m, — v, gives 
the two tangents to their curve of intersection: and there is 
stationary contact when the plane touches the cone. 

Now if we transform the equation to any point xy'ss' on 
the surface as origin, it becomes 

dU' dU\ dU' 1 / d ^ d ^ d\^^,j, 

^■^y^+"w*-i:2l^;^+y^+"^'j^+*"-' 

or if we denote the first difierential coeflScients by L, Jf, N^ P, 
and the second by a, J, c, &c. as before 

2 [Lx-^-My-^-Nz) + oa;* -f %' + cz^ + 2lyz + 2mzx + 2nxy + &c. = 0. 

The equation then of any sphere having the same tangent 

plane is 

2 (Za; + ify + iV^f) + X (a;* + y* + «") = 0, 

and the sphere will have stationary contact with the quadric if 
X be determined so as to satisfy the condition that Lx -^-My^-Nz 
shall touch 

(a-X) a^ + (6-X)y"+(c-X) a* + 2Zy« + 2w«a; + 2way. 

This condition is 

a — X, w, 7)1 

w, 6 — X, I 

m, ?, c — X = 0, 



X 
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which expanded is 

{(J-.X)(c-X)-P}i»+{(c-X)(a-X)-m'}ilf"4{(a-X)(J-X)-n*)iV^» 
+2{wn-(a-X)7}J£Z^+2{wZ-(&-X)w}J^Zr+2{ZOT-(c-X)w}iif=0, 
or X is given by the quadratic 

- 21MN'' 2mNL - 2nLM] X 

+ (Jc-P)Z' + (ca-m«)Jlf»+(aJ-w«)JVr» 

+ 2 (wn - al) MN-h 2 (nZ -hm)NL-\-2 {Im - cw) iJf = 0. 
Now if r be the radius of the sphere 

X(a;^4-/ + 0+2(Za; + % + i\r«), 

we have r'* = —^ . We therefore find the principal 

radii by substituting — ^ for X in the preceding 

quadratic. 

The absohite term in the equation for X may be simplified 
by writing for i, J/, N their values from the equations 

(n - 1) L = ax •\- ni/ + h ■{-pw^ &c., 

XT « 

when the absolute term reduces to —7 -rj where II is the 

Ilessian, written at foil length Art. 63. We might have seen 
a priori that for any point on the Hessian, the absolute term 
must vanish. For since the directions of the principal sections 
bisect the angles between the inflexional tangents; when the 
inflexional tangents coincide, one of the principal sections coin- 
cides with their common direction, and the radius of curvature 
of this section is infinite, since three consecutive points are on 
a right line. Hence one of the values of X (which is the 
reciprocal of r) must vanish. By equating to nothing the 
coefficient of X in the preceding quadratic, we obtain the 
equation of a surface of the degree 3n — 4, which intersects 
the given surface in all the points where the principal radii 
are equal and opposite: that is to say, where the indicatrix 
is an equilateral hyperbola. 
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The quadratic of this article might also have been found 

at once by Art. 98, which gives the axes of a section of the 

quadric 

oaj* + Jy" + c«' + 2lyz + 2mzx + 2nxy = 1 

made parallel to the plane Lx 4 My + Nz » 0. 

265. From the equations of the last article we can find 
the radius of curvature of any normal section meeting the 
tangent plane in a line whose direction-angles are given. 

For the centre of curvature lies on the normal, and if we 
describe a sphere with this centre, and radius equal to the 
radius of curvature, it must touch the surface, and its equation 
b of the form 

2 {Lx-\- My-{-Nz)-\-\{a?^y^^z^^(i. 

The consecutive point on that section of the surface which we 
are considering satisfies this equation, and also the equation 
w, + Wg = 0, 

2 {Lx + -% + -^5? ) + oo;* + Jy * + c«* + 2 Zy « + 27n«a; + 2nxy = . 
Subtracting, we find 

__ aa? + ly^ •\-cz^ + 2lyz + 2mzx 4 2nxy 
" 5*4yMV * 

And since this equation is homogeneous, we may write for 
Xj y, z the direction-cosines of the line joining the consecutive 

pomt to the origin. As m the last article \ =-^ . 

Hence 

^^ V(Z^4lf^4i^') 

acos*a4icos'^4ccos'742/cosy8cos742wco87Cosa+2ncosacos/3' 

The problem to find the maximum and minimum radius of 
curvature is therefore to make the quantity 

«ai" 4 %' 4 cz^ 4 2lyz 4 2mzx 4 2nxy 

a maximum or minimum subject to the relations 

Lx + My-\-Nz=^0^ a*4y*4«*=l. 

And thus we see again that this is exactly the same problem 
as that of finding the axes of the central section of a quadric 
by a plane Lx-\-My + Nz, 
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266. In like maimer the problem to find the directions of 
the principal sections at any point is the same as to find the 
directions of the axes of the section by the plane Lx + My + Nz 
of the qnadric oaf + Jy* + cz* + 2li/z + 2mzx -f 2nxr/ = 1. 

Now given any diameter of a quadric, one section can 
be drawn through it having that diameter for an axis; the 
other axis being plainly the intersection of the plane perpen- 
dicular to the given diameter with the plane conjugate to it. 
Thus if the central quadric be U= 1, and the given diameter 
pass through xi/'z\ then the diameter perpendicular and con- 
jugate is the intersection of the planes 

f / / /v ; dU , dU , dU . 

If the former diameter He in a plane Lx '\- My ->r Nz\ the 
latter diameter traces out the cone which is represented by 
the determinant obtained on eliminating xrjz from the three 
preceding equations: viz. 

{Mz - Ny) ^^+ {Nx - Lz) '^^4 {Ly - Mx) ^^= 0. 

And this cone must evidently meet the plane Lx + My + Nz 
in the axes of the section by that plane. Thus then the 
directions of the principal sections are determined as the inter- 
section of the tangent plane Lx + My h- Nz with the cone 

{Mz — Ny) {ax -\-ny + mz) -f- {Nx — Lz) {nx + &y 4 lz) 

+ {Ly — Mx) {mx 4 Zy + cz) = tf, 

or {Mm-Nn) a:*4 {Nn-^LI) y^^-{Ll'-Mm) «" 

+ {X(&-c)-nJf4w^} yz ■\- [Ln-\- M {c- a) - Nl\ zx 

•\-{-Im^Ml + N{a-l)] xy. 

267. The methods used in Art. 264 enable us also easily 
to find the conditions for an umbilic* If the plane of o^ be 



* We might find the condition for an umbilic by forming the condition 
that the quadratic of Art. 264 should have equal roots. But, as at p. 32, 
this quadratic having its roots iQways real b one of the class discussed, 
Higher Algebra, p. 134 j whose discriminant can be expressed as the 
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the tangent plane at an umbUic the equation of tfee surface 
ig of the form 

a+^(aj^ + y*)+2 Dxz + 2 Eyz + i^«* + &c. = ; 

and if we subtract from It the equation of any touching 
sphere, viz. 

it is evidently possible so to choose X (namely, by taking it 
^A) that all the terms in the remainder shall be divisible 
by «• We see thus that if Wj^ + Wj + &c. represent the surface, 
and u, + Xi;, any touching sphere, it is possible, when the 
origin is an umbilic, so to choose X that m, — Xr^ may contain 
t^^ as a factor. We see then by transformation of co-ordinates 
as in Art. 264, that any point xy'^ will be an umbilic if it 
is possible so to choose X that 

(a-X) iB*+(J-X) y'4- (c-X) «' + 2?y5r + 2»i2?a; + 2na?y 

may contain as a factor Lx + My + Nz. If so, the other £skctor 

must be 

a — X h —X r— X 

Multiplying out and comparing the coefficients of yz^ zx^ xy^ 
we get the conditions 

(5_X)J+(a-X)^=2Z, (c-X)^+(a^X)|^=2«i, 

* (a-X)-^+(J-X)-jg.= 272. 

Eliminating X between these equations we obtain for an umbilic 
the two conditions 

bN^ + cM^ -^ 21MN cU + aN^^ 2mLN _ aM'+ hU - 2wZif 

Since there are only two conditions to be satisfied, a surface 
of the fi^ degree has in general a determinate number of 
umbilics; for the two conditions, each of which represents a 

turn of squares. If therefore we only consider real umbilics, the result 
of equating the discriminant to nothing is equivalent to two conditions, 
which can be more easily obtained as in the text. 
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surface, combined with the equation of the given surface de- 
termine a certain number of points. It may happen however 
that the surfaces represented by the two conditions intersect 
in a curve which lies (either wholly or in part) on the given 
surface. In such a case there would be on the given surface 
a line, every point of which would be an umbilic. Such a 
line is called a line of spherical curvature, 

268. There is one case in which the conditions of the 
last article are not applicable in the form in which we have 
written them. They appear to be satisfied by making i = Oy 

a = =r=i — iT^i ; whence we might conclude that the 

surface i = must always pass through umbilics on the given 
surface. Now it is easy to see geometrically that this is not 

the case, for Z for -r— j is the polar of the point yzw with 

respect to the surface, so that if L necessarily passed through 
umbilics it would follow by transformation of co-ordinates that 
the first polar of every point passes through umbilics. On 
referring to the last article, however, it will be seen that the 
investigation tacitly assumes that none of the quantities i, Jf, N 
vanish ; since, if so, some of the equations which we have used 
would contain infinite terms. Supposing then L to vanish, 
we must examine directly the condition that My + Nz may 
be a factor in 

(a — X) 05*4- (5- X) y*-^ (c-X) z'^-\'2lyZ'{-2mzx-\-2fixy. 

We must evidently have X = a, and it is then easily seen that 

, . , bN' + cM'-2lMN ,.- . 
we must, as before, have a= ^, ^^, , while in 

addition since the terms 2fnzx-\-2nxy must be divisible by 
My + Nzj we must have Mm = Nn. Combining then with the 
two conditions here found, Z = 0, and the equation of the 
surface, there are four conditions which, except in special 
cases, cannot be satisfied by the co-ordinates of any points. 

If we clear of fractions the conditions given in the last 
article, it will be found that they each contain either X, Mj 
or ^ as a factor. And what we have proved in this article 
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is that these factors may be suppressed as irrelevant to the 
question of umbilics.* 

We now proceed to draw some other Inferences from what 
was proved (Art. 263) ; namely, that the two principal spheres 
have stationaiy contact with the surface. 

269. When two surfaces liave stationary contact^ they touch 
in two consecutive points. 

The equations of the two surfaces being written as in Art. 263, 
the tangent planes at a consecutive point arc (Art. 237) 

z^-^[Ax + By')x + 2{Bx + (7y)y = 0, 

i5 + 2 [A'x + B'y) a; + 2 {B'x + C'y) ^ = 0. 

That these may be identical, we must have 

Ax' + By' = A'x' + B'y', Bx' + Cy' = B'x' + C'y', 

and eliminating x' : y' between these equations, we have 

{A-A'){C-C') = {B-B')\ 

which is the condition for stationary contact. 

The sphere, therefore, whose radius is equal to one of the 
principal radii touches the surfaces in two consecutive points; 

* From what has been said we can infer the number of umbilics wliich 
a surface of the n^^ degree will in general possess. We have seen that 
the umbilics are determined as the intersection of the given surface with 

A JB C 

a curve whose equations are of the form -77 = -^j = 77/ • Now if A, B, C 

A. Jo C/ 

be of the degree l, and A\ B^ C of the degree m, then AB* - BA\ 
AC - CA' are each of the degree / + m, and intersect in a curve of the 
degree (/ + m)'. But the intersection of these two surfaces includes the 
curve A A' of the degree Im which does not lie on the surface BC - CB*, 
The degree therefore of the curve in question is /* + /m 4 m*. In the 
present case Z = 3n - 4, m » 2» - 2 and the degree of the curve would 
seem to be 19n' - 46n + 28. But we have seen that the system we are 
discussing includes three curves such as 

X, a(]iP + JV^ - (bN* + c3P-2lJI£y) 

which do not pass through umbilics. Subtracting therefore from the 
number just found d(n - 1) (3n - 4), we see that the umbilics are deter- 
mined as the intersection of the given surface with a curve of the degree 
(lOfi' - 25n + 16), and therefore that the niunber of umbilics is in general 
n(10»«-25n + 16). 
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or two consecutive normals to the surface are also normals to 
the sphere, and consequently intersect in its centre. Now we 
know that in plane curves the centre of the circle of curvature 
may be regarded as the intersection of two consecutive normals 
to the curve. In surfaces the nonnal at any point will not 
meet the normal at a consecutive point taken arbitrarily. But 
we see here that if the consecutive point be taken in the 
direction of either of the principal sections, the two consecutive 
normals will intersect, and their common length will be the 
corresponding principal radius. On account of the importance 
of this theorem we give a direct investigation of it. 

270. To find in what cases the normal at any p&int on a 
surface is intersected hy a consecutive normal. Take the tangent 
plane for the plane of xy^ and let the equation of the surface be 

z-^Ax^^ 2Bxy + Cy^ + 2Dxz + 2Eyz + Fz' -f &c. = 0. 

Then we have seen (Art. 237) that the equation of a consecutive 
tangent plane is 

2j + 2 [Ax' + By) a; ■+ 2 [Bx + Cy) y = 0, 
and a perpendicular to this through the point xy' will be 

x—x _ y~~y _Q 

^x' + By' " Bx -f- Vy " 
This will meet the axis of z (which was the original normal) if 

X y 

Ax'+By'^ Bx'\Cy'' 

The direction therefore of a consecutive point whose normal 
meets the given normal is determined by the equation 

Bx"'-V[C ^A) xy' -By'^ = 0. 

But this is the same equation (Art. 260) which determines the 
directions of maximimi and minimimi curvature. At any point 
on a surface therefore there are two directions, at right angles 
to each other, such that the normal at a consecutive point 
taken on either, intersects the original normal. And these 
directions are those of the two principal sections at the point. 
Taking for greater simplicity the directions of the principal 
sections as axes of co-ordinates; that is to say, making B—0 

p 



210 CURVATURE OF SURFACES. 

in the preceding equations, the equation of a consecutive normal 

becomes . , = ^^ , = 2z^ whence it Is easy to see that the 

normals corresponding to the points y =^ 0, a;' = intersect the 
axis of z at distances respectively z = ^Ay z — \C, The inter- 
cepts therefore on a normal by the two consecutive ones which 
intersect it are equal to the principal radii.* 

271. We may also arrive at the same conclusions by seek- 
ing the locus of points on a surface, the normals at which meet 
a fixed normal which we take for axis of z. Making a; = 0, 
y = in the equation of any other normal we see that the 
point where it meets the surface must satisfy the condition 

lm~HTj* '^® curve where this sucface meets the given 

dx dy 

surface has the extremity of the given normal for a double 
point, the two tangents to which are the two principal tangents 
to the surface at that point. 

The special case where the fixed normal is one at an 
umbilic deserves notice. The equation of the surface being of 
the form « 4 -4 (aj* + y*) + &c. = 0, the lowest terms in the equa- 
tion ^-j-^y ~7~> when we make « = 0, will be of the third 

degree, and the umbilic is a triple point on the curve locus. 
Thus while every normal immediately consecutive to the normal 



* M. Bertrand, in his theory of the curvature of surfaoee, calculates 
the angle made by the consecutive normal with the plane containing the 
original normal and the consecutive point ory. Supposing still the direc- 
tions of the principal sections to be axes of co-ordinates, the direction- 
cosines of the consecutive normal are proportional to 2Aaf, ^Cy\ while 
those of a tangent line perpendicular to the radius vector are proportional to 
-y'y ^) 0. Hence the cosine of the angle between these two lines, or 
the sine of the angle which the consecutive normal makes with the normal 
section, is proportional to {C-A)sif}/\ or, if a be the angle which the 
direction of the consecutive point makes with one of the principal tangents, is 
proportional to {C - A) sin 2a. When a a or b 90^, this angle vanishes 
and the consecutive normal is in the plane of the original normal. 
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at the umbilic meets the latter normal, there are three directions 
along any of which the next following normal will also meet 
the normal at the umbilic. 

272. A line of curvature''^ on a surface is a line traced on 
it such that the normals at any two consecutive points of it 
intersect. Thus starting with any point M on a surface, we 
may go on to either of the two consecutive points N^ N' whose 
normals were proved to intersect the normal at if. The normal 
at Ny again, is intersected by the consecutive normals at two 
points P, F\ the element NP being a continuation of the 
element MN while the element NP is approximately per- 
pendicular to it. In like manner we might pass from the point 
P to another consecutive point Q and so have a line of curva- 
ture MNPQ, But we might evidently have pursued the same 
process had we started in the direction MN'. Hence, at any 
point M on a surface can be drawn two lines of curvature; 
these cut at right angles and are touched by the two "prin- 
cipal tangents" at M. A line of curvature will ordinarily not 
be a plane curve, and even in the special case where it is plane 
it need not coincide with a principal section at J/, though it 
must touch such a section. For the principal section must 
be normal to the surface, and the line of curvature may be 
oblique. 

A very good illustration of lines of curvature is aflforded 
by the case of the surfaces generated by the revolution of any 
plane curve round an axis in its plane. At any point P of 
such a surface one line of curvature is the plane section passing 
through P and through the axis, or, in other words, is the 
generating curve which passes through P. For all the normals 
to this curve are also normals to the surface, and being in 
one plane, they intersect. The corresponding principal radius 
at P is evidently the radius of curvature of the plane section 
at the same point. The other line of curvature at P is the 



• The whole theory of lines of curvature, umbilics, &c. is due to Monge. 
See his "Application de I'Analyse ^ la Q^om6trie/' p. 124, Lioaville's 
Editkni. 

P2 
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circle which is the section made by a plane drawn through 
P perpendicular to the axis of the surface; for the normals 
at all the points of this section evidently intersect the axis 
of the surface at the same point, and therefore intersect each 
other. The intercept on the normal between P and the axis 
is plainly the second principal radius of the surface. 

The generating curve which passes through P is a prin- 
cipal section of the surface, since it contains the normal and 
touches a line of curvature; but the section perpendicular to 
the axis is not a principal section because it does not contain 
the normal at P. The second principal section at that point 
would be the plane section drawn through the normal at P 
and through the tangent to the circle described by P. The 
example chosen serves also .to illustrate Meunier's theorem; 
for the radius of the circle described by P (which, as we have 
seen, is an oblique section of the surface) is the projection on 
that plane of the intercept on the normal between P and the 
axis, and we have just proved that this intercept is the radius 
of curvature of the corresponding normal section. 

273. It was proved (Art. 266) that the direction-cosines of 
the tangent line to a principal section fulfil the relation 

{M CO87 — N co8)8) (a cosa 4 w cosyS + m COS7) 

+ [N cosa — L COS7) (n cosa -4- b cosyS + 1 cosy) 

+ {L cos)8 — M cosa) [m cosa + I cosyS + c cosy) = 0. 

Now the tangent line to a principal section is also the tangent 
to the line of curvature; while, if <& be the element of the 
arc of any curve, the projections of that element upon the 
three axes being c£r, dy^ dz^ it is evident that the cosines of 

the angles which da makes with the axes are 3"' ^' TT' 

The differential equation of the line of curvature is therefore 
got by writing dx^ dy^ dz for cosa, cosyS, COS7 in the preceding 
formula. 

This equation may also be found directly as follows (see 
Gregory's Solid Geometry^ p. 256) : Let a, yS, 7 be the co- 
ordinates of a point common to two consecutive normab. 
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Then, if xyz be the point where the first normal meets 
the sorfacey by the equations of the normal, we have 

— p- = / = ^ : or if we call the common value of 
L M N 

these fractions 0^ we have 

But if the second normal meet the surface in a point x-^dxj 
y-\-dy^ z + dzj then expressing that aySy satisfies the equations 
of the second normal, we get the same results as if we diffe- 
rentiate the preceding equations, considering aySy as constant, or 
dx + Ldd + 0dL = Oj dy^Mde^0dM=-O^ dz-]- Nd0 + 0dN=O^ 

from which equations eliminating 5, dd^ we have the same 
determinant as in Ai*t. 266, viz. 

dx^ dy^ dz 

i, 3f, N 

dL^ dM^ dN =0. 
Of course 

dL=adx-\-ndy-\'mdz^ dM=^ndx-\-hdy -^-Idz^ dN=mdx-{-ldy-\'Cdz. 

Ex. To find the differential equation of the lines of curvature 

of the ellipsoid 

X' y z 

Here we have 

Substituting these values in the preceding equation it becomes, 
when expanded, 

(6* — c*) xdydz + (c" - a') ydzdx + [a* — J") zdxdy = 0. 

Knowing as we do that the lines of curvature are the inter- 
sections of the ellipsoid with a system of concentric quadrics 
(Art. 206), it would be easy to assume for the integral of this 
equation Aaf + By^ + Cs^^Oj and to determine the constants 
by actual substitution. K we assume nothing as to the form 
of the integral we can eliminate z and dz by the help of the 
equation of the surface, and so get a differential equation in 
two variables which is the equation of the projection of the lines 



.2 

.8 •" T5 "f" 15 ^^ •'^* 
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of corvatore on the plane of xy. Thus, in the present case, 

multiplying by -5 and reducing by the equation of the ellipsoid 

c 

and its differential, we have 

or writing y(V-c') -^' a'-c' =^> 

the integral of which (see BooIe^s Differential Equations^ Ex. 3, 
p. 135) is 

or the lines of curvature are projected on the principal plane 
into a series of conies who^e axes a', b' are connected by the 
relation 

It is not difficult to see that this coincides with the account 
given of the lines of curvature in Art. 206. 

274. The theorem that confocal quadrics intersect in lines 
of curvature is a particular case of a theorem due to Dupin,* 
which we shall state as follows : If three surfaces intersect at 
right angles^ and if each pair also intersect at right angles at 
their next consecutive common pointy then the directions of the 
intersections are the directions of the lines of curvatwre on each. 

Take the point common to all three surfaces as origin, and 
the three rectangular tangent planes as co-ordinate planes ; then 
the equations of the surfaces are of the form 

* x+ ai/^ -^ 2byz + cz^ + ^dzx + &c. = 0, 
y + a'«' + 2h'zx + c V + ^dzy + &c. = 0, 
z + al'x^ + 2h"xy + c"/ + &c. = 0. 

* Developpements de Qeom6trie, cinqui^me M^moire. The demonstra- 
tion here given 19 by Professor W. Thomson : see Gregory's Solid Oeametry, 
p. 263. Cambridge Ifathsmatical Journal, YoL iv., p. 62. 
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At a consecutive point common to the first and second surfaces, 
we must have a; = 0, y = 0, « = «' where z' is very small. The 
consecutive tangent planes are 

(1 + ^dz) X + "Ihz'y + "Iczz = 0, • 

2JVic + (1 + 2cfa') y + Idz'z = 0. 

Forming the condition that these should be at right angles and 
only attending to the terms where z is of the first degree, we 
have 5 + 5' = 0. 

In like manner, in order that the other pairs of surfaces 
may cut at right angles at a consecutive point, we must have 
y + J" = 0, J" 4- 5 = 0, and the three equations cannot be ful- 
filled unless we have 5, &', V each separately =0; in which 
case the form of the equations shows (Art. 260) that the axes 
are the directions of the lines of curvature on each. Hence 
follows the theorem in the form given by Dupin ; namely, that 
if there he three systems of surfaces^ such that every surface of one 
system is cut at right angles by all the surfaces of tJie other two 
systems^ then the intersection of two surfaces belonging to different 
systems is a line of curvature on each. For, at each point of 
it, it is, by hypothesis, possible to draw a third surface cutting 
both at right angles. 

275. If two surfaces cut at right angles^* and if their inter^ 
section is a line of curvature on onCj it is also a line of curvature 
on the other. 

Proceeding as in the last article, and taking the origin at 
any point of their intersection, we must, in order that they may 
cut at right angles, have & + 6' = 0, whence if 5 = 0, 6' = 0. 

Otherwise thus: the direction-cosines of the tangent planes 
of the two surfaces being proportional to i, if, N] i', if, N' ; 
the direction-cosines of their line of intersection are propor- 
tional to MN'-M'N, NL-^N'L, LM'-^L'M:, and in order 
that this intersection should be the direction of a line of curva- 



* This 18 also true if they cut at any constant angle. 
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tore on the first surface, we must have the condition fulfilled 
(Art. 273) 

MN'-iTN, Nr^ITL, LM'^ML 
L, M, N 

dL^ dMy dN =0, 

which expanded is 

[LL + MM' + NN') {ML + MdM-v NdN) 

- (i» + if + JV^») {L'dL + M'dM+ N'dN) = 0. 
If the two surfaces are at right angles, we have 

LL' + MM'-\-NN'=:Oy 
and the condition just written reduces to 

L'dL + M'dM-]- N'dN= 0, 
from which two equations we infer 

ML'-^-MdM' + NdN'^^O', 

but this is the condition that the line of intersection should be 
a line of cun^ature on the second surface. 

276. A line of curvature is, by definition, such that 
the normals to the surface at two consecutive points of it 
intersect each other. If then we consider the surface gene- 
rated by all the normals along a line of curvature, this will be 
a developable surface (Note, p. 75) since two consecutive gene- 
rating lines intersect. The developable generated by the nor- 
mals along a line of curvature manifestly cuts the given surface 
at right angles. 

"The locus of points where two consecutive generators of 
a developable intersect is a curve whose properties will be more 
fully explained in the next chapter, and which is called the 
cuyndal edge of that developable. Each generator is a tan- 
gent to this curve, for it joins two consecutive points of the 
curve; namely, the points where the generator in question 
is met by the preceding and by the succeeding generator (see 
Art. 119). 

Consider now the normal at any point ilf of a surface; 
through that point can be drawn two lines of curvature 
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MNPQj &c., MN'FQ^ &c. : let the normals at the points 
if, -AT, P, Q^ &c. intersect in* (7, i>, -E, &c., and those at 
if, JVT', F^g m C\ D\ E' ; then it is evident that the curve 
CBEy &c. is the cuspidal edge of the developable generated by 
the normals along the first line of curvature while C'jyE' is 
the cuspidal edge of the developable generated by the normals 
along the second. The normal at M^ as has just been ex- 
plained, touches these curves at the points (7, C which are 
the two centres of curvature corresponding to the point M. 

What has been proved may be stated as follows: The 
cuspidal edge of the developable generated by the normals 
along a line of curvature, is the locus of one of the systems 
of centres of curvature corresponding to all the points of that 
line. 

277. The assemblage of the centres of curvature C^ C 
answering to all the points of a surface is a surface of two 
sheets called the surface of centres (see Art. 208). The curve 
CDE lies on one sheet while C'D'E' lies on the other sheet. 
Every normal to the given surface touches both sheets of the 
surface of centres: for it has been proved that the normal at 
M touches the two curves CDE^ C'D'E\ and every tangent 
line to a curve traced on a surface is also a tangent to the 
surface. 

Now if from a point, not on a surface, be drawn two con- 
secutive tangent lines to a surface, the plane of those lines is 
manifestly a tangent plane to the surface; for it is a tangent 
plane to the cone which is drawn from the point touching the 
surface. But if two consecutive tangent lines intersect on the 
surface, it cannot be inferred that their plane touches the 
surface. For if we cut the surface by any plane whatever, 
any two consecutive tangents to the curve of section (which, 
of course, are also tangent lines to the surface) intersect on the 
curve, and yet the plane of these lines is supposed not to touch 
the surface. 

Consider now the two consecutive normals at the points 
M^ Ny these are both tangents to both sheets of the surface 
of centres. And since the point C in which they intersect is on 
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the first sheet but not necessarily on the second^ the plane of 
the two normals is the tangent plane to the second sheet of 
the surface of centres. 

The plane of the normals at the points Jf, N' is the tangent 
plane to the other sheet of the surface of centres. Bat because 
the two lines of curvature through M are at right angles to 
each other, it follows that these two planes are at right angles 
to each other. Hence, the tangent planes to the surface of centres 
at the tvx> points (7, C, where any normal meets it'j cut each 
other at right cmgles. 

It is manifest that for every umbilic on the given surface, 
the two sheets of the surface of centres have a point common ; 
or, in other words, the surface of centres has a double point ; 
and if the original surface have a line of spherical curvature, 
the surface of centres will have a double line. The two sheets 
will cut at right angles every where along this double line. 

278. It is convenient to define here a geodesic line on a 
surface, and to establish the fundamental property of such 
a line; namely, that its osculating plane (see Art. 119) at any 
point is normal to the surface. A geodesic line is the fonn 
assumed by a strained thread lying on a surface and joining 
any two points on the surface. It is plain that the geodesic 
is ordinarily the shortest line on the surface by which the two 
points can be joined, since, by pulling at the ends of the 
thread, we must shorten it as much as the interposition of the 
surface will permit. Now the resultant of the tensions along 
two consecutive elements of the curve, formed by the thread, 
lies in the plane of those elements, and since it must be de- 
stroyed by the resistance of the surface, it is normal to the 
surface ; hence, the plane of two consecutive elements of the geo^ 
desic contains the normal to the surface,^ 



* I have followed Monge in giving this proof, the mechanical principles 
■which it involves being so elementary that it seems pedantic to object to 
the introduction of them. For the benefit of those who would prefer a 
purely geometrical proof I add one or two in the text. For readers familiar 
with the theory of maxima and minima it is scarcely necessary to add that 



CUBVATUBE OF SUBFACES. 219 

The same thing may also be proved geometrically. In the 
first place, if two points Aj C in different planes be connected 
by joining each to a point B in the intersection of the two 
planes, the sum of AB and BC will be less than the sum of 
any other joining lines AB'^ B'C^ if AB and BG make equal 
angles with TT^ the intersection of the planes. For if one 
plane be made to revolve about TT until it coincide with the 
other, AB and BG become one right line since the angle TBA 
is supposed to be equal to TBG] and the right line AG \% 
the shortest by which the points A and C can be joined. 

It follows then that if AB and J5C be consecutive elements 
of a curve traced on a surface, that curve will be the shortest 
line connecting A and G when AB and BG make equal 
angles with BT^ the intersection of the tangent planes at A 
and G, 

We see then that AB (or its production) and BG are con- 
secutive edges of a right cone having BT for its axis. Now 
the plane containing two consecutive edges is a tangent plane 
to the cone; and since every tangent plane to a right cone 
is perpendicular to the plane containing the axis and the line 
of contact, it follows that the plane ABG (the osculating plane 
to the geodesic) is perpendicular to the plane AB^ BT which 
is the tangent plane at A, The theorem of this article is thus 
established. 

M. Bertrand has remarked {Liouville^ t. xiir., p. 73, cited 
by Cayley, Quarterly Journal^ Vol. r., p. 186) that this funda- 
mental property of geodesies follows at once from Meunier's 
theorem (see Art. 2G2). For it is evident, that for an inde- 
finitely small arc the chord of which is given, the excess in 
length over the chord is so much the less as the radius of 
curvature is greater. The shortest arc therefore joining two 



a geodesic need not be the absolutely shortest line by which two points on 
the surfoce may be joined. ThuSi if we consider two points on a sphere 
joined by a great circle, the remaining portion of that great circle, exceed- 
ing 180° is a geodesic though not the shortest line connecting the points. 
The geodesic however will always be the shortest line if the two points con- 
sidered be taken sufficiently near. 
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indefinitely near points A^ Bj on a surface is that which has 
the greatest radius of curvature, and we have seen that this 
is the normal section. 

279. Betuming now to the surface of centres, I say that 
the curve CDE (Art. 277) which is the locus of points of inter- 
section of consecutive normalB along a line of curvature is 
a geodesic on the sheet of the surface of centres on which it 
lies. For we saw (Art. 277) that the plane of two consecutive 
normals to the surface (that is to say, the plane of two con- 
secutive tangents to this curve) is the tangent plane to the 
second sheet of the surface of centres and is perpendicular to 
the tangent plane at C to that sheet of the surface of centres 
on which C lies. Since then the osculating plane of the curve 
CDE is always normal to the surface of centres, the curve is 
a geodesic on that surface. 

280. We have given the equations connected with lines of 
curvature on the supposition that the equation of the surface 
has been given, as it ordinarily is, in the form <f> (a;, y, z) = 0. 
As it is convenient, however, that the reader should be able 
to find here the formulae which have been commonly employed, 
we shall conclude this chapter by giving the principal equations 
in the form given by Monge and by most subsequent writers, 
viz. when the equation of the surface is in the form « = ^ (a;, y). 
We use the ordinary notations 

dz=^pdx-\-qdyj dp =^ rdx + sdi/y dq^sdx-^tdy. 

We might derive the results in this form from those found 
already ; for since we have Z7= ^ (a;, y) — « = 0, we have 

dU_ dU_ dU_ 
dx'^P' dy^^' ■&""^' 

with corresponding expressions for their second differential 
coefficients. We shall, however, repeat the investigations for 
this form as they are usually given. 
The equation of a tangent plane is 

z-z'^p [x-x') + J (y -y'). 
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and the equations of the normal are 

{x - a:') + p («-«') = 0, y - y' 4 2 (5J - z') = 0. 

If then 0/87 be any point on the normal and xyz the point 
where it meets the surface, we have 

(a-a:)+/>(7-2j) = 0, (/3-y)+j(7-«)=0. 

And if a/3y also satisfy the equations of a second normal, the 
differentials of these equations must vanish, or 

dx+pdz = (7 - z) dpj dy + qdz ^{y — z)dq] 

whence, eliminating (7 — «), we have the equation of condition 

{dx 4 pdz) dq = {dy 4 qdz) dp. 

Putting in for <fo, dp^ dq their values already given, and 
arranging, we have 

This equation determines the projections on the plane of xy of 
the two directions in which consecutive normals can be drawn 
so as to intersect the given normal. 

281. From the equations of the preceding article we can 
also find the lengths of the principal radii. The equations 

dx -\-pdz = (7 — 2;) dp J dy + qdz = (7 - «) rfy, 

when transformed as above become 

{l4-i>*-(7 — 2)r} dx-{-{pq-{y — z) s] rfy = 0, 

{l + 2'-(7-«)^} dy + {pq-{y^z)8}dx = 0, 
whence eliminating dx : dy^ we have 
{7-«)«(r<-O-(7-«){(l+2")^-2pj«4(H-/)<} + (l+i>*+g^=0. 

Now 7— « is the projection of the radius of curvature on the 
axis of z ; and the cosine of the angle the normal makes with 

that radius being -rr; g — tt , we have 

5 = (7-«)V(H-jp' + j"). 
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Eliminating then y — z hj the help of the last equation, li is 
given by the equation 

B'{rt^8')-B{{l-^^)r^2pqa + {l^p')t}s/{l+f-\-^) 

282. From the preceding theorems can be deduced 
JoachimsthaPs theorem (see Crelle^ Vol. XXX., p. 347) that if a 
line of curvature be a plane curve, its plane makes a constant 
angle with the tangent plane to the surface at any of the 
points where it meets it. Let the plane be z^O^ then the 
equation of Art. 278 

[dx -\-pdz) dq = {dy + qdz) dp 

becomes dxdq = dydp. But we have also pdx-i-qdy^O^ con- 
sequently pdp + qdq = ; i>' + {?* = constant. But /?' + g^ is the 
square of the tangent of the angle which the tangent plane 

makes with the plane ocy : since cos7 = -n- = =r . 

Otherwise thus (see Liouville, Vol. xi., p. 87) : Let MM\ 
JSTM" be two consecutive and equal elements of a line of 
curvature, then the two consecutive normals are two perpen- 
diculars to these lines passing through their middle points i, /', 
and C the point of meeting of the normals is equidistant from 
the lines JlfJf, ifM". But if from C we let fall a perpen- 
dicular CO on the plane MM'M'\ will be also equidistant 
from the same elements ; and therefore the angle CIO = CI' 0. 
It is proved then that the inclination of the normal to the plane 
of the line of curvature remains unchanged as we pass from. 
point to point of that line. 

More generally let the line of curvature not be plane. Then 
as before the tangent planes through MiT and through MM" 
make equal angles with the plane MM*M'\ And evidently 
the angle which the second tangent plane makes with a second 
osculating plane M'M"M'" differs from the angle which it 
makes with the first by the angle between the two osculating 
planes. Thus we have Lancret^s theorem, that along a line 
of curvature the variation in the angle bettceen the tangent plane 
to the surface and the osculating plane to the curve is equal to 
ike angle between the two osculoHng planes. 
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For example, if a line of curvature he a geodesic it must 
be plane. For then the angle between the tangent plane and 
osculating plane does not vaiy, being always right : therefore 
the osculating plane itself does not vary. From the same prin- 
dples we obtain a simple proof of the theorem of Art. 275. 

283. Finally, to obtain the radius of curvature of any 
normal section. Since the centre of curvature a/87 lies on 
the normal, we have 

(a-a;)-f^(7-^)=0, ()9-y) + 2(7-«) = 0. 
Further, we have 

And since this relation holds for three consecutive points of the 
section which is osculated by the circle we are considering, 
we have 

{a-x)dx ^[P-y)dy ,^-[ri-z)dz =0, 
{(i-x)d'x->t[P-y)d^y'\-[y'z)d\ = dx^-^dy'->tdz\ 
Combining this last with the preceding equations, we have 

a — x _ /8 — y _ _^ 7~jg _ R .da?-\-dy^-\-dz^ 

p " q " 1 " ^{^-^p^'^-q^)" pd^xJi-qd''y^d\' 

But differentiating the equation dz =pdx + qdy^ we have 

d'*z —pd'*x - qd^y = rdj? + 2sdxdy + tdy'j 

whence 5 = ±V(l+/ + 2») ^^^^^^^i^ 

^ ^ ^^ rdx'-]-2sdxdy^-td^ 

The radius of curvature therefore of a section whose projection 
on the plane of xy is parallel to y = mx is 

xvv -rp T^j r + 2m-f «wi" 

The conditions for an umbilic are got by expressing that this 
value b independent of 911, and are 

1 +p* _pq _ i±j^ 

r 8 t ' 
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CHAPTER XL 

CURVES AND DEVELOPABLES. 
SECTION 1. PROJECTIVE PBOPEBTIES. 

284. It was proved (p. 13) that two equations represent 
a curve in space. Thus the equations ?7=0, F=0 represent 
the curve of intersection of the surfaces ?7, V. 

The degree of a curve in space is measured by the number 
of points in which it is met by any plane. Thus, if ZTJ F be 
of the m^ and n^ degrees respectively, the surfaces which they 
represent are met by any plane in curves of the same degrees, 
which intersect in w, n points. The curve UV is therefore of 
the mn^ degree. 

By eliminating the variables alternately between the two 
given equations, we obtain three equations 

^(yj«) = 0, •^(«,a:)=0, x(ir,y)=0, 

which are the equations of the projections of the curve on the 
three co-ordinate planes. Any one of the equations taken 
separately represents the cylinder whose edges are parallel to 
one of the axes, and which passes through the curve (Art. 24). 
The theory of elimination shows that the equation ^ (y, e) = 
obtained by eliminating x between the given equations is of 
the mn^^ degree. And it is also geometrically evident that 
any cone or cylinder* standing on a curve of the r*^ degree 
b of the r^ degree. For if we draw any plane through the 
vertex of the cone [or parallel to the generators of the cylinder] 
this plane meets the cone in r lines ; namely, the lines joining 
the vertex to the r points where the plane meets the curve. 

* A cylinder is plainly the limiting case of a cone, whose vertex is 
at infinity. 
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285. Now, conversely, if we are given any curve in space 
and desire to represent it by equations, we need only take the 
three plane curves which are the projections of the curve on 
the three co-ordinate planes; then any two of the equations 
^ (^j s) = 0, yjr («, x) = Oj X (^? 1/)—^ will represent the given 
curve. But ordinarily these will not form the simplest system 
of equations by which the curve can be represented. For if 
r be the degree of the curve, these cylinders being each of 
the r*^ degree, any two intersect in a curve of r^ degree ; that 
is to say, not merely in the curve we are considering but in 
an extraneous curve of the degree r^ — r. And if we wish 
not merely to obtain a system of equations satisfied by the 
points of the given curve, but also to exclude all extraneous 
points, we must preserve the system of three projections; for 
the projection on the third plane of the extraneous curve in 
which the first two cylinders intersect will be diflerent fi-om 
the projection of the given curve. 

It mai/ be possible by combining the equations of the three 
projections to arrive at two equations U= 0, F= 0, which shall 
be satisfied for the points of the given curve, and for no other. 
But it is not generally true that every curve in space is the 
complete intersection of two surfaces. To take the simplest 
example, consider two quadrics having a right line common, 
as, for example, two cones having a common edge. The 
intersection of these surfaces, which is in general of the fourth 
degree, must consist of the common right line, and of a curve 
of the third degree. Now since the only factors of 3 are 1 
and 3, a curve of the third degree cannot be the complete 
Intersection of two surfaces unless it be a plane curve; but 
the curve we are considering cannot be a plane curve,* for 
if so any arbitrary line in its plane would meet it in three 
points, but such a line could not meet either quadric in more 



* Curves in space which are not plane curves have commonly been 
called "curtes of double curvature.^ In what follows, I use the word 
" curve'' to denote a curve in space, which ordinarily is not a plane curve, 
and I add the adjective "twisted" when I want to state expressly that 
the curve it not a plane curve. 

Q 
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than two, and therefore could not pass through three points 
of their curve of intersection, 

286. If a curve be either the complete or partial inter- 
section of two surfaces ?7, F, the tangent to the curve at any 
point is evidently the intersection of the tangent planes to the 
two surfaces, and is represented by the equations 

dW dV dU' dU' ^ 

dV dV dV dV ^ 

The direction-cosines of the tangent are plainly proportional 
to MN'-^M'N, NL'^N'L, LM'^-LM, where L,M,&xi. are 
the first differential coefficients. 

An exceptional case arises when the two surfaces touch, in 
which case the point of contact is a double point on their 
curve of intersection. All this has been explained before (see 
Art. 128). As a particular case of the above, the projection 
of the tangent line to any curve is the tangent to its projec- 
tion; and when the curve is given as the intersection of the 
two cylinders y = ^(«), a; = '^(«), the equations of the tan- 
gent are 

This may be otherwise expressed as follows: Consider any 
element of the curve cb; it is projected on the axes of co- 
ordinates into (£r, dy^ dz. The direction-cosines of this element 

are therefore "T" i Zji "Ti *°^ ^® equations of the tangent are 

ax ay dz 

da da ds 

Since the sum of the squares of the three cosines are equal to 
unity, we have da^ = da? + rfy* -f dz^. 

We shall postpone to another section the theory of normals, 
radii of curvature, and in short everything which involves the 
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conBideration of angles, and in this section we shall only 
consider what may be called the projective properties of 
curves* 

287. The theory of curves is in a great measure identical 
with that of developables on which account it is necessary to 
enter more fully into the latter theory. In fact it was proved 
(Art. 119] that the reciprocal of a series of points forming a 
curve is a series of planes enveloping a developable. We there 
showed that the points of a curve regarded as a system of 
points 1, 2, 3, &c. give rise to a system of lines; namely, the 
lines 12, 23, 34, &c. joining each point to its next consecutive, 
these lines being the tangents to the curve : and that they also 
give rise to a system of planes, viz. the planes 123, 234, &c. 
containing every three consecutive points of the system, these 
planes being the osculating planes of the curve. The as- 
semblage of the lines of the system forms a surface whose 
equation can be found when the equation of the curve is given. 
For the two equations of the tangent line to the curve involve 
the three co-ordinates a;', y', «', which being connected by two 
relations are reducible to a single parameter; and by the 
elimination of this parameter from the two equations, we obtain 
the equation of the surface. Or, in other words, we must 
eliminate xyz between the two equations of the tangent and 
the two equations of the curve. We have said (Art. 119) 
that the surface generated by the tangents is a developable 
since every two consecutive positions of the generating line 
intersect each other. The name given to this kind of surface 
is derived from the property that it can be unfolded into a 
plane without crumpling or tearing. Thus imagine any series 
of lines Aa^ Bb^ Cc^ Dd^ &c. (which for the moment we take 
at a finite distance from each other] and such that each inter- 
sects the consecutive in the points a, i, c, &c. ; and suppose 
a surface to be made up of the faces AaB^ BbC^ CcD^ &c., 
then it is evident that such a surface could be developed into 
a plane by ttuming the face AaB round aB as a hinge until 
it formed a continuation of BbG\ by turning the two, which 
we had thus made into one face, round cC until they formed 

Q2 
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a continuation of the next face and bo on. In the limit when 
the lines Aa^ Bb^ &c. are indefinitely near, the assemblage of 
plane elements forms a developable which, as just explained, 
can be unfolded into one plane. 

The reader will find no difficulty in conceiving this from 
the examples of developables with which he is most familiar, 
viz. a cone or a cylinder. There is no difficulty in folding 
a sheet of paper into the form of either surface and in un- 
folding it again into a plane. But it will easily be seen to 
be impossible to fold a sheet of paper into the form of a sphere 
(which is not a developable surface) ; or, conversely, if we cut 
a sphere in two it is impossible to make the portions of the 
surface lie smooth in one plane. 

288. The plane AaB containing two consecutive gene- 
rating lines is evidently, in the limit, a tangent plane to the 
developable. It is plain that we might consider the surface 
as generated by the motion of the plane AaB according to 
some assigned law, the envelope of this plane in all its positions 
being the developable. Now if we consider the developable 
generated by the tangent lines of a curve in space, the equa- 
tions of the tangent at any point x'y'z' are plainly functions 
of those co-ordinates, and the equation of the plane containing 
any tangent and the next consecutive (in other words, the 
equation of the osculating plane at any point x'y'z') is also 
a function of these co-ordinates. But since x'y'z' are connected 
by two relations, namely, the equations of the curve ; we can 
eliminate any two of them, and so arrive at this result, that 
a developable is the envelope of a plane whose equation contains 
a single variahle parameter. To make this statement better 
understood we shall point out an important difference between 
the cases when a plane curve is considered as the envelope of 
a moveable line, and when a surface in general is considered as 
the envelope of a moveable plane. 

289. The equation of the tangent to a plane curve is a 
function of the co-ordinates of the point of contact; and these 
two co-ordinates being connected by the equation of the curve, 
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we can cither eliminate one of them, or else express both in 
terms of a third variable so as to obtain the equation of the 
tangent as a fimction of a single variable parameter. The 
converse problem to obtain the envelope of a right line whose 
equation includes a variable parameter has been discussed, 
Higher Plane Curves^ p. 93. Let the equation of any tan- 
gent line be tt = 0, where u is of the first degree in x and y, 
and the constants are functions of a parameter a. Then 
the line answering to the value of the parameter a + A is 

dU h d U h ff mm . >,. • /•! 

ti -f -^ - -f -^-T — - -f &c. ; and the pomt of mtersection of these 
da 1 da!" 1.2 ' ^ 

two lines is given by the equations ^ = ^> ;/" + 7^ "tt + <^c. = 0. 

And, in the limit, the point of intersection of a line with the 
next consecutive (or, in other words, the point of contact of 
any line with its envelope) is given by the equations w = 0, 

-7- = 0. If from these two equations we eliminate a we obtain 

the locus of the points of intersection of each line of the system 

with the next consecutive ; that is to say, the equation of the 

envelope of all these lines. It is easy to prove that the result 

of this elimination represents a curve to which w is a tangent. 

For if in w we replace a by its value, in terms of x and y, 

1 . , ^ ^, ^' clu ^ , du fdu\ du da 

derived from the equation -7- =0, we nave t- = -r + -1 — r- 

^ aa ' dx \dxj da dx 

, du fdu\ du da , (du\ fdu\ . ,.^ 

^"^ ^ = l^j + ^ ^ ' ^^^"-^ U J ' w "^ '^^ ^'^^- 

rentials of u on the supposition that a is constant. And since 

-T- = it is evident that ^- , -7- are the same as on the sup- 
da dx^ dy ^ 

position that a is constant. It follows that the eliminant in 
question denotes a curve touched by u. 

If it be required to draw a tangent to this curve through 
any point, we have only to substitute the co-ordinates of that 
point in the equation u:^0, and determine a so as to satisfy- 
that equation. This problem will have a definite number of 
solutions, and the number will plainly be the number of tan- 
gents which can be drawn to the curve from an arbitrary 
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point; that is to say, the class of the curve. For example, 
the envelope of the line 

aa" 4 3Ja* + 3ca + rf= 0, 

where a, bj c, d^ are linear functions of the co-ordinates, is 
plainly a curve of the third class. 

290. Now let us proceed in like manner with a surface. 
The equation of the tangent plane to a surface is a function 
of the three co-ordinates, which being connected by only one 
relation (viz. the equation of the surface), the equation of the 
tangent plane, when most simplified, contains two variable 
parameters. The converse problem is to find the envelope of 
a plane whose equation u = contains two variable parameters 
a, 13, The equation of any other plane answering to the 
values a-f A, yS + A: will be 

/, du J du\ 1 /,, d% o \ ^ 

Now in the limit, when h and k are taken indefinitely small, 
they may preserve any finite ratio to each other k=^\h. We 
see thus that the intersection of any plane by a consecutive 
one is not a definite line, but may be any line represented by 

the equations w = 0, T" + ^3n~^i where X is indeterminate. 

But we see also that all planes consecutive to u pass through 

« . • « « • du du 

ULQ point given by the equations u = 0, --=- ^0^ ZJo"^^' 

From these three equations we can eliminate the parameters 
a, y9, and so find the locus of all those points where a plane of 
the system b met by the series of consecutive planes. It is 
proved, as in the last article, that the surface represented by 
this eliminant is touched by u. If it be required to draw a 
tangent plane to this surface through any point, we have only 
to substitute the co-ordinates of that point in the equation u = 0. 
The equation then containing two indeterminates a and y9 can 
be satisfied in an infinity of ways; or, as we know, through 
a given point an infinity of tangent planes can be drawn to 
the surface, these planes enveloping a cone. 
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Suppose, however, that we either consider /9 as constant, 
or as any definite function of a, the equation of the tangent 
plane Is reduced to contain a single parameter, and the envelope 
of those particular tangent planes which satisfy the assumed con- 
dition is a developable. Thus, again, we may see the analogy 
between a developable and a curve. When a surface Is con- 
sidered as the locus of a number of points connected by a given 
relation. If we add another relation connecting the points we 
obtain a curve traced on the given surface. So if we consider 
a surface as the envelope of a series of planes connected by 
a single relation, if we add another relation connecting the 
planes we obtain a developable enveloping the given surface. 

291. Let us now see what properties of developables are to 
be deduced from considering the developable as the envelope 
of a plane .whose equation contains a single variable parameter. 
In the first place it appears that through any assumed point 
can be drawn, not as before an infinity of planes of the system, 
forming a cone ; but a definite number of planes. Thus If It 
be required to find the envelope of aa' -f 36a' -f 3ca + rf, where 
a, i, c, d represent planes, it is obvious that only three planes 
of the system can be drawn through a given point, since on 
substituting the co-ordinates of any point we get a cubic for a. 
Again, any plane of the system Is cut by a consecutive plane 

In a definite line ; namely, the line w = 0, ^ = ; and If we 

eliminate a between these two equations we obtain the sur- 
face generated by all those lines, which Is the required 
developable. 

It Is proved, as at Art. 289, that the plane u touches the 
developable at every point which satisfies the equations w = 0, 

— = 0; or, in other words, touches along the whole of the line 

of the system corresponding to u. It was proved (Art. 107) 
that in general when a surface contains a right line the tangent 
plane at each point of the right line Is different. But In the 
case of the developable the tangent plane at every point is 
the same. K a; be the plane which touches all along the line 
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xy^ the equation of the surface can be thrown into the form 

292. Let us now consider three consecutive planes of the 
system, and it is evident as before that their intersection satisfies 

the equations tt = 0, ^- = 0, -7-^=0. For any value of a, the 

point is thus determined where any line of the system is met 
by the next consecutive. The locus of these points is got by 
eliminating a between these equations. We thus obtain two 
equations in x^ y^ z^ one of them being the equation of the 
developable. These two equations represent a curve traced 
on the developable. Thus it is evident that starting with the 
definition of a developable as the envelope of a moveable plane, 
we are led back to its generation as the locus of tangents to 
a curve. For the consecutive intersections of the planes form 
a series of lines, and the consecutive intersection of the lines 
are a series of points forming a curve to which the lines are 
tangents. We shall presently show that the curve is a cuspidal 
edgef on the developable. 

* It seems unnecessary to enter more fully into the subject of envelopes 

in general, since what is said in the text applies equally if ti, instead of 

representing a plane, denote any surface whose equation includes a variable 

(iu 
parameter. Monge calls the curve ti = 0, -— = 0, in which any surface of 

da 

the system is intersected by the consecutire, the characterutic of the 
envelope. For the nature of this curve depends only on the manner in 
which the variables ar, y, z enter into the function ti, and not on the manner 
in which the constants depend on the parameter. Thus when u represents 
a plane, the characteristic is always a right line, and the envelope is the 
locus of a system of right lines. When u represents a sphere, the cha- 
racteristic, being the intersection of two consecutive spheres, is a circle 
and the envelope is the locus of a system of circles. And so envelopes 
in general may be divided into families according to the nature of the 
characteristic. 

t Monge has called this the "arfete de rebroussement,** or "edge of 
regression*' of the developable. There is a similar curve on every envelopet 
namely, the locus of points in which each ** characteristic" is met by the 
next consecutive. The part of the characteristic on one side of this curve 
generates one sheet of the envelope, and that on the other side generates 
another sheet. The two sheets touch along this curve which is their 
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293. Four consecutiye planes of the Bystem will not meet 

dtA 
in a point unless the four conditions be fulfilled w = 0, ^ = 0, 

_-=0, -^ = 0. It is in general possible to find certain 

values of a, for which this condition will be satisfied. For if 
we eliminate x^ y, z^ we get the condition that the four planes, 
whose equations have been just written, shall meet in a point. 
This condition is a function of a ; and by equating this function 
to nothing, we shall in general get a determinate number of 
values of a for which the condition is satisfied. There are 
therefore. in general a certain number of points of the system 
through which four planes of the system pass; or, in other 
words, a certain number of points in which three consecutive 
lines of the system intersect. We shall call these, as at Higher 
Plane Curves^ p. 28, the stationary points of the system ; since 
in this case the point determined as the intersection of two 
consecutive lines, coincides with that determined as the inter- 
section of the next consecutive pair. 

Reciprocally, there will be in general a certain number of 
planes of the system which may be called stationary planes. 
These are the planes which contain four consecutive points 
of the system ; for in such a case the planes 123, 234 evidently 
coincide. 

294. We shall now show how, from PlUcker's equations con- 
necting the ordinary singularities of plane curves,* Mr. Cayleyf 

common limit, and is a cuspidal edge of the envelope. Thus in the case 
of a cone the parts of the generating lines on opposite sides of the vertex 
generate opposite sheets of the cone, and the cuspidal edge in this case 
reduces itself to a single point, namely, the vertex. 

* These equations are as follows: see Higher Plane Cut^ves, p. 01. 
Let fi be the degree of a curve, v its class, d the number of its double 
points, T that of its double tangents, k the number of its cusps, i that of 
its points of inflexion ; then 

v= ^(/i- 1) -2^-3*^; fi= >'(v- 1)- 2t-3i, 

t = 3fi(ji - 2) - 6^ - 8*; u = a^Cv - 2) - 6t - 8«. 

Whence also » - « = 3 (v - /*) ; 2 (t - i) = (y - ;*) (y + ^ - 9). 

t See Liouville*s Journal, Vol. X., p. 245 ; Cambridge and Dublin 
Mathematical Journal, Vol. v., p. 18. 
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has deduced equations connecting the ordinary singularities of 
developables. We shall first make an enumeration of these 
singularities. We speak of the "points of the system," the 
" lines of the system," and the " planes of the system" as ex- 
plained (Art. 119). 

Let m be the number of points of the system which lie in 
any plane ; or, in other words, the degree of the curve which 
generates the developable. 

Let n be the number of planes of the system which can be 
drawn through an arbitrary point. W6 have proved (Art. 291) 
that the number of such planes is definite. We shall call this 
number the class of the system. 

Let r be the number of lines of the system which intersect 
an arbitrary right line. It is plain that if we form the con- 
dition that u, -J- and any assumed right line may intersect, 

the result will be a function of a, which being equated to 
nothing gives a definite number of values of oc Let r be the 
number of solutions of this equation. We shall call this 
number the rank of the system, and, we shall show that all 
other singularities of the system can be expressed in terms 
of the three just enumerated. 

Let a be the number of stationary planes, and fi the number 
of stationary points (Art. 293]. 

Two non-consecutive lines of the system may intersect. 
When this happens we call the point of meeting a "point 
on two lines," and their plane a "plane through two lines." 
Let X be the number of "points on two lines" which lie 
in a given plane, and y the number of "planes through two 
lines" which pass through a given point. 

Li like manner we shall call the line joining any two points of 
the system a " line through two points," and the intersection of any 
two planes a " line in two planes." Let g be the number of " lines 
in two planes" which lie in a given plane, and h the number of 
" lines through two points" which pass through a given point. 

The developable has other singularities which will be deter- 
mined in a subsequent chapter, but these are the singularities 
which PlUcker's equations (note, p. 233) enable us to determine. 
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295. Consider now the section of the developable by any 
plane. It is obvious that the points of this curve are the traces 
on its plane of the '^ lines of the system/' while the tangent 
lines of the section are the traces on its plane of the '' planes 
of the system." The degree of the section is therefore r, 
since it is equal to the number of points in which an arbitrary 
line drawn in its plane meets the section, and we have such 
a point whenever the line meets a 'Hine of the system." 

The class of the section is plainly n. For the number of 
tangent lines to the section drawn through an arbitrary point 
is evidently the same as the number of ^^ planes of the system" 
drawn through the same point. 

A double point on the section will arise whenever two 
^4ines of the system" meet the plane of section in the same 
point. The number of such points by definition is x. The 
tangent lines at such a double point are usually distinct because 
the two planes of the system corresponding to the lines of the 
system intersecting in any of the points x are commonly 
different. 

The number of double tangents to the section is in like 
manner g ; since a double tangent arises whenever two planes 
of the system meet the plane of section in the same line. 

The m points of the system which lie in the plane of section 
are cusps of the section. For they are double points as being 
the intersection of two lines of the system; and the tangent 
planes at these points coincide, since the two consecutive lines, 
intersecting in one of the points m, lie in the same plane of 
the system. This proves, what we have already stated, that 
the curve whose tangents generate the developable is a cuspidal 
edge on the developable ; for it is such that every plane meets 
that surface in a section which has as cusps the points where 
the same plane meets the curve. 

Lastly, we get a point of inflexion (or a stationary tangent) 
wherever two consecutive planes of the system coincide. The 
number of points of inflexion is therefore a. 

We are to substitute then in the formulsB, note p. 233, 



/A = r, 1^ = 11, 8 = a?, T=^, K^m^ i = 



oc 



236 PBOJECTIYE PKOFERTIES OF CURVES. 

And we have 

n= r (r — 1) — 2a; — 3m; r= w (n— 1) — 2^ — 3a, 

a = 3r(r-2)-6a;-8wi; tn = 3n(n-2)- 67-80, 
whence also 

711 — a = 3 (r — w) ; 2 (a; — (7) = (r — w) (r + w — 9). 

296. Another system of equations is found by considering 
the cone whose vertex is any point and which stands on the 
given curve. It appears at once by considering the section 
of a cone by any plane that the same equations connect the 
double points, double tangent planes, &c. of cones, which con- 
nect the double points, double tapgents, &c. of plane curves. 

The edges of the cone which we are now considering are 
the lines joining the vertex to all the points of the system; 
and the tangent planes to the cone are the planes connecting 
the vertex with the lines of the system, for evidently the plane 
containing two consecutive edges of the cone must contain the 
line joining two consecutive points of the system. 

The degree of the cone is plainly the same as the degree of 
the curve and is therefore m. 

The class of the cone is the same as the number of tangent 
planes to the cone which pass through an arbitrary line drawn 
through the vertex. Now since each tangent plane contains 
a line of the system, it follows that we have as many tangent 
planes passing through the arbitrary line as there are lines 
of the system which meet that line. The number sought is 
therefore r.* 

A double edge of the cone arises when the same edge of 
the cone passes through two points of the system, or 8 = A. 
The tangent planes along that edge are the planes joining 
the vertex to the lines of the system which correspond to 
each of these points. 



* It is easy to see that the class of this cone is the same as the degree 
of the developable which is the reciprocal of the points of the given system. 
Hence, the degree of the developable generated by the tangents to any curve 
is the same as the degree of the developable which is the reciprocal of the 
points of that curve, see note, p. 124. 
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A double tangent plane will arise when the same plane 
through the vertex contains two lines of the system; or T = y. 

A stationary or cuspidal edge of the cone will only exist 
when there is a stationaiy point in the system; or k = I3. 

Lastly, a stationary tangent plane will exist when a plane 
containing two consecutive lines of the system passes through 
the vertex ; or £ = n. 

Thus we have /a = tw, v = r, 8 = A, t = y, /c = 13^ 4 = n. 
Hence by the formulae (note p. 233] 

r= w(w- 1)-2A- 3)S; w= r (r- 1) -2y-3n, 

w = 3m(w-2)-6A-8)S; )S = 3r (r-2) - 6y-8ri. 

Whence also 

(n - )S) = 3 (r - w) ; 2 (y - A) = (r - w) (r + w - 9). 

And combining these equations with those found in the last 
article, we have also 

a — )8 = 2 (n - m) ; a; — y = 7i — w ; 2 (^ — A) = (n — 7n) (w + 7n — 7). 

Plttcker's equations enable us, when three of the singularities 
of a plane curve are given, to determine all the rest. Now 
three quantities r, w, n are common to the equations of this 
and of the last article. Hence, when any three of the stngu^ 
larfties which we have enumerated^ of a- curve in apace^ are 
given J all the rest can be found. 

297. To illustrate this theory, let us take the developable 
which is the envelope of the plane 

a^ + 4ir* + ^^^^ c^H- &c. = 0, 

where f is a variable parameter, a, ft, c, &c. represent planes, 
and k is any integer. 

The class of this system is obviously A;, and the equation 
of the developable being the discriminant of the preceding 
equation, its degree is 2(A;— 1); hence r = 2(4 — 1). 

Also it is easy to see that this developable can have no 
stationary planes. For in general if we compare coefficients 
in the equations of two planes, three conditions must be satisfied 
in order that the two planes may be identical. If then we 
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attempt to determine t so that any plane may be identical 
with the consecutive one, we find that we have three conditions 
to satisfy, and only one constant t at our disposal. 

Having then w = 4, r = 2 (A — 1), a = 0, the equations of the 
last two articles enable us to determine the remaining singu- 
larities. The result is 

wi = 3(A;-2); )8 = 4(i-3); a: = 2(*-2) (&-3); 

0/7 ,x/7 ox (4-l)(4-2) , 9i»-53A: + 80 
y = 2(i-l)(&-3); g = ^- ^ ^; A= ^ . 

The greater part of these values can be obtained independently 
as at Higher Plane Curves^ p. 94. But in order to economize 
space we do not enter into details. 

298. The case considered in the last article, which is that 
when the variable parameter enters only rationally into the 
equation, enables us to verify easily many properties of de- 

velopables. Since the system t« = 0, -^ = is obviously re- 
ducible to 

a^» + (Aj-.l) i^ + &c. = 0, &<*"* + (i - 1) c^*"* + &c. = 0, 

and the system « = 0, ;g=0, ^=Ois reducible to 

a<*^4.(4-2) &^ + &c. = 0, ir»+(i-2)c^ + iScc. = 0, 

cr*+(A;-2)c?<*-« + &c. = 0; 

it follows that a is itself* a plane of the system (namely, that 
corresponding to the value ^ = oo ), oi is the corresponding line, 
and abc the corresponding point. Now we know from the 
theory of discriminants (see Higher Algebra^ p. 47) that the 
equation of the developable is of the form a^ + h*-^ = 0, where 
'^ is the discriminant of u when in it a is made = 0. Thus we 
verify what was stated (Art. 291) that a touches the develop- 
able along the whole length of the line db. Further, '^ b 
itself of the form h^' + c"^'. If now we consider the section 
of the developable by one of the planes of the system (or, in 
other words, if we make a = in the equation of the develop- 
able), the section consists of the line ab twice and of a curve 
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of the degree r — 2 ; and this curve (as the form of the equation 
shows) touches the line ah at the point oic, and consequently 
meets it in r — 4 other points. These are all "points on two 
lines/' being the points where the line ab meets other lines 
of the system. And it is generally true that if r be the rank 
of a developable each line of the system meets r — 4 other lines 
of the system. The locus of these points forms a double curve 
on the developable, the degree of which is or, and the other 
properties of which will be given in a subsequent chapter^ 
where we shall also determine certain other singularities of 
the developable. 

We add here a table of the singularities of some special 
sections of the developable. The reader, who may care to 
examine the subject, will find no great difficulty in establishing 
them. T have given the proof of the greater part of them, 
Cambridge and Dublin Mathematical Journal^ Vol. v., p. 24. 

Section by a plane of the system 

^ = r— 2, v = n— 1, 4=a, #c=7n— 3, T = (7-n+2, 8 = a; — 2r-f 8. 
Cone whose vertex is a point of the system 
/jL^m—lj v=r— 2, 4=n— 3, /c=l3^ T=y — 2r + 8, 8 = A— ?n + 2. 
Section by plane passing through a line of the system 

^ = r — 1, v = n, t = a+l, #c = w — 2, t = (7— 1, 8 = a; — r + 4. 
Cone whose vertex is on a line of the system 

^ = 971, v = r— 1, t = n — 2, Ac = )S+l, T = y — r + 4, S = A — 1. 
Section by plane through two lines 

/* = r — 2, vs=w, i = a + 2, Ac = m — 4, T=g — 2j S = a; — 2r+9. 
Cone whose vertex is a point on two lines 

/ji:=zmj v = r-2, i = n-4, ic = l3 + 2y T = y-2r + 9, S = A-2. 
Section by a stationary plane 

fji^r-dj v=n-2, t=a-l, ic=m-4, T=5r-2n+6, S=a;-3r+13. 
Cone whose vertex is a stationary point 
fi:^m—2j v=r-3, t=w-4, /c=)8-l, T=y-3r+13, S=A-2m+6. 
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SECTION II. CLASSIFICATION OF CURVES. 

299. The foUowiug enameration rests on the principle that 
a curve of the degree r meets a surface of the degree p in 
pr points. This is evident when the curve is the complete 
intersection of two surfaces whose degrees are m and n. 
For then we have r^mn and the three surfaces intersect in 
mnp points. It is true also by definition when the surface 
breaks up into p planes. We shall assume that, in virtue 
of the law of continuity, the principle is generally true. 

The use we make of the principle is this. Suppose that 
we take on a curve of the degree r, as many points as are 
sufficient to determine a surface of the degree p ; then if the 
number of points so assumed be greater than pr^ the surface 
described through the points must altogether contain the curve ; 
for otherwise the principle would be violated. 

We assume in this that the curve is a proper curve of the 
degree r, for if we took two curves of the degrees m and n 
(where 7w + w = r), the two together might be regarded as a 
complex curve of the degree r, and if either lay altogether on 
any surface of the degree p^ of course we could take on that 
curve any number of points common to the curve and surface. 
All this will be sufficiently illustrated by the examples which 
follow. 

300. There w no line of the first degree hut the right line. 
For through any two points of a line of the first degree and 
any assumed point we can describe a plane which must alto- 
gether contain the line, since otherwise we should have a line 
of the first degree meeting the plane in more points than one. 
In like manner we can draw a second plane containing the 
line, which must therefore be the intersection of two planes; 
that is to say, a right line. 

There is no proper line of the second degree but a conic. 
Through any three points of the line we can draw a plane, 
which the preceding reasoning shows must altogether contain 
the line. The line must therefore be a plane curve of the 
second degree. 
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The exception noted at the end of the last article would 
occur if the line of the second degree consisted of two right 
lines not in the same plane; for then the plane through three 
points of the system would only contain one of the right lines. 
In what follows we shall not think it necessary to notice this 
again, but shall speak only of proper curves of their respective 
orders. 

301. A curve of the third degree muM either f>e a plane 
cubic or the partial intersection of two qua/Irics^ as explained, 
Art. 285.* 

For through seven points of the curve and any two other 
points describe a quadric; and as before, it must altogether 
contain the curve. If the quadric break up into two planes, 
the curve may be a plane curve lying in one of the planes. 
As we may evidently have plane curves of any degree we 
shall not think it necessary to notice these in subsequent cases. 
If then the quadric do not break up into planes, we can draw 
a second quadric through the seven points, and the intersection 
of the two quadrics includes the given cubic. The complete 
intersection being of the fourth degree, it must be the cubic 
together with a right line; it is proved therefore that the 
only non-plane cubic is that explained, Art. 285. 

302. The cone containing a curve of the in^ degree and 
whose vertex is a point on the curve, is of the degi'ce wi — I ; 
hence the cone containing a cubic and whose vertex is on the 
curve is of tlie second degree.t ^e can thus describe a twisted 

• Non-plane curves of the third degree appear to have been first noticed 
by Mobius in his Barycentric Calculus^ 1827. Some of their most 
important properties are given by M. Chasles in Note XXXIII. to his 
Aperqu Hiatorique^ 1837, and in a paper in Liouville's Journal for 
1857, p. 397. More recently the properties of these curves have been 
treated of by M. Schroter, CreUe, Vol. LVI., and by Professor Cremona 
of Milan, Oe/&, Vol. LVIII., p. 1 38. Considerable use has been made of 
the latter paper in the articles which immediately follow. 

t M. Chasles hastily said that conversely the locus of the vertex of 

a cone of the second degree passing through six points, is the cubic through 

<« these points. But as Mr. Weddle pointed out, Cambridge and Dublin 

R 
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cubic ihr<mgh six given points. For we can describe a cone 
of the second degree of which the vertex and five edges arc 
given, since evidently we are thus given five points in the 
section of the cone by any plane, and can thus determine that 
section. If then we arc given six points a, J, c, c?, e, /, we 
can describe a cone having the point a for vertex, and the 
lines oi, oc, orf, ae^ af for edges ; and in like manner a cone 
having h for vertex and the lines Ja, Jc, hd^ Jc, hf for edges. 
The intersection of these cones consists of the common edge ah 
and of a cubic which is the required curve passing through 
the six points. 

The theorem that the lines joining six points of a cubic 
to any seventh are edges of a quadric cone, leads at once to 
the following by Pascal's theorem : " The lines of intersection 
of the planes 712, 745; 723, 756; 734, 761 lie in one plane." 
Or in other words, " the points where the planes of three con- 
secutive angles 567, 671, 712 meet the opposite sides lie in 
one plane passing through the vertex 7."* Conversely if this 
be true for two vertices of a heptagon it is true for all the 
rest: for then these two vertices are vertices of cones of the 
second degree containing the other points, which must there- 
fore lie on the cubic which is the intersection of the cones. 

303. A cubic traced on a hyperbohid of one sheet meets all its 
generators of one system once^ and those of the other system ttoice. 

Any generator of a quadric meets in two points its curve 
of intersection with any other quadric, namely, in the two points 
where the generator meets the other quadric. Now when the 



Mathematical Journal, Vol. v., p. 69, the locus of the vertex is not a 
curve but a surface, namely, that obtained by eliminating X, /<, v between 
the four differentials of 8^\U^ ij^V^ vW, where S, U, V, W are any 
surfaces through the six points. 

The locus of the vertex of a cone of the second order which passes 
through seven points is a curve and is of the sixth order. When eight 
points are given four cones can be described through them. See appendix 
" on the order of systems of equations." 

* M. Cremona adds that when the six points are fixed and the seventh 
variable, this plane passes through a fixed chord of the cubic. 
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intersection consists of a right line and a cubic, it is evident 
that the generators of the same system as the line, since they 
do not meet the line, must meet the cubic in the two points ; 
while the generators of the opposite system, since they meet 
the line in one point, only meet the cubic in one other point. 

Conversely we can describe a system of hypcrboloids through 
a cubic and any chord which meets it twice. For take 
seven points on the curve, and an eighth on the chord joining 
any two of them ; then through these eight points an infinity 
of quadrics can be described. But since three of these points 
are on a right line, that line must be common to all the 
quadrics, as must also the cubic on which the seven points lie. 

304. The question to find the envelope of at - 3/>/' + 3r< - rf 
(where a, 5, o, d represent planes and t is a variable parameter) 
is a particular case of that discussed, Art. 297, We have 

r = 4, ?M = n = 3, a = /J = 0, .r = y = 0, (j = h=V, 

Thus the system is of the same nature as the reciprocal system, 
and all theorems respecting it are consequently two-fold. The 
system being of the third degree must be of the kind we are 
considering; and this also appears from the equation of the 

envelope 

[ad - bcY = 4 (/>' - ac) [^ -^hl), 

for it is easy to see that any pair of the surfaces ad— hc^ h^ — nc^ 
c^ — bd^ have a right line common, while there is a cubic 
common to all three, which is a double line on the envelope. 

It appears from the table just given that every plane con- 
tains one "line in two planes"; or that the section of the 
developable by any plane has one double tangent; while re- 
ciprocally through any point can be drawn one line to meet 
the cubic twice ; the cone therefore, whose vertex is that point, 
and which stands on the curve has one double point; or in 
other words, the ciibtc is projected on any plane into a cubic 
having a double point. 

The three points of inflexion of a plane cubic are in one 
right line. Now it was proved (Art. 296) that the points of in- 
flexion correspond to the three planes of the system which can 
be drawn through the vertex of the cone. Hence the three 

b2 
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points of the system which correspond to the three planes which 
can be drawn through any pomt 0, lie in one plane passmg 
through that point.* 

Further it is known that when a plane cubic has a conjugate 
point, its three points of inflexion are real; but that when the cubic 
has a double point, the tangents at which are real, then two of 
the points of inflexion are imaginary. Hence if the chord which 
can be drawn through any point meet the cubic in two real 
points, then two of the planes of the system which can be drjiwn 
through are imaginary. Reciprocally, if through any linq 
two real planes of the system can be drawn, then any plane 
through that line meets the curve in two imaginary points, and 
only one real one.f 

305. These theorems can also be easily established alge- 
braically ; for the point of contact of the plane o^"— 36^" + 3c* - rf, 
being given by the equations at=bj bt=Cj ct=dy may be denoted 
by the co-ordinates a = l, 5 = f, c = ^, d=f. Now the three 
values of t answering to planes passing through any point are 
given by the cubic af — 3b'^ + Set — ef = 0, whence it is evident 
from the values just found, that the points of contact lie in the 
plane a'd- ib'c H- 3c'i — efa = 0. But this plane passes through 
the given point. Hence the intersection of three planes of the system 
lies in the plane of the corresponding points. The equation just 
written is unaltered if we interchange accented and unaccented 
letters. Hence if a point A he in the plane corresponding to a 
point By B will he in the plane corresponding to A. And again, 
the planes which correspond to all the points of a line AB pass 
through a fixed right line, namely the intersection of the planes 
corresponding to A and B. The relation between the lines is 
plainly reciprocal. To any plane of the system will correspond 
in this sense the corresponding point of the system ; and to a line 
in two planes corresponds a chord joining two points. 

The three points where any plane Aa + jB& + Oc + Dd 
meets the curve have their Vb given by the equation 



• Chasles, LtouviUe, 1867. SchrSter, Crelle, Vol. LVI. 

t JoachimsthalyOtf^yVol. LVI., p. 45. CremonayGitfAff, VoL LVUI.^ p. 146. 
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Df-\^ C^-{-Bt-\- A = 0^ and when this Is a perfect cube, the 
plane Is a plane of the system. From this it follows at once, as 
Joachimsthal has remarked, that any plane drawn through the 
intersection of two real planes of the system meets the curve 
in but one real point. For in such a case the cubic just written 
is the sum of two cubes and has but one real factor. 

306. We have seen (Art. 124) that a twisted cubic is the 
locus of the poles of a fixed plane with regard to a system 
of quadrics having a common curve. More generally such 
a curve Is expressed by the result of the elimination of \ 
between the system of equations 'Ka = a\ Xb = b\ Xc = c. Now 
since the anharmonic ratio of four planes whose equations arc 
of the form \a = a\ X'a = a', &c. depends only on the 
coefficients \, V, &c. (see Conies^ Art. 56), this mode of 
obtaining the equation of the cubic may be interpreted as 
follows : Let there be a system of planes through any line aa\ 
a homographic system through any other line hh\ and a third 
through cc\ then the locus of the intersection of three corre- 
sponding planes of the systems is a twisted cubic. The lines 
aa\ hb\ cc are evidently lines through two points, or chords 
of the cubic. Reciprocally, if three right lines be homo- 
graphically divided, the plane of three corresponding points 
envelopes the developable generated by a twisted cubic, and 
the three right lines are " lines in two planes" of the system. 

The line joining two corresponding points of two homo- 
graphically divided lines, touches a conic when the lines arc 
in one plane, and generates a hyperboloid when they are not. 
Hence given a series of points on a right line and a homo- 
graphic series either of tangents to a conic or of generators 
of a hyperboloid, the planes joining each point to the corre- 
sponding line envelope a developable as above stated. 

Ex. If the four faces of a tetrahedron pass through fixed lines, and 
three vertices move in fixed lines, the locus of tlie remaining vertex is 
a twisted cubic. Any number of positions of the base form a system 
of planes which divide homographically the three lines on which the 
corners of the base move, whence it follows that the three planes which 
intersect in tho vertex are corresponding planes of three homographic 
systems. 
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307. From the theorems of the last article it follows con- 
versely that " the planes joining four fixed points of the system 
to any variable line through two points form a constant an- 
barmonic system" and " four fixed planes of the system divide 
any 'line in two planes' in a constant anbarmonic ratio." It 
is very easy to prove these theorems independently. Thus 
we know that the section of the developable by any plane A* of 
the system, consists of the corresponding line a of the system 
twice, together with a conic to which all other planes of the 
system are tangents. Thus then the anbarmonic property of 
the tangents to a conic shows at once that four planes cut 
any two lines in two planes, AB^ AC m the same anbarmonic 
ratio ; and in like manner ^ C is cut in the same ratio as CD. 

As a particular case of these theorems, since the lines of 
the system are both lines in two planes and lines through 
two points ; four fixed planes of the system cut all the lines of 
the system in the same anharmonic ratio ; and the planes joining 
four fixed points of the system to all the lines of the system are 
a constant anharmonic system. 

Many particular inferences may be drawn from these 
theorems as at Conies^ p. 273, which see. 

Thus consider four points a, )3, 7, S; and let ua express 
that the planes joining them to the lines a, 5, and afi^ cut 
the line 7S homographically. Let the planes -4, B meet 7S in 
points f, t\ Let the planes joining the line a to )3, and the 
line J to a meet 7S in ^, k'. Then we have 

If the points f, k' coincide, it follows from the first equation 
that the points ^*, t' coincide, and from the second that the 
points f, t\ 7, 8 are a harmonic system. Thus we obtain 
Prof. Cremona's theorem, that if a series of chords meet the 
line of intersection of any plane A with the line joining the 
corresponding point a to any line h of the system, then they 



* It is often convenient to denote the planes of the system by capital 
letters, the corresponding lines by italics, and the corresponding points 
by Greek letters. 
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will also meet the line of intersection of the plane B with 
the line joining )3 to a ; and will be cut harmonically where 
they meet these two lines and where they meet the curve. 

The reader will have no difficulty in seeing when it will 
happen that one of these lines passes to infinity, in which case 
the other line becomes a diameter. 

808, We have seen that the sections of the developable 
by the planes of the system are conies. We may therefore 
investigate the locus of the centres of these conies, or more 
generally the locus of the poles with respect to these conies 
of the intersections of their planes with a fixed plane. Since 
in every plane we can draw a "line in two planes" we may 
suppose that the fixed plane passes through the intersection 
of two planes of the system A^ B. 

Now consider the section by any other plane (7, the traces 
on that plane of A and B are tangents to that section, and 
the pole of any line through their intersection lies on their 
chord of contact, that is to say, lies on the line joining the 
points where the lines of the system a, i, meet C. But since 
all planes of the system cut the lines a, h liomographically, 
the joining lines generate a hyperboloid of one sheet, of which 
a and h are generators. However then the plane be drawn 
through the line AB^ the locus of poles is this hyperboloid. 
But further, it is evident that the pole of any plane through 
the intersection of -4, B lies in the plane which is the harmonic 
conjugate of that plane with respect to those tangent planes. 
The locus therefore which we seek is a plane conic. It is plain 
also from the construction that since the poles when any plane 
A-\-\B is taken for the fixed plane, lie on a conic in the 
plane -4 — \jB; conversely the locus when the latter is taken 
for fixed plane is a conic in the former plane.* 

309. In conclusion, it is obvious enough that cubics may 
be divided into four species according to the different sections 
of the curve by the plane at infinity. Thus that plane may 

* The theorems of this article are taken from Prof. Cremona's paper. 
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either meet the curve in three real points; in one real and 
two imaginary points; in one real and two coincident points, 
that is to say, a line of the system may be at infinity; or 
lastly, in three coincident points, that is to say, a plane of 
the system may be altogether at infinity. These species have 
been called the cubical hyperbola, cubical ellipse, cubical hyper- 
bolic parabola, and cubical parabola. It is plain that when 
the curve has real points at infinity, it has branches proceeding 
to infinity, the lines of the system corresponding to the points 
at infinity being asymptotes to the curve. But when the 
line of the system is itself at infinity as in the third and fourth 
cases, the branches of the curve are of a parabolic form pro- 
ceeding to 'infinity without tending to approach to any finite 
asymptote. Since the quadric cones which contain the curve 
become cylinders when their vertex passes to infinity, it is 
plain that three quadric cylinders can be described containing 
the curve, the edges of the cylinders being parallel to the 
asymptotes. Of course in the case of the cubical ellipse two 
of these cylinders are imaginary: in the case of the hyper- 
bolic parabola there are only two cylinders, one of which is 
parabolic, and in the case of the cubical parabola there is 
but one cylinder which is parabolic. 

It follows from Art. 304 that in the case of the cubical 
ellipse the plane at infinity contains a real line in two planes, 
which is imaginary in the case of the cubical hyperbola. That 
is to say, in the former case, but not in the latter, two planes 
of the system can be parallel. From the anharmonic property 
wo infer that in the case of the cubical parabola three planes 
of the system divide in a constant ratio all the lines of the 
system. In this case all the planes of the system cut the 
developable in parabolas. The system may be regarded as 
the envelope of xt — Zyt -{-Szt — d where d is constant. For 
further details we refer to Prof. Cremona's Memoir. 

310. We proceed now to the classification of curves of higher 
orders. We have proved (Art. 299) that through any curve 
can be described two surfaces, the lowest values of whose de- 
grees in each case there is no difficulty in determining. It 
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18 evident then on the other hand that if commencing with 
the simplest valaes of ^ and v we discuss all the different 
cases of the intersection of two surfaces whose degrees are 
ft and V| we shall include all possible curves up to the /*" order, 
the value of this limit r being in each case easy to find when 
/i and V are given. With a view to such a discussion we 
commence by investigating the characteristics of the curve of 
intersection of two surfaces.* We have obviously m = fiVj 
and if the surfaces do not touch, as we shall suppose they 
do not, their curve of intersection has no multiple points (p. 95), 
and therefore 13 = 0. In order to determine completely the 
character of the system, it is necessary to know one more 
of its singularities, and we choose to seek for r, the degree 
of the developable generated by the tangents. Now this de- 
velopable is got by eliminating xy'z' between the four equations 

fr=0, V'=0,Lx-{-Mi/-\-Nz+Pi€=0,L'x-^M'y + N'z + Fw = Oj 

where i, My &c. are the first differential coefficients. These 
equations are respectively of the degrees /a, v, /a — 1, v— 1: 
and since only the last two contain xyzj these variables enter 
into the result in the degree 

flv{v-l)'\-flv{fl-l)=fJLv{fJL-^V- 2). 

Otherwise thus: the condition that a line of the system 
should intersect the arbitrary line 

CLC + )8y + 7« + Bwy a'x + fi'y + yz + S'w 
is 

a, fiy 7, 8 

«', /8', 7, S' 

i. My Ny P 

L'y M'y N'y F =0y 

which is evidently of the degree /a + v— 2. This denotes a 
surface which is the locus of the points, the intersection of 
whose polar planes with respect to ?7and V meet the arbitrary 
line. And the points where this locus meets the curve UV 



• The theory explained in the remainder of this section is taken from 
a paper dated July, 1849, which I published in the Cambridge and Dublin 
Mathematical Journal, Vol. v., p. 23. 
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are the points for which the tangents to that curve meet the 
arbitrary line. 

Having then m^/iVy )8 = 0, r = /Ltv(/A + v- 2), we find, by 
Art. 296, 

n = BfJLv (/A + V - 3), a = 2fiy(3fi + 3v - 10), 2A = /av (^ - l)(v - 1 ), 

25r = yiiv {(3/1 + 3v - 9)* - 22 (/A + v) + 7 1}, 

2a; = /[AF {(/A + V- 2)'- 4 (/A+ v) + 8}, 
2y = fiv {fiv (a* + v- 2)'' - 10 (/A + v) + 28}. 

311. We verify this result by determining independently 
h the number of *Mines through two points" which can pass 
through a given point, that is to say, the number of lines 
which can be drawn through a given point so as to pass 
through two points of the intersection of U and F. For this 
purpose it is necessary to remind the reader of the method 
employed at the foot of p. 86 in order to find the equation 
of the cone whose vertex is any point and which passes through 
the intersection of U and V. Let us suppose that the vertex 
of the cone is taken on the curve so as to have both U and 
F=0 for the co-ordinates of the vertex. Then it appears 
from p. 86 that the equation of the coue is the result of elimi- 
nating \ between 

sv-h—s^v-]--^ S'*r+&c.=o. 

1.2 1.2.3 ' ^^^• 

These equations in \ are of the degrees /*— 1, v-1; 8Z7, S"f/', 
&c. contain the co-ordinates xy'z\ ocyz in the degrees /a— 1, 1 ; 
/t — 2, 2, &c. A specimen term of the result is (SZ7)*'~*F'*"*. 
Thus it appears that the result contains the variables ayz in 
the degree v— l + v(/Lt— l)=/xv — 1; while it contains x'y'z' 
in the degree (/a— 1) (v— 1). Every edge of this cone of the 
degree /ttv— 1, whose vertex is a point on the curve, is of 
course a "line through two points." K now in this cone 
we consider the co-ordinates of any point xyz on the cone 
as known and x'y'z as sought, this equation of the degree 
(/Lt - 1) (v - 1) combined with the equations U and V deteroaine 
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the "points" belonging to all the "lines through two points" 
which can pass through the assumed point. The total number 
of such points is therefore /Av(/Lt— 1) (v— 1), and the number 
of lines through two points is of course half this. 

The number determined in this article, I call the number 
of apparent double points in the intersection of two surfaces, 
for to an eye placed at any point two branches of a curve 
appear to intersect if any line drawn through the eye meet 
both branches. 

312. Let us now consider the case when the curve UV 
has also actual double points; that is to say, when the two 
surfaces touch in one or more points. Now in this case, the 
number of apparent double points remains precisely the same 
as in the last article, and the cone, standing on the curve 
of intersection and whose vertex is any point, has as double 
edges the lines joining the vertex to the points of contact in 
addition to the number determined in the last article. It 
is easy to see that the investigation of the last article does 
not include the lines joining an arbitrary point to the points 
of contact. That investigation determ'mes the number of cases 
when the radius vector from any point has two values the 
same for both surfaces, but the radius vector to a point of 
contact has only one value the same for both, since the point 
of contact is not a double point on either surface. Every 
point of contact then adds one to the number of double edges 
on the cone, and therefore diminishes the degree of the de- 
velopable by two. This might also be deduced from Art. 310 
since the surface generated by the tangents to the curve of 
intersection must include as a factor the tangent plane at a 
point of contact, since every tangent line in that plane touches 
the curve of intersection. 

If the surfaces have stationary contact at any point (Art. 129) 
the line joining this point to the vertex of the cone is a cuspidal 
edge of that cone. If then the surfaces touch in t points of 
ordinary contact and in ^ of stationary contact, we have 

m^liv, /9 = /9, 2A = /iv(/i-l)(i'-l)-f2f, 
r = /iv (/A ^;v-2)-. 2^-3^8, 
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and the reader can calculate without difficulty how the other 
numbers in Art. 310 are to be modified. 

We can hence obtain a limit to the number of points at 
which two surfaces can touch if their intersection do not break 
up into curves of lower order ; for we have only to subtract the 
number of apparent double points from the maximum number of 
double points which a curve of the degree iiv can have [Higher 
Plane Curves^ p. 31). 

313. We shall now show that when the curve of inter- 
section of two surfaces breaks up into two simpler curves, 
the characteristics of these curves are so connected that when 
those of the one are known those of the other can be found. 
It was proved (Art. 311) that the points belonging to the 
^Uines through two points^^ which pass through a given point 
are the intersection of the curve UV with a surface whose 
degree is (/a— 1) (v— 1). Suppose now that the curve of inter- 
section breaks up into two whose degrees are m and m\ where 
m + m =iAv^ then evidently the "two points" on any of these 
lines must either lie both on the curve w, both on the curve 
m\ or one on one curve and the other on the other. Let the 
number of lines through two points of the first curve be A, 
those for the second curve h\ and let H be the number of lines 
which pass through a point on each curve, or, in other words, 
the number of apparent intersections of the curves. Considering 
then the points where each of the curves meet the surface 
of the degree (/tt — 1) (v — 1), we have obviously the equations 

m(/[A-l)(v-l) = 2A + 5; m'(AA-l)(v-l)=2A'H-J3; 

whence 2 (A - A') = (m - m') (/a - 1) (v - 1). 

Thus when m and h are known m and K can be found. To 
take an example which we have already discussed, let the 
intersection of two quadrics consist in part of a right line 
(for which w' = l, A' = 0), then the remaining intersection must 
be of the third degree m = 3, and the equation above written 
determines A = 1 . 

314. In like manner it was proved (Art. 310) that the 
locus of points, the intersection of whose polar planes with 
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regard to U and V meets an arbitrary line, is a surface of 
the degree /a+v — 2. The first curve meets this surface in 
the t points where the curves m and m! intersect (since U 
and V touch at these points) and in the r points for which 
the tangent to the curve meets the arbitrary line. Thus then 

m (/A + K - 2) = r + ^, ?w' (/A -f V - 2) = r' -h <, 

[m — m') (/A + V — 2) = r — r', 

an equation which can easily be proved to follow from that 
In the last article. 

The intersection of the cones which stand on the curves 
wi, m consists of the t lines to the points of actual meeting 
of the curves and of the H lines of apparent intersection ; and 
the equation H-{-t = mm' is easily verified by using the values 
just found for H and t^ remembering also that m = fiv^m^ 
r = m{m- 1) — 2A. 

315. Having now established the principles which we shall 
have occasion to employ, we resume our enumeration of the 
different species of curves of the fourth order. Every quartic 
curve lies on a quadric. For the quadric determined by nine 
points on the curve must altogether contain the curve (Art. 299). 
It is not generally true that a second quadric can be described 
through the curve ; there are therefore two principal families 
of quartics, viz. those which are the intersection of two quadrics, 
and those through which only one quadric can pass.* We 
commence with the curves of the first family. The character- 
istics of the intersection of two quadrics which do not touch 
are (Art. 310) 

m = 4, n=12, r = 8, a=16, ^8 = 0, a;=16, y = 8, 5^ = 38, A = 2. 

Several of these results can be established independently. 
Thus we have given (Art. 160) the equation of the developable 
generated by the tangents to the curve which is of the eighth 
degree. It is there proved also that the developable has in 
each of the four principal planes a double line of the fourth 

* The existence of this second family of quartics was, I believe, first 
pointed out in the Memoir already referred to. 
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order, whence a? =16.* Again, it is shown, p. 123, that the 
equation of the osculating plane is 8' U= 8V^ which contains 
the co-ordinates of the point of contact in the third degree. 
If then it be required to draw an osculating plane through 
any assumed point, the points of contact are determined as 
the intersections of the curve UV with a surface of the third 
degree, and the problem therefore admits of twelve solutions ; 
n = 12. Lastly, every generator of a quadric containing the 
curve is evidently a "line through two points" (Art. 303). 
Since then we can describe through any assumed point a 
quadric of the form V-\-\Vj the two generators of that quadric 
which pass through the point are two lines through two points, 
or A = 2. The lines through two points may be otherwise found 
by the following construction, the truth of which it is easy to 
see: Draw a plane through the assumed point 0, and through 
the intersection of its polar planes with respect to the two 
quadrics, this plane meets the quadrics in four points which 
lie on two right lines intersecting in 0. 

A quartic of this species is determined by eight points 
(Art. 120). 

316. Secondly, let the two quadrics touch : then (Art. 312) 
the cone standing on the curve has a double edge more than 
in the former case, and the developable is of a degree less 
by two. Hence 

ni = 4, n = 6, r = 6; <7 = 6, A = 3; a = 4, )8 = 0; a; = 6, y = 4. 

Thirdly, the quadrics may touch at a stationary point, when 
we have 

t7t = 4, 71 = 4, r = 5; ^ = 2, A = 2; a=l, ^=1; a; = 2, y = 2. 
This systemt may be expressed as the envelope of 

o^4 6c«' + 4rf«4.6, 
where < is a variable parameter. The envelope is 

{ae -f 3c*)' = 27 (ace - orf* - c')", 

* It ought to have been stated also that the developable circumscribing 
two quadrics has, as double lines, a conic in each of the principal planes, 
see Art. 158. The number y = 8 is thus accounted for. 

t I owe this remark to Mr, Cayley. 
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which expanded eontains a as a factor and so reduces to the 
fifth degree. The cuspidal edge is the intersection of oe + 3c', 
ice -3^. 

Since a cone of the fourth degree cannot have more than 
three double edges, two quadrics cannot touch in more points 
than one, unless their curve of intersection break up into 
simpler curves. If two quadrics touch at two points on the 
same generator, this right line is common to the surfaces, 
and the intersection breaks up into a right line and a cubic. 
If they touch at two points not on the same generator, the 
intersection breaks up into two plane conies whose planes 
intersect in the line joining the points. 

317. If a quartic curve bo not the intersection of two 
quadrics it must be the partial intersection of a quadric and 
a cubic. We have already seen that the curve must lie on 
a quadric, and if through thirteen points on it, and six others 
which are not in the same plane,* we describe a cubic, it must 
contain the given cui'vc. The intersection of this cubic with 
the quadric already found must be the given quartic together 
with a line of the second degree, and the apparent double 
points of the two curves are connected by the relation A — A' = 2, 
as appears on substituting in the fonnula of Art. 313 the values 
7?i = 4, m' = 2, /A = 3, V = 2. When the line of the second degree 
is a plane curve (whether conic or two right lines), we have 
A' = 0; therefore A = 2, or the quartic is one of the species 
already examined having two apparent double points. It is 
easy to see otherwise that if a cubic and quadric have a plane 
curve common, through their remaining intersection a second 
quadric can be drawn ; for the equations of the quadric and 
cubic are of the form zw = u^j zv^ = u^x^ which intersect on 
v^ = xio. K, however, the cubic and quadric have common 
two right lines not in the same plane, this is a system having 
one apparent double point, since through any point can be 

• This limitation is necessary, otherwise the cubic might consist of the 
quadric and of a plane. Thus if a curve of the fifth order lie in a quadric 
it cannot be proved that a cubic distant from the quadric can contain the 
given curve ; see Cambridge and Dublin Mathematical Journal, Vol. v., p. 27. 
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drawn a transversal meeting both lines. Since then A' = l, 
A = 3 or these quartics have three apparent double points, and 
are therefore essentially distinct from those already discussed 
which cannot have more than two. The numerical character^ 
istics of these cui*ves are precisely the same as those of the 
first species in Art. 316, the cone standing on either curve 
having three double edges, and the diflTerence being that one 
of the double edges in one case proceeds from an actual double 
point while in the other they all proceed from apparent double 
points. 

This system of quartics is the reciprocal of that given by 
the envelope of at + 4J^ + ^ct + ^dt + c. Moreover, this latter 
system has, in addition to its cuspidal curve of the sixth 
order, a nodal curve of the fourth which is of the kind now 
treated of. 

It is proved, as in Art. 303, that these quartics are met 
In three points by all the generators of the quadric on which 
they lie, which are of the same system as the lines common 
to the cubic and quadric, and are met once by the generators 
of the opposite system. The cone standing on the curve, 
whose vertex is any point of it is then a cubic having a double 
edge, that double edge being one of the generators passing 
through the vertex of the quadric which contains the curve. 
Thus while any cubic may be the projection of the inter- 
section of two quadrics, quartics of this second family can 
only be projected into cubics having a double point. The 
quadric may be considered as the surface generated by all 
the "lines through three points" of the curve. It is plain 
from what has been stated, that every quartic^ having three 
apparent douhle points^ may be considered as the intersection 
of a quadric with a cone of the third order having one of the 
generators of the quadric as a double edge, 

318. Mr. Cayley has remarked that it is possible to de- 
scribe through eight points a quartic of this second family. 
We want to describe through the eight points a cone of the 
third degree having its vertex at one of them, and having 
a double edge, which edge shall be a generator of a quadric 
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through the eight points. Now it was proved (Art. 315) that 
if a system of quadrics be described through eight points all 
the generators at any one of them lie on a cone of the third 
degree, which passes through the quartic curve of the first 
family determined by the eight points. Further, if /S, /S', 8" 
be three cubical cones having a common vertex and passing 
through seven other points, \8 -f fiS' H- vS" is the general 
equation of a cone fulfilling the same conditions ; and if it have 

a double edge X -7- H- /a -y- + v -j- passes through that edge. 

Eliminating then X, ^, v between the three difierentials, the 
locus of double edges is the cone of the sixth order 

dS fd8' dS" d8" d8\ . « 

- + &c. = 0. 



d8 (i 
dx \ 



dy ' dz dy ' dz ) 

The intersection then of this cone of the sixth degree with 
the other of the third determines right lines, through any of 
which can be described a quadric and a cubic cone fulfilling 
the given conditions. It is to be observed, however, that the 
lines connecting the assumed vertex with the seven other points 
are simple edges on one of these cones and double edges on 
the other, and these (equivalent to fourteen intersections) are 
irrelevant to the solution of the problem. Four quartics there' 
fare can be described through the points, 

319. There is no difficulty in carrying on this enumera- 
tion to curves of higher orders. The reader will find, in the 
Memoir already cited, a classification of curves of the fifth 
order, which consist of three families having four, five, or six 
apparent double points ; the first of which may have in addition 
one or two, and the second one, actual double or cuspidal 
points. We shall conclude this section by applying some of 
the results already obtained in it, to the solution of a problem 
which occasionally presents itself. "Three surfaces whose 
degrees are f*, v, p have a certain curve common to all three ; 
how many of their fivp points of intersection are absorbed 
by the curve? In other words, in how many points do the 
surfaces intersect in addition to this common curve?" Now 
let the first two surfaces intersect in the given curve, whose 

s 
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degree b m^ and in a complementary curve fiv - 971, then the 
points of intersection not on the first curve must be included 
in the {fiy -^m) p intersections of the latter curve with the 
third surface. But some of these intersections are on the 
curve m^ since it was proved (Art. 314) that the latter curve 
intersects the complementary curve in w (/a + v — 2) — r points. 
Deducting this number from [fiv — m) p we find that the sur- 
faces intersect in fivp — m (/a + v + p — 2) + r points which are 
not on the curve m; or that the common curve absorbs 
w(f* + v + p-2) — r points of intersection. 

In precisely the same way we solve the corresponding 
question if the common curve be a double curve on the sur- 
face p. We have then to subtract from the number (jiv — m) p, 
2 {w (/A H- V — 2) — r} points, and we find that the common curve 
diminishes the intersections by w (p -f 2/a + 2>^ — 4) — 2r points. 

These numbers expressed in terms of the apparent double 
points of the curve m are 

«n(/LH-v + p-m-l)H-2A and w(p + 2/aH-2v-2wi-2)H-4*. 

320. The last article enables us to answer the question: 
** If the intersection of two surfaces is In part a curve of order 
m which is a double curve on one of the surfaces; in how 
many points does it meet the complementary curve of inter- 
section?" Thus, in the example last considered, the surfaces 
fjL^ p intersect in a double curve m and a complementary curve 
/bftp — 2m; and the points of intersection of the three surfaces 
are got by subtracting from {fip - 2m) v the number of inter- 
sections of the double curve with the complementary. Hence 

(fip — 2m) V — t = fjLVp - 7n (p + 2/A + 2v — 4) + 2r, 

whence t = ?« (p + 2/Lt - 4) — 2r. 

We can verify this formula when the curve m is the complete 
intersection of two surfaces 27, V whose degrees are k and 2. 
Then p is of the form Jtr' + i?J7I"+ CV^ where A is of the 
degree p-^h^ &c, and fi is of the form DU+EV where D 
is of the degree |i — A;. The intersections of the double curve 
with the complementary are the points for which one of the 
tangent planes to one surface at a point on the double curve 
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coincide with the tangent plane to the other surface. They 
are therefore the intersection of the curve UV with the surface 
AE^'-BDE+CD' which is of the degree p + 2/[A-2(A: + Z). 
The number of intersections is 4? (p + 2/* — 2 (Aj + ^} which coin- 
cides with the formula already obtained on putting kl = mj 
H(/c+Z-2) = r. 

321. From the preceding article we can show how, when 
two surfaces partially intersect in a curve which is a double 
curve on one of them, the singularities of this curve and its 
complementary are connected. The first equation of Art. 314 
ceases to be applicable because the surface /^ + v — 2 altogether 
contains the double curve, but the second equation gives us 

m' {/A + V - 2) = 2t + r' = r + 2w (/x + 2v - 4) - 4r, 

whence 4r — r = [2m — m) (ji + v — 2)-\-4m{v — 2). 

In like manner we find that the apparent double points of 
the two curves are connected by the relation 

Sh - 2h' = {2m - m) {fi - 1) (v - 1) - 2m {v - 1). 

Thus when a quadric passes through a double line on a cubic 
the remaining intersection is of the fourth degree, of the sixth 
rank, and has three apparent double points. 

SECTION III. NON-PROJECTIVE PROPERTIES OF CURVES. 

322. As we shall more than once in this section have 
occasion to consider lines indefinitely close to each other, it 
is convenient to commence by showing liow some of the 
formulae obtained in the fii^st chapter arc modified when the 
lines considered are indefinitely near. We proved (Art. 14) 
that the angle of inclination of two lines is given by the 
formula 

Bin*^= (co8/8 cosy — cos/8' cosyY + (cos7 cosa' — cosy' cosa)" 

H- (cosa COSTS' — cosa' cosyS)*. 

When the lines are indefinitely near we may substitute for 
cosa', cosa + S cosa, &c., and put sin^^Sd, when we have 

S0* = (cosj9 B C087 — C0S7 S cos)9)' + (cosy S cosa — cosa S cosy)" 

-f (cos a S cos/S — C08/8 S cosa)*. 

82 
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If the direction-cosines of any line be - , — , - where 

T T T 

PH-w*H-n" = r^, the preceding formula gives 

Since we have 

co8*a + co8*j9 + cos'y = 1 ; 

cosa S cosa + cos)8 8 cosjS + COS7 8 C0S7 = % 

if we square the latter equation and add it to the expression 
for 8^, we get another useful form 

W = (8 cosa)* + (8 co8i9)» + (8 C0S7)". 

It was proved (Art 15) that cos)8 cosy' — cos/S' cosy, &c. 
are proportional to the direction-cosines of the perpendicular 
to the plane of the two lines. It foUows then that the direc- 
tion-cosines of the perpendicular to the plane of the consecutive 
lines just considered are proportional to m8n — TtSm, n82-28fi| 
28m — m8Z, the conmion divisor being n^hB. 

Again, it was proved (Art. 43) that the direction-cosines of 
the line bisecting the obtuse angle made with each other by 
two lines are proportional to 

cosa — cosa', cos^S — cos^, COS7 — cosy', &c. 

Hence when two lines are indefinitely near, the direction-cosines 
of a line drawn in their plane, and perpendicular to their 
common direction are proportional to 8 cosa, 8 cos)8, 8 cosy, 
the common divisor being hO. 

323. We proved (Art. 286) that the direction-cosines of 
a tangent to a curve *re ^ , -r^ , -^ , while, if the curve be 

given as the intersection of two surfaces, these cosines are 
proportional to MN'^M'N, NL-^N'L, LM'-^LM, where 
Z, M^ &c. denote the first differential coefficients. 

An infinity of normal lines can evidently be drawn at any 
point of the curve. Of these two have been distinguished by 
special names; viz. the normal which lies in the osculating 
plane which is commonly called the principal normal; and 
the normal perpendicular to that plane, which being normal 
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to two coxmecntive elements of the curve has been called by 
M. Saint-Venant the Binormal. 

All the nonnals lie in the plane perpendicular to the tangent 
line, viz. 

(05— a') d!»H-(y — y') rfy+ (« — «') dz^O 
in the one notation ; or in the other 

324. Let us consider now the equation of the osculating 
plane. Since it contains two consecutive tangents of the curvCi 
its direction-cosines (Art. 322) are proportional to 

dycPz^dzd^y^ dzd^x-^dxd^z^ dxd^y-^dyd^x^ 

quantities which for brevity we shall call X, F, Z. The eqtia- 
tion of the osculating plane is therefore 

X(a;-a:')+r(y-y) + Z(«-«') = 0. 

The same equation might have been obtained (by Art. 30) 
by forming the equation of the plane joining the three con- 
secutive points 

aj'yV; ai + dx\ y'-\'dy\ z* + dz'] 

x' + 2dx' + d^x'^ y' + 2rfyH-rfy, «' + 2&' + (?*«'. 

In applying this formula we may simplify it by taking one 
of the co-ordinates at pleasure as the independent variablci 
and so making d^x^ d^y or d^z=^0. 

325. In order to be able to illustrate by an example the 
application of the formulae of this section, it is convenient here 
to form the equations and state some of the properties of the 
helix or curve formed by the thread of a screw. The helix may 
be defined as the form assumed by a right line traced in any 
plane when that plane is wrapped round the surface of a right 
cylinder.* From this definition the equations of the helix are 

* Conversely a helix becomes si right line when the cylinder on which 
it is traced is deyeloped into a plane, and is therefore a geodesic on the 
cylinder (Art. 278). 
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easily obtained. The equation of any right line y^mx ex- 
presses that the ordinate is proportional to the intercept which 
that ordinate makes on the axis of x. If now the plane of 
the right line be wrapped round a right cylinder so that the 
axis of X may coincide with the circular base, the right line 
will become a helix, and the ordinate of any point of the 
curve will be proportional to the intercept, measured along 
the circle, which that ordinate makes on the circular base, 
counting from any fixed point on it. Thus the co-ordinates 
of the projection on the plane of the base, of any point of 
the helix are of the form x = aco8 5, y = asin5, where a is 
the radius of tlie circular base. But the height z has been 
just proved to be proportional to the arc d. Hence the equa- 
tions of the helix are 

a; = acosT, y = asinTj whence also a;*H-y' = a*. 

We plainly get the same values for x and y when the arc in- 
creases by 27r, or when z inci^eases by 27rA ; hence the interval 
between the threads of the screw is 27rA. 
Since we have 

<Ix=^ — r sinv c/2=s- Y Jz. dy=T C0S7 dz = r dz^ 
h h h ^ h k A ' 

we have d^ = — -r — efe*. It follows that -7- is constant, or 

ti as ' 

the angle made by the tangent to the helix with the axis 

of z (which is the direction of the generators of the cylinder) 

is constant. It is easy to sec that this is the same as the 

angle made with the generators by the line into which the 

helix is developed when the cylinder is developed into a 

plane. 

The length of the arc of the curve is evidently in a constant 
ratio to the height ascended. 

The equations of the tangent are (Art. 286) 



x~ QC V — v' z^z* 






y £ ' h ' 

If then X and 3^ be the co-ordinatea of the point where the 
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tangent pierces the plane of the basei we have from the pre* 
ceding equations 

or the distance between the foot of the tangent and the pro- 
jection of the point of contact is equal to the arc which 
measures the distance along the circle of that projection from 
the initial point. This also can be proved geometrically, for 
if we imagine the cylinder developed out on the tangent plane^ 
the helix will coincide with the tangent line, and the line 
joining the foot of the tangent to the projection of the point 
of contact will be the arc of the circle developed into a right 
line. Thus then the locus of tlie points where the tangent 
meets the base i^ the involute of the circle. 
The equation of the normal plane is 

y'x — xy = A (« — z). 

To iSnd the equation of the osculating plane, we have 

d^x = — Ts xdT?^ (Vy = — T5 ydz^^ d^z = 0, 

whence the equation of the osculating plane is 

h (]/x — xy) =^a* {z-- z'). 

The form of the equation shows that the osculating plane makes 
a constant angle with the plane of the base. We leave it 
as an exercise to the reader to find the tangent, normal 
plane, and osculating plane of the intersection of two central 
quadrics. 

326. Wc can give the equation of the osculatingj^ plane 
a form more convenient in practice when the curve is given 
as the intersection of two surfaces J7, V. Since the osculating 
plane passes through the tangent line, its equation must be 
of the form 

\{Lx + My + Nz + Pw) = fi{Lx + M'y -^ N'z + P'ui)j 

where Lx + &c. is the tangent plane to the first surface. This 

equation is identically satisfied by the co-ordinates of a point 
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common to the two sorfaoes, and by those of a consecatlye 
point; and on sabstitating the co-ordinates of a second con« 
secutive point| we get 

fjL:=^LcPx+Md^if-\-Nd'z-^P€rwy \=^L€rx+M'€Pif+N'€Pz+Fd'w. 

But differentiating the equation 

Ldx + Mdy -^^ Ndz + Pdto^O^ 

we get Ld'x + Md^y + Nd^z -^^ Pd^w =^ - U\ 

where V -adaf ^hdf^-cdz^^-ddijf 

+ 2ldydz + 2mdzdx + 2ndxdy + 2pdxdto + 2qdydw + 2rdzdw^ 

where a, h^ &c. are the second differential coefficients. Now 
dx^ &c. satisfy the equations 

Ldx->t-Mdy + Ndz'{'Pdw = % L'dx + M'dy-hN'dz + P'dw^Oi 

and since we may either, as in ordlnaiy Cartesian equations, 
take w as constant; or else x^ or y, or 0; or more generallj 
may take any linear function of these co-ordinates as constant ; 
we may therefore add to the two preceding equations the 
arbitrary equation 

oda? + ffdy + ydz + Sdw =s 0. 

Now it can easily be verified that if we substitute in any 
quadric the intersection of three planes 

Lx-^My-i-Nz^-Pwy L'x + M'y + N'z'{-Fw^ aX'\- ffy-^yz + Sw^ 

the result U' will be proportional to the determinant (see p. 50) 

Pj It, L'j a 

J, 3f, JIf' , fi 

r, N, N\ 7 

d, P, P', 8 

P 
L', M\ N'y P' 
a, ^, 7, S 

Now this determinant may be reduced by subtracting from the 
fifth column multiplied by (m — 1) the sum of the first four 
columns, multiplied respectively by a?, J/j ZjW] when the whole 
of the fifth column vanishes except the last row which becomes 
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m, 
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Pi 
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^, 
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— (aaj+i8y + 7« + Str), In like maimer we may then subtract 
from the fifUi row multiplied by (m — 1) the sum of the first 
four rows multiplied respectively by x^ y^ z^ tr, when in like 
manner the whole of the fifth row vanishes except the fifth 
column which is --{ax + fiy-i-yz + Sw). Thus the determinant 
reduces to 



{aX'\-l3y + yz + Sto) " 






9j 









L 
M' 

N' 
P' 



If we call the determinant last written 8 and the corresponding 
determinant for the other equation 8\ the equation of the 
osculating plane is 

r^, [Lx + My^Nz-^Pw) = ^^^ {Lx h- Jfy + N'z + P'w).* 

This equation has been verified in the case of two quadricsi 
see note, p. 123. 

Ex. 1. To find the osculating plane of 

ox* + iy* + <»• + du^, a'«" + hy + c^«" + dti^. 
Aru. (al/ - 5a') (oc' - ca') {ad - da') oTx + (fta' - l/a) (hd - Vc) (W - h'd)^ 
+ (CO' - da) (eV - c'h) {ed - dd) s^z + {dd - da) (db' - dh) {dcf - cfc) u^w = 0. 

Ex. 2. To find the osculating plane of the line of curvature 



a«^6«^c» ^' 



o'* 6" C^ 



. a^««' y^ e"^ 



1. 



327. The condition that four points should lie in one plane, 
or in other words, that a point on the curve should be the 
point of contact of a stationary plane, is got by substituting 
in the equation of the plane through three consecutive points, 
the coordinates of a fourth consecutive point. Thus from the 
equation of Art. 324 the condition required is the determinant 

<rx{dycPz - dzd'y)-\- ^y[dzd^x - Axd^z) + ^z {dxd'y - dyd^z) = 0. 



* This equation is due to M. Hesse, see Crelle's Journal, Vol. XLL 



266 NON-PROJECnVE PROPEBTIES OF CURTES. 

If a curve in space be a plane curve, this condition must 
be fulfilled by the coordinates of every point of it.* 

328. We shall next consider the circle determined by three 
consecutive points of the curve, which, as in plane curves, is 
called the circle of curvature. It obviously lies in the oscu- 
lating plane: its centre is the intersection of the traces on 
that plane, by two consecutive normal planes; and its radius 
is commonly called the radius of absolute curvature, to dis- 
tinguish it from the radius of spherical curvature, which is 
the radius of the sphere determined by four consecutive points 
on the curve, and which will be investigated presently. If 
through the centre of a circle a line bo drawn perpendicular 
to its plane, any point on this line is equidistant from all the 
points of the circle, and may be called a pole of the circle. 
Now the intersection of two consecutive normal planes, evidently 
passes through the centre of the circle of curvature, and is 
perpendicular to its plane. Monge has therefore called the 
lines of intersection of two consecutive normal planes, the polar 
lines of the surface. It is evident that all the noi*mal planes en- 
velope a developable of which these polar lines are the generators, 
and which accordingly has been called the polar surface. We 
shall presently state some properties of this surface. The polar 
line is evidently parallel to the line called the Binormal 
(Art. 323). 

329. In order to obtain the radius of curvature we shall 
first calculate the angle of contact^ that is to say, the angle 
made with each other by two consecutive tangents to the 

* I have not succeeded in completing the reduction of the corresponding 
condition when the curve is given as the intersection of two surfaces (7, F. 
M. Bischoff {Crelle, Vol. LViii.) gives as the resulting condition the Jaoobian 
of the four surfaces Uf V, S, S' (see Art. 155) ; but M. BischofTs reasoning 
is unsound, and his result is only correct in the case where the surfaces 
are quadrics. The condition in general is of the degree 6m -f 6fi - 20 
in the coefficients, as might be inferred from the value of a, Art. 310. It 
is the sum of two terms, one of which is the Jacobian, and the other 
is the same function of the first and second differential coefficlentt as 
the Jacobian is when the surfaces are quadrics. 
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ox, il%l nA 

curve. The direction-cosines of the tangent being -j- , ^ ? j~ » 

it follows from Art. 322 that dQ the angle between two con- 
secutive tangents is given by either of the (ormulas 

or c&W^=X»+r* + Z^, 

where X= dyd^z - dzd*y^ &c. 

The truth of the latter formula may be seen geometrically: 

for the right-hand side of the equation denotes the square of 

double the triangle formed by three consecutive points (Art. 31) ; 

but two sides of this triangle are each ds^ and the angle between 

them is dO^ hence double the area is ds^dO. 

If now ds be the element of the arc, the tangents at the 

extremities of which make with each other the angle dd^ then 

since the angle made witli each other by two tangents to a 

circle is equal to the angle that their points of contact subtend 

at its centre, we have pdd = ds. And the element of the arc 

and the two tangents being common to the curve and the 

circle of curvature, the radius of curvature is given by the 

formula 

ds , - ds^ 

P = -tTi I whence p = , # ^J . j ^ / ; 

, ds' 

or '' ~X' + T' + Z'' 



• By performing the differentiations indicated, another value for dG^ 
is found without difficulty, 

This formula may also be proved geometrically. Let AB, BC he two 
consecutive elements of the curve; AD a line parallel and equal to BC; 
then since the projections of i?C on the axes oic dx ^ d^x, dy -f c^y, da + iTs, 
it is plain that the projections on the axes of the diagonal CD are iTar, 
d^y, d^z, whence CD* = {<Pxf + (cT t/)« + (cTz)'. But CD projected on the 
clement of the arc is d^St and on a line perpendicular ioiihdsdOx whence 

(!?«)« + {dsdOf = (d^xy + (cTy)' + (dh)\ 
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Ex. To find the radius of conrature of the helix. Using the fonnuls 

^ , jt t 

of Art. 325, we find p «a ; or the radius of ounrature is constant. 

330. Having 4hii8 determined the magnitude of the radios 
of curvature, we are enabled by the formulas of Art. 322 also 
to determine its position. For the direction-cosines of a line 
drawn in the plane of two consecutive tangents, and perpen- 
dicular to their common direction are by that article, 

1 dx 1 ,dy 1 &. ^rJ^~^ « * «^ 



If x\ y\ z' be the co-ordinates of a point on the curve, 
and Xj y, s those of the centre of curvature, then the projec- 
tions of the radius of curvature on the axes are x' — x^ y'— y, 
«' — is; but they are also p cosa, p cos)9, p cosy. Putting in 
then for coso, cos)9, cosy their values just found, the co-ordinates 
of the centre of curvature are determined by the equations 

d^ rff d^ 



331. When a curve is given as the intersection of two 
surfaces which cut at right angles, an expression for the radius 
of curvature can be easily obtained. Let r and r' be the 
radii of curvature of the normal sections of the two surfaces, 
the sections being made along the tangent to the curve; and 
let be the angle which the osculating plane makes with 
the first normal plane: then by Meumer's theorem, we have 

p = rcos0 and also p = r' sin^, whence -^ = -^ + -71 • 

The same equations determine the osculating plane by the 

f* 

formula tan6 = -. 

^ r 

H the angle which the surfaces make with each other be o», 
the corresponding formula is 

sin*a> _ 1 1 2 cosw 
"7^ ""?■*" 7" 7i^' 
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We can hence obtwi an expression for the radius of cur- 
vature of a curve given as the intersection of two surfaces. 
We may write i" + ir' + jV* = i?, i'« + Jf + i^'«=:ir; and 
we have 



COSQ)s 



BB 



. , [MN'^ M'N)* + [NL' - irzy + {LM' - L'My 
sin Q) = p»y« • 

We must then substitute in the formula of Art. 265, 

Mlsr^M'N ^ NL-'N'L LM'^LM 

ME sma ' ^if smw ' ' iJ-ff smw 

The denominator of that formula becomes 

d^ fi^ m^ Zjj U 
w, &, ?, ilf, JT 



which reduced, as in Art. 326, becomes 

have 

(wi-l)»i?i?"sin«(» 
r = g 



(m-iy 



/S. And we 



In like manner 



Whence -5 = 



,_ (n-l)»iyirsin»a> 



p" (m-l)*i?ir*8in*(» 

8"^ 



288' coso) 



"^ (n-l)*-B*5^ sin*(» (m- 1)* (n- l)*^^'* sin*a>* 

332. Let us now consider the angle made with each other 
by two consecutive osculating planes, which we shall call the 
angle of torsion^ and denote by dtj. The direction-cosines of 
the osculating plane being proportional to X, F, Z; the second 
formula of Art. 322 gives 

(z*+ Y^+z'Ydv'H Ydz^zdYy+{ZdX' xdzy+iXdY-- Ydxy. 
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Now F= dzd^x - dxd'zj Z= dxcPy - dycTxj 

dY=^ dzcPx — dxd^z^ dZ^ dxd^y - dyiPx. 
Therefore {Lessons on Higher Algebra^ p. 16) 

YdZ-^ZdY^Mdx, 

where if Is the determinant 

XdJ^x^Ydi^y^ZiFz. 
Hence (Z* + F" + Z'f rfiy' = iPds\ 

Mds 

^'^"X^+Y^ + Z"' 

Thi« formula may be also proved geometrically. For M 
denotes six times the volume of the pyramid made by four 
consecutive points, while X^-^Y^ + Z' denotes four times the 
square of the area of the triangle formed by three consecutive 
points. Now if A be the triangular base of a pyramid, A' an 
adjacent face making an angle r) with the base, ^ the side 
common to the two faces, and p the perpendicular from the 
vertex on 5, so that 2A' = sp: then for the volume of the 
pyramid we have 3 V=Ap smrj and 6 Vs=:2Aps sini7=4-4-4' sin 17. 
Now in the case considered, the common side is ds^ and in 
the limit A = A'] hence 6 Vds = ^tA^drj. q. e. d. 

FoUowing the analogy of the radius of curvature which is 

ds ds 

32, the later French writers denote the quantity* -y by the 

letter r, and call it the radius of torsion ; but the reader will 
observe that t^^is is not, like the radius of curvature, the radius 
of a real circle intimately connected with the curve. 

333. In the same manner, however, as we have considered 
an osculating circle determined by three consecutive points of 
the system, we may consider an osculating right cone determined 
by three consecutive planes of the system. Imagine that a 
sphere is described having as centre the point of the system 
in which the three planes intersect ; let the lines of the system 

dn 

* The quantity -^ is also sometimes caUed the ''second curvature" of 
the cunre. 
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passing through that point meet the sphere in A and jS; 
and let the corresponding planes meet the same sphere in 
AT^ BT'j then if we describe a small circle of the same sphere 
passing through A and B^ and touched by AT^ BTj the cone 
whose vertex is the centre, and which stands on that small 
circle will evidently osculate the given cuive. The problem 
then is, being given drj the angle between two consecutive 
tangents to a small circle of a sphere, and dd the corresponding 
arc of the circle to find //its radius. 

Let C be the centre of the circle, and from the right- 
angled triangle CAT we have sin .4 2'==- — TtyV* K ^^^^t^ 

be the external angle between two tangents to a circle, 

8 the length of the two tangents ; H the radius of the circle 

sin ■Its 
is given by the formula tanS'=7 — ^- . In the limit s is 
^ -^ tani</> 

the element of the arc of the circle, and tanJB'=-V; i or ac- 

dd r 
cording to the notation used, tanir= y- = - .* 

tS34, Imagine that through every line of the system there 
is drawn a plane perpendicular to the corresponding osculating 
plane, the assemblage of these planes generates a developable 
which is called the rectifying developable. The reason of the 
name is, that the given curve is obviously a geodesic on this 
developable, since its osculating plane is, by construction, every 
where normal to the surface. If therefore the developable be 
developed into a plane, the given curve will become a right 
line. 

The intersection of two consecutive planes of the rectifying 
developable is the rectifying line. Now since the plane passing 
through the edge of a right cone perpendicular to its tangent 
plane passes through its axis, it follows that the rectifying 
plane passes through the axis of the osculating cone considered 

• It has been proved by M. Bertrand that when the ratio r : /? is 
constant, the curve must be a helix traced on a cylinder : and by Puiseuz, 
that when r and p are both constant, the cylinder has a circular base. 
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in the last article; and therefore that the recHfying line is 
the cucia of that 08cul<xting cone. The rectifying line may be 
therefore constmcted by drawing in the rectifying plane a 
line making with the tangent line an angle H^ where H has 
the value determined in the last article. 

The rectifying surface is the surface of centres of the original 
developable. In fact it was proved (Art. 277) that the normal 
planes to the original surface along the two principal tangents 
touch the surface of centres; but the generating line itself 
is in every point of it one of the principal tangents; the recti- 
fying plane therefore touches the surface of centres which is 
the envelope of all these rectifying planes. The centre of 
curvature at any point on a developable of the other principal 
section, namely, that perpendicular to the generating line, is 
the point where its plane meets the corresponding rectifying 
line, for evidently the traces on this plane of two consecutive 
rectifying planes are two consecutive normals to the section. 
Hence if 7 be the distance of any point on the developable 
from the cuspidal edge measured along the generator, the radius 
of curvature of the transverse section is ItsjiH. When I 
vanishes, this radius of curvature vanishes as it ought, the 
point being a cusp. 

In the case of the helix the rectifying surface is obviously 
the cylinder on which the curve is traced. 

335. To find the angle between two successive radii of curvature. 

Let AB^ BC be traces on any 
sphere with radius unity, of planes 
parallel to the osculating and 
normal planes, then the central 
radius to jS is the direction of the 
radius of curvature. If AB\ B' C 
be consecutive positions of the os- ^ 
culating and normal planes, £' is in the direction of the con- 
secutive radius of curvature, and BB' measures the angle 
between them. Now the triangle BOB* bebg a very small 
right-angled triangle, we have 

BB'^^BO^'i-OB''. 
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But Bince the angle ABC is right, BO measures BAB'j which 
is dffj the angle between two consecutive osculating planes, 
and OB' measures OCB\ which is d0j the angle between 
two consecutive normal planes. The required angle is there- 
fore given by the formula BB** = dr)* + dO* ] where drj and 
dd have the values already found. The series of radii of 
curvature at all the points of a curve generate a surface on 
the properties of which we have not space to dwell. It is 
evidently a skew surface (see note, p. 75), since two consecutive 
radii do not in general intersect (see Art. 338, infra). 

Ex. 1. To find the equation of the surface of the radii of cunrature 
in the case of the helix. 

The radius of curvature heing the intersection of the osculating and 
normal planes has for its equations (Art. 325) ac'y = \/Xy z » s', from which 
we are to eliminate ^y'l! by the help of the equations of the curve. And 
writing the equations of the helix x^a cosnc, y = a sin ttz, the required 
Bur^e is y cosnc » x sinnz. 

Ex. 2. To find the equation of the developable generated by the tan- 
gents of a helix. The equations of the tangent being 

(x - a cosnO 5= - na sinwz' (z - «'), y - a sinnz' = na cos nz" (z - z'), 
the result of eliminating z' is found to be 



X cos 



\ng± i ^^ + y sin<fi«±i ^ ^> = a. 



Since this equation becomes impossible when a;* -i- y* < a*, it is plain that 
no part of the surface lies within the cylinder on which the helix is traced. 

336. We shall now speak of the polar developable generated 
by the normal planes to the given curve. Fourier has re- 
marked, that the "angle of torsion" of the one system is 
equal to the " angle of contact" of the other, as is sufficiently 
obvious since the planes of this new system are perpendicular 
to the lines of the original system, and vice versd. The reader 

will observe however that it does not follow that the -=- of 

ds 

df) 
one system is equal to the ^ of the other, because the ds is 

not the same for both. 

Since the intersection of the normal planes at two con- 
secutive points Kj K' of the curve is the axis of a circle of 

T 
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which K BnA S' tim points (Art. 328), it follows that if any 
point J) on that line be joined to K and K", the joining lines 
are equal and make equal angles with that axis. 

It is plain that three consecutive normal planes intersect 
in the centre of the osculating sphere ; hence the cu^vlal edge 
of the polar developable is l!te loctta of centres of spherical cwr- 
vature. 

In the case of a plane curve this polar developable reducea 
to a cylinder standing on the cvolute of the curve. 

337. Every curve has an infinity of evolutea lyituj on the 
polar dewlopahh ;* that is to say, the given curve may be 
generated in an infinity of ways by the unrolling of a string 
woond round a curve traced on that developable. Let MM', 
M'M'f &c denote the successive elements of the curve, K, K'^ 
&c. the middle points of these elements, then the planes drawn 
through the points K perpendicular to the elements are the 
normal planes. The lines AB, A'B', &c. are the lines in 
which each normal plane is intersected by the consecutive; 
these lines being the generators of the polar developable, and 




hence tangents to the cuspidal odgo RS of that surface. Draw 
now at pleasuret any line KD in the first normal plane, 
meeting the first generator in B; join DK' which being in 
the second normal plane will meet the second generator A'B', 
say in D". In like manner, let K'B' meet J"B" in B". We 



■ See Mange, p. 396. 

t This figuK ii taken from Lerofn Qtomttry qf TkrM Dimetmon*. 
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get thus a curve DUD' traced on the polar developable which 
is an evolute of the given curve. For the lines DK^ BK^ &c 
the tangents to the curve DUD'\ are normals to the curve 
KKK\ and the lengths DK=DK\ D'K' = D'K'\&c. (see 
Art. 336). If therefore DK be a part of a thread wound round 
Dniy\ it is plain that as the thread is unwound the point K 
will move along the given curve. 

Since the first line DK was arbitrary the curve has an 
infinity of evolutes. A plane curve has thus an infinity of 
evolutes lying on the cylinder whose base is the evolute in the 
plane of the curve. For example, in the special case where 
the evolute reduces to a point; that is, when the curve is a 
circle, the circle can be described by moving round a thread 
of constant length fastened to any point on the axis passing 
through the centre of the circle. 

In the general case, all the evolute curves DDD'\ (fee. are 
geodesies on the polar devehpahle. 

For we have seen (p. 219) that a curve is a geodesic when 
two successive tangents to it make equal angles with the inter- 
section of the corresponding tangent planes of the surface; 
and it has just been proved (Art. 336) that DK^ DK' which 
are two successive tangents to the evolute make equal angles 
with AB which is the intersection of two consecutive tangent 
planes of the developable. An evolute may then be found 
by drawing a thread as tangent from K to the polar develop- 
able, and winding the continuation of that tangent freely round 
the developable. 

338. The locus of centres of curvature is a curve on the 
polar developable, but is not one of the system of evolutes. 
Let the first osctdating plane MATM" meet the first two normal 
planes in KC^ K*G^ then G is the first centre of curvature: 
and in like manner the second centre is C\ the point of inter- 
section of K'C'j K"C\ the lines in which the second oscu- 
lating plane M'M"M'" is met by the second and third normal 
planes. Now the radii JST'C, K'C are distinct, since they 
are the intersections of the same normal plane by two difierent 
osculating planes, K'C will therefore meet the line AB m 9, 

t2 
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point / which is distinct from (7. Consequently the two radii 
of curvature KC^ K*C* situated in the planes P, P* have no 
common point in AB the intersection of these planes; two 
consecutive radii therefore do not intersect, unless in the case 
where two consecutive osculating planes coincide. 

The centres of curvature then not being given by the suc- 
cessive intersections of consecutive radii; these radii are not 
tangents to the locus of centres. Any radius therefore KG 
would not be the continuation of a thread wound round GG*G'\ 
and the unwinding of such a thread would not give the curve 
KK'K'\ except in the case where the latter is a plane curve.* 

339. To find the radius of the sphere through four con^ 
secutive points. Let R be the radius of any sphere, p the 
radius of a section by a plane making an angle r) with the 
normal plane at any point; then, by Meunier's theorem, 
jRcosi7=p; and for a consecutive plane making an angle 

«7 + Si7, we have 8p = — jR sin 17817. Hence ^ = /o' + f-^j. 

We have then only to give in this expression to p and dri 
the values already found (Arts. 330, 332). 

-^ is obviously the length of the perpendicular distance 
017 

from the centre of the sphere to the plane of the circle of 

curvature. 

340. To find tJie OMyrdiiiates of the centre of the osculating 
sphere. 

Let the equation of any normal plane be 

(a- a:) dorf (/9-y) dy + [y-z) efo = 0, 

where xyz is the point on the curve, and a^ any point on 
the plane; then the equation of a consecutive normal plane 
combined with the preceding gives 

(a- a:) rf^aj+v/S-y) d*y + {y-z) d^z^d^. 

* The characteristics of the polar developable may be investigated by 
arguments similar to those used Higher Plane Curves, Art. 116; thus it 
is easy to see that the class of that developable is m i r, where m and r 
have the same meaning as at p. 234. 
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And the equation of the third plane gives 

{a — x) d*x -^ {^ " tf) ery+(7-«) d*x = 3d8d^8. 

Let us denote as hefore dyd^z — dzdPy^ &c. hy JT, Y^ Z; 
dyd^z — &rf"y, &c. hy X\ Y\ Z\ and the determinant 
Xd^x-^t Yd^y-i-Zd^z by M. Then solving the preceding equa- 
tions, we have 

if (a - a:) = - X'd^ + ZXdsd^s, M[P ~ y) = - Y'ds^ + 3 Ydsd\ 

M{y-z) = '-ZW + 3Zdsd's. 

By squaring and adding these equations we obtain another 
expression for jS", which is what the value in the last article 

would become when for p and —■ we substitute their values. 

'^ df) 

We add a few other expressions, the greater part of which 

admit of simple geometrical proofs, the details of which want 

of space obliges us to omit. 

Ex. 1. If o- be the arc of the curve which is the locus of centres of 

absolute curvature, 

da^ = dp*^ p*dn^i or dvzz Rdn. 

Ex. 2. If S be the length of the arc of the locus of centres of spherical 

curvature d^ : where ^ = ~- is the distance between the centres of 

o an 

the osculating circle and osculating sphere. From this expression we 

immediately get values for the radii of curvature and of torsion of this 

locus, remembering that the angle of torsion is the angle of contact of 

the original and vice vers&. 

Ex. 3. The angle between two consecutive rectifying lines is dH, 

Ex. 4. The angle ^ between two successive Rb is given by the formula 

* The reader will find further details on the subjects treated of in this 
section in a Memoir by M. de Saint- Venant, Journal de VEcole Polytech- 
niqtte, Cahier xxx., who has also collected into a table about a hundred 
formula; for the transformation and reduction of calculations relative to 
the theory of non-plane curves ; and in a paper by M. Frenet, Liouville, 
Vol. XVII., p. 437. I abridge the following historical sketch from M. de 
Saint- Venant's Memoir : " Curve lines not contained in the same plane have 
been successively studied by Clairaut {Rech^rches sur lea courbet ^ double 
eourbure, 1731), who has brought into use the title by which they have 
been commonly known (previously, however, employed by Pi tot) and who 
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SECTION IV. CURVES TRACED ON SURFACES. 

341. It remains to say something of the properties of curves 
considered as belonging to a particular surface. Thus the 
sphere we know has a geometry of its own, where great circles 
take the place of lines in a plane; and in like manner each 
surface has a geometry of its own, the geodesies on that surface 
answering to right lines. 

We have already by anticipation given the fundamental 
property of a geodesic (Art. 278). The differential equation 
b immediately obtained from the property there proved, that 
the normal lies in the plane of two successive elements of the 
curve and bisects the angle between them; hence Z, M^ N 
which are proportional to the direction-cosines of the normal 

must be proportional to d-j- ^ ^ ;/ > ^ T » ^^^'^^ ^'^ ^® 

direction-cosines of the bisector (Art. 322). Thus "if the tan- 
gents to a geodesic make a constant angle with a fixed line, 
the normals along it will be parallel to a fixed plane," and vice 
versd (Dickson, Cambridge and Dublin Mathematical Journal^ 
Vol. v., p. 168). For from the equation 



dx , dy dz 
a-7- + 6^ + Cj- = constant, 
da 08 as ^ 



has given expressions for the projections of these curves, for their tangents, 
normals, arc, &c. ; by Monge {Memoire sur let developp^es, ^c. presented 
in 1771, and inserted in Vol. X., 1785, of the * Savants Hrangw! as 
well as in his * Application de V Analyse h la Oeometrie*) who gave ex- 
pressions for the normal plane, centre and radius of curvature, evolutes, 
polar lines and polar developable, centre of osculating sphere, for the 
criterion for ' points of simple inflexion' where four consecutive points are 
in a plane, and for 'points of double inflexion' where three consecutive 
points are in a right line ; by Tinseau (Solution de gtielques probl^mes, &0. 
presented in 1774, Savants etrangersy Vol. IX., 1780) who was the first 
to consider the osculating plane and the developattle generated by the 
tangents; by Lacroix {Calcul Differentiel) who was the first to render 
the formulsB symmetrical by introducing the differentials of the three 
co-ordinates; and by Lancret {Memoirs sur ies courbes d double courbure, 
read 1802, and inserted Vol. I., 1805, of Savants etrangers de I'Institut) 
who calculated the angle of torsion, and introduced the consideration of 
the rectifying lines and rectifying surface." 
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which denotes that the tangents make a constant angle with 
a fixed Ime, we can deduce 

aL + Jif + cN= 0, 

which denotes that the normals are parallel to a fixed plane. 

342. If through any point on a surface there he drawn tvoo 
indefinitely near and equal geodesies^ the line joining their ea>- 
tremitiea is at right angles to hoth.* 

Let AB=AC and let us suppose the angle at B not to 

he right, but to be = 5. Take BD= — ^ , 
^ ' cosa' 

and then because all the sides of the tri- 
angle BCD are Infinitely small it may be 
treated as a plane triangle and the angle 
JDCB is a right angle. We have therefore 
DGkDB^ AD + DC<AB^ and therefore 
< AC. It follows that AC h not the 
shortest path from A to (7, contrary to hypothesis. Or the 
proof may be stated thus : The shortest line from a point A 
to any curve on a surface meets that curve perpendicularly. 
For if not, take a point D on the radius vector from A and 
Indefinitely near to the curve; and from this point let fall 
a perpendicular on the curve [which we can do by taking 
along BC a portion =BD cosd and joining the point so found 
to Z>]. We can pass then from D to the curve more shortly 
by going along the perpendicular than by travelling along the 
assumed radius vector which is therefore not the shortest path. 

Hence, If every geodesic through A meet the curve per- 
pendicularly, the length of that geodesic is constant. It is 
also evident mechanically that the circle described on any 
surface by a strained cord from a fixed point is every where 
perpendicular to the direction of the cord. 

343. The theorem just proved Is the fundamental theorem 
of the method of infinitesimals, applied to right lines [Conic^^ 

* This theorem is due to Qaufts, who also proves it by the Calculus of 
VariatioDs; see the Appendix toLiouville's Edition of Monge, p. 528. 
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pp. 289, &c.). All the theorems therefore which are there 
proved hy means of this principle will he tme if instead of 
right lines we consider geodesies traced on any surface. For 
example, « if we construct on any surface the curve answering 
to an ellipse or hyperbola ; that is to say, the locus of a point 
the sum or difference of whose geodesic distances from two 
fixed points on the surface is constant; then the tangent at 
any point of the locus bisects the angle between the geodesies 
joining the point of contact to the fixed points." The converse 
of this theorem is also true. Again, ^^ if two geodesic tangents 
to a curve, through any point P, make equal angles with the 
tangent to a curve along which P moves, then the difference 
between the sum of these tangents and the intercepted arc of 
the curve which they touch is constant" (see Conies^ Art. 356). 
Again, ^'if equal portions be taken on the geodesic normals 
to a curve, the line joining their extremities cuts all at right 
angles," or " if two different curves both cut at right angles 
a system of geodesies they intercept a constant length on each 
vector of the series." We shall presently apply these principles 
to the case of geodesies traced on quadrics. 

344. As the curvature of a plane curve is measured by the 
ratio which the angle between two consecutive tangents bears 
td the element of the arc ; so the geodesic curvature of a curve 
on a surface is measured by the ratio borne to the element 
of the arc by the angle between two consecutive geodesic 
tangents. The following calculation of the radius of geodesic 
curvature, due to M. Liouville,* gives at the same time a proof 
of Meunier's theorem. 

Let mn, np be two consecutive and equal elements of the 
curve. Produce w^ = wn, and let fall 
the perpendicular tq on the plane 
mnp. TS now 6 be the angle of con- 
tact tp=s0ds. Now nq is the second 
element of the normal section: let 
tnq = ^, then 0* is the angle of contact '"-^ 




* Appendix U> Monge, p, 676. 
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of the normal section, and tq = ffds. Now the angle qtp (= ^) 
is the angle between the osculating plane of the curve and 
the plane of nonnal section, and since ^=:^cos0 we have 

ff = coq6 and r= = — ^ which is Meunier's theorem : R being 

IC p 

the radius of curvature of the normal section and p that of the 

given curve. 

Now, in like manner, pnq being 0" the geodesic angle of 

contact, we have pq = 0"d3 and 2>y = fpsin^, or - = — —. 

The ffeodesic* radius of curvature is therefore -A-r. It is 
° sm9 

easy to see that this geodesic radius is the absolute radius of 

curvature of the plane curve into which the given curve would 

be transformed, by circumscribing a developable to the given 

surface along the given curve, and unfolding that developable 

into a plane. 

345. The theory of geodesies traced on quadrics may be 
said to depend on Joachimsthal's fundamental theorem that 
at every point on such a curve pD is constant where, as at 
Art. 174, p is the perpendicular on the tangent plane at the 
point, and 1) is the diameter of the quadric parallel to the tan- 
gent to the curve at the same point. This may be proved 
by the help of the two following principles: (1) If from any 
point two tangent lines be drawn to a quadric, their lengths 
are proportional to the parallel diameters. This is evident 
from Art. 70; and (2) K from each of two points -4, B on 
the quadric perpendiculars be let fall on the tangent plane at 
the other, these perpendiculars will be proportional to the per- 
pendiculars from the centre on the same planes. For the 
length of the perpendicular from x"y"z" on the tangent plane 

, , , . fx'x" yY z'z" A , ,, ,. , 

at xyz IS jp [—*- + ^-n- + —^ 1 J j and the perpendicular 

• I have not adopted the name " second geodesic curvature*' introduced 
by M. Bonnet. It is intended to express the ratio borne to the element 
of the arc by the angle which the normal at one extremity makes with the 
plane containing the element and the normal at the other extremity. 
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from oiy'^ on the tangent plane at x'y'z" is 

If now from the points -4, B there be drawn lines A T, BT 
to any point T on the intersection of the tangent planes at 
A and B^ and \£ AT make an angle % with the intersection 
of the planes, the angle between the planes being a> ; then the 
perpendicular from A to the intersection of the planes is 
ATAni and from A on the other plane is AT%mimnm. 
In like manner the perpendicular from B on the tangent plane 
at A is BT sint' sino). If now the lines AT^ BT make equal 
angles with the intersection of the planes, the lines AT^ BT 
are proportional to the perpendiculars from A and B on the two 
planes. But AT and BT are proportional to D and U^ and 
the perpendiculars are as the perpendiculars from the centre 
p' and p. Hence Dp^^Up. But it was proved (Art. 278) 
that if ^ 7^, TB be successive elements of a geodesic they make 
equal angles with the intersection of the tangent planes at 
A and B, Hence the quantity pD remains unchanged as we 
pass from point to point of the geodesic. Q.E.D.* 

346. On account of the importance of the preceding theorem 
we wish also to show how it may be deduced from the diffe- 
rential equations of a geodesicf Differentiating the equation 

(where ijJIfj^are the differential coefficientsandjB"=i/'+3f *•+ -ST*), 

dx 
and then substituting for Z, &c., d -7- , &c. (Art. 341), we get 



• This proof is by Dr. Graves, CSreUe, Vol. XLll., p. 279. 

t See Joachimsthal, Oe^, Vol. xxvi., p. 155 ; Bonnet, Journal de VEcole 
Poiy technique, \o\, XIX., p. 138; Dickson, Cambridge and DuhUn Matke^ 
matical Journal, Vol. V., p. 168. « 
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It Is to be remarked that this equation is also true for a 

line of curvature ; for since ^ , &c. are the direction-cosines of 

the normal, the direction-cosines of a line in the same plane 
with two consecutive normals and perpendicular to them are 

(Art. 322) proportional to ^(-^) ? &c. Hence the -7-, &c, of 

a line of curvature are proportional to di^\. But if now 
we differentiate 

ds* ■*" da* '^d^~ ' 

and substitute for -^ the value just given wo have again the 
equation 

If we actually perform the differentiations, and reduce the result 
by the differential equation of the surface Ldx + Mdy + Ndz = 0, 
and its consequence 

dLdx + dMdtf + dNdz--iLd^x-{'Mcl^if-{'Nd'z)y 

we get 

{dLdx + dMdy + dNdz) [dRds - RdJ's) 

+ [dL^x + dMd^y + dN^z) Eds « 0, 

dLd*x -f dMd'y -f dNd*z dR ^^ _ ^ 
^^ dLdx -V dMdy ^ dNdz "^ R c& " * 

347. The preceding equation is true for a geodesic or line 
of curvature on any surface, but when the surface is only of 
the second degree, a first integral of the equation can be found. 
In fact we have 

dLd^x + dMd^y + dNd^z = ^d [dLdx + dMdy + dNdz). 

This may be easily verified by using Ihe general equation of 
a quadric, or more simply by using the equation 

^ t ?! - 1 

a-+ V"^ c^^ ' 
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when L=%. -5f=^, -^=-^; dL = -j. dM=^^. dN^—^\ 

by substitating which values the equation is at once established. 
The equation of the last article then consists of terms each 
separately integrable. Integrating we have 

E^{dLdx^'dMdy-vdNdz)^Cd8\ 

Now from the preceding values 

j^ X* y" z* 1 
a o c p ' 

^ dL^ dMdy dNdz_\^d^ L^a.!^ 
ds da da da da da d^ d^ b* da* <? d^' 

But the right-hand side of the equation denotes the redprocal 
of the square of a central radius whose direqjtion-cosines are 
dx dy dz 
da ^ da^ da* 

The geometric meaning therefore of the integral we have 
found is pD = constant.* 

348. The constant pD haa the aame value for aU geodeatca 
which paaa through an umhilic. For at the umbilic the p is 

of course common to all, being =-t- ; and since the central 

section parallel to the tangent plane at the umbilic is a circle, 
the diameter parallel to the tangent line to the geodesic is 
constant; being always equal to the mean axis h. Hence for 
a geodesic passing through an umbilic, we have ^2> = ao. 



* Dr. Hart proves the same theorem as follows: Ck>nsider any plane 
section of an ellipsoid, let « be the perpendicular from the centre of the 
section on the tangent line, d the diameter of the section parallel to that 
tangent, t the angle the plane of the section makes with the tangent plane 
at any point. Then alonff the section ^d is constant, and it is evident 
that pD is in a fixed ratio to ^d sint. Hence along the section pD varies 
as sint and will be a maximum where the plane meets the surface per- 
pendicularly. But a geodesic osculates a series of normal sections; there- 
fore, for such a line pD is constant, its differential always vanishing. 
Cambr%dg9 and Dublin MathenKUical Journal^ Vol. iv., p. 84. 
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Let now any point on a qnadric be joined by geodesies to 
two umbilicSy since we have just proved that pD is the same 
for both geodesies, and since at the point of meeting the p is 
the same for both, the B for that point must also have the 
same value for both; that is to say, the diameters are equal 
which are drawn parallel to the tangents to the geodesies at 
their point of meeting. But two equal diameters of a conic 
make equal angles with its axes; and we know that the axes 
of the central section of a quadric parallel to the tangent plane 
at any point are parallel to the directions of the lines of cur- 
vature at that point. Hence, the geodesies joining any point 
on a quadric to two umhilics make equal angles tvith the lines 
of curvature through that pointJ^ 

It follows that the geodesies joining any point to the two 
opposite umbilics, which lie on the same diameter, are con- 
tinuations of each other; since the vertically opposite angles 
are equal which these geodesies make with either lino of cur- 
vature through the point. 

It follows also (see Art. 343) that the sum or difference is 
constant of the geodesic distances of all the points on the same 
line of curvature from two umbilics. The sum is constant 
when the two umbilics chosen are interior with respect to the 
line of curvature ; the diflference when for one of these umbilics 
we substitute that diametrically opposite so that one of the 
umbilics is interior, the other exterior to the line of curvature. 

If -4, -4' be two opposite umbilics, and B another umbilic, 
since the sum PA-\-PB is constant and also the difference 
PA'-PB] it follows that PA-\-PA' is constant; that is to 
say, all the geodesies which connect two opposite umbilics are 
of equal length. In fact, it is evident that two indefinitely near 
geodesies connecting the same two points on any surface must 
be equal to each other. 

349. The constant pB has the same value for all geodesies 
which touch the same line of curvature. 



* This theorem and its consequences developed in the following articles 
are due to Mr, Michael Roberts, Liouville, Vol, xi., p. 1. 
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It was proved (Art. 174) that pD has a constant value all 
along a line of curvature; but at the points where either 
geodesic touches the line of curvature both p and D have the 
same value for the geodesic and the line of curvature. 

Hence then a system of lines of curvature has properties 
completely analogous to those of a system of confocal conies 
in a plane ; the umbilics answering to the foci. For example, 
two geodesic tangents drawn to one from any point m another 
make equal angles with the tangent at that point. Dr. Graves's 
theorem for plane conies holds also for lines of curvature, viz. 
that the excess of the sum of two tangents to a line of cur- 
vature over the intercepted arc is constant, while the intersection 
moves along another line of curvature of the same species 
(see Conies^ p. 297). 

350. The equation pD — constant has been written in another 
convenient form.* Let a , a" be the primary semi-axes of two 
confocal surfaces through any point on the curve, and let i be 
the angle which the tangent to the geodesic makes with one of 
the principal tangents. Then since cf—a'*^ a*- a" (Art. 172) are 
the semi-axes of the central section parallel to the tangent plane, 
any other semi-diameter of that section is given by the equation 

1 cos't sin'i 



+ :t 



D" a' --a"* • a^-a"' 

while, again, -5 = ^ 1^ (Art. 173). 

p a o cr 

The equation therefore ^i) = constant is equivalent to 

(a* -- a") cos't + (a* — a!*^ sin'V = constant, 

or to a * cos't + a"* sin*t = constant. 

351. The locus of the intersection of two geodesic tangents to 
a line of curvature^ which cut at right angles^ is a sphero-conic. 

This is proved as the corresponding theorem for plane conies. 
If a', a" belong to the point of intersection, we have 

a" cos't + a"* sin't = constant, a'* sin't + a"* cos't = constant, 

hence a" -f a'" = constant ; 

• By Liouville, Vol. ix., p. 401. 
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and therefore (Art. 169) the distance of the point of intersection 
from the centre of the quadric is constant. The locus of inter- 
section b therefore the intersection of the given quadric with 
a concentric sphere. The demonstration holds if the geodesies 
are tangents to different lines of curvature; and, as a par- 
ticular case, the locus of the foot of the geodesic perpendicular 
from an umbilic on the tangent to a line of curvature is a 
sphero-conic, 

352. To find the locus of intersection of geodesic tangents 
to a line of curvature which cut at a given angle (Besge, 
Liouville, XIV. p. 247). 

The tangents from any point whose a , a" are given, to 
a given line of curvature are determined by the equation 
a" cos't-f a"* sin*t = ^; and since they make equal angles with 
either of the principal radii through that point, i the angle 
they make with one of these radii is half the angle they make 
with each other. We have therefore 

t^,g_ V(/g-0 . t*„fl 2V(^-a"')V(a'»-/3) 
^^^=^[a--^y ^^ a" + a"'-2/J ' 

(a-* + a"* - 2/8)* tan» ^ = 4/3 (a" + a"*) - 4a' V* - 4/3*. 

This is reduced to ordinjuy co-ordinates by the equations 
(Arts. 168, 169) 

a'*4a"» = a!» + «* + «»+5» + c'-a«: ^ v>. ^ ^ («' " ^')(«' " <'') 

a 

whence it appears that the locus required is the intersection 
of the quadric with a surface of the fourth degree.* 

353. It was proved (Art. 186) that two confocals can be 
drawn to touch a given line; that if the axes of the three 
surfaces passing through any point on the line be a, a\ a*' 
and the angle the line makes with the three normals at the 



• Mr. Michael Roberts has proved (Liouville, Vol. xv., p. 291) by the 
method of Art. 197, that the projection of this curve on the plane of 
circular sections is the locus of the intersection of tangents at a constant 
angle to the conic into vhich the line of curvature is projected. 
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point be a, ^, 7; then the aicis-major of the touched confocal 
is determined by the quadratic 

cos* a cos'^ cos' 7 _ 
a* — a a — a* a — a 

Let us suppose now that the given line is a tangent to the 
quadric whose axis is a, we have then cosa = 0, since the line 
is of course at right angles to the normal to the first surface ; 
and we have cos^ = sin7, since the tangent plane to the sur- 
face a contains both the line and the other two normals. The 
angle 7 is what we have called i in the articles immediately 
preceding. The axis then of the second confocal touched by 
the given line is determined by the equation 

Sm t cos i ,0 8*.rfS*«« 8 

•"73 5 + -775 5 = 0, or a COS t + a sm « = a . 

a — a a — a ' 

K then we write the equation of a geodesic (Art. 351) 
a* cos'i + a"* sin*i = a*, we see from this article that that equa- 
tion expresses that all the tangent lines along the same geodesic 
touch the conjbcal surface whose primary axis is a.* 

The geodesic itself will touch the line of curvature in which 
this confocal intersects the original surface; for the tangent 
to the geodesic at the point where the geodesic meets the 
confocal is, as we have just proved, also the tangent to the 
confocal at that point. The geodesic therefore and the inter- 
section of the confocal and the given surface have a common 
tangent. 

The osculating planes of the geodesic are plainly tangent 
planes to the same confocal; since they are the planes of two 
consecutive tangent lines to that confocal. 

The value of pD for a geodesic passing through an 
umbilic is ac (Art. 348); and the corresponding equation 
is therefore a" cos*i + a"* sin'i = a*- J*. Now the confocal, 
whose primary axis is \/(a* — J"), reduces to the umbilicar focal 
conic. Hence, as a particular case of the theorems just proved. 



* The theorems of this article are taken from M. Chaslet's Memoir, 
Liouvillc, Vol. XI., p. 5. 
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aU tangent lines to a geodesic which passes through an unibilicy 
intersect the umhilicar focal conic. 

Conversely, if from any point on that focal conic recti- 
linear tangents be drawn to a quadric and those tangents 
produced gcodetically on the surface, the lines so produced 
will pass through the opposite umbilic; the whole lengths 
from to the umbilic being equal. 

354. From the fact (proved p. 144) that tangent planes 
drawn through any line to the two confocals which touch it 
are at right angles to each other, we might have inferred 
directly, precisely as at Art. 279, that tangent lines to a 
geodesic touch a confocal. For the plane of two consecutive 
tangents to a geodesic being normal to the surface is tangent 
to the confocal touched by the first tangent. The second 
tangent to the geodesic therefore touches the same confocal; 
as, in like manner, do all the succeeding tangents. Having 
thus established the theorem of the last article, we could, by 
reversing the steps of the proof, obtain an independent de- 
monstration of the theorem pD = constant. 

355. The developable circumscribed to a quadric along a 
geodesic has its cuspidal edge on another quadric^ which is the 
same for all geodesies touching the same line of curvature. 

For any point on the cuspidal edge is the intersection of 
three consecutive tangent planes to the given quadric, and 
the three points of contact, by hypothesis determine an oscu- 
lating plane of a geodesic which (Art. 353) touches a fixed 
confocal. The point on the cuspidal edge is the pole of this 
plane with respect to the given quadric; but the pole with 
respect to one quadric of a tangent plane to another lies on 
a third fixed quadric. 

356. M. Chasles has given the following generalization of 
Mr. Koberts's theorem. Art. 348. If a thread fastened at ttvo 
fixed points on one quadric A be strained by a pencil moving 
along a confocal B (so that the thread of course lies in geo- 
desies where it is in contact with the quadrics and in right 
lines in the space between them), then the pencil will trace 

U 
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a line of curvature an the quadric A. For the two geodesies 
on the surface J5, which meet in the locus point P, evidently 
make equal angles with the locus of P; but these geodesies 
have as tangents the rectilinear parts of the thread which 
both touch the same confocal ; therefore (Art. 353) the pD is 
the same for both geodesies, and hence the line bisecting the 
angle between them is a line of curvature. 

A particular case of this theorem !s that the focal ellipse 
of a quadric can be described by means of a thread fastened 
to two fixed points on opposite branches of the focal hyperbola. 

357. Elliptic Co-ordinates, The method used (Arts. 351, 352) 
in which the position of a point on the ellipsoid is defined by 
the primary axes of the two hyperboloids intersecting in that 
point, is called the method of Elliptic Co-ordinates (see p. 152 
and Higher Plane Curves^ p. 276). It being more convenient 
to work with unaccented letters, I follow M. Liouville* in 
denoting the quantities which we have hitherto called a', a" 
by the letters /i, v; and in this notation the equation of the 
lines of curvature of one system would be of the form 
/A = constant, and those of the other v = constant. The equation 
of a geodesic (Art. 350) would be written /a* cos^t + v* sin't = /a** ; 
and when the geodesic passes through an umbilic, we have 
/A" = a* — J* = /i*. It will be remembered (Art. 166) that fi lies 
between the limits h and Te^ and v between the limits k and 0. 

Throwing the equation of a geodesic into the form 

/a'' + V* tan'i = /a'" (1 + tan't) ; 

we see that it is satisfied (whatever be /a') by the values 
/A*=i^, tan*t = — 1. Whence it follows that the same pair of 
imaginary tangents, drawn from an umbilic, touch all the lines 
of curvature,t a further analogy to the foci of plane conies. 

358. To express in elliptic co-ordinates the element of the 
arc of any curve on the surface. Let us consider first the 



• I cannot, however, bring myself to imitate him in calling the axis 
of the ellipsoid p ; and his denoting the quantities a* - ft*, c^ - i* (which 
we call A", l^) by the letters 5*, c\ seems likely to confuse. 

t Mr. Roberts, Liouville, Vol. xv., p. 289. 
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element of any line of curvature, fi = constant. Let that line be 
met by the two consecutive hyperboloids, whose axes are v and 
v + rfv; then, since it cuts them perpendicularly, the intercept 
between them is equal to the difference between the central 
perpendiculars on the tangent planes to the two hyperboloids. 
But (Art. 190) [p"^dfY-p'''^[v-\•dvf^^^ or fdf^vdv. 
Now we have proved that dp" = d(T^ the element of the arc 
we are seeking, and 

P "" (a« - a'") (a" - a") " (a" - v') {,1' - /) ' 

Hence da^ = 77^ Jrlri «\ ^^^- 

In like manner the element of the arc of the line of curvature 
V = constant is given by the formula 

Now if through the extremities of the element of the arc ds 
of any curve, we draw lines of curvature of both systems, we 
form an elementary rectangle of which da^ da are the sides 
and ds the diagonal. Hence 

359. In like manner we can express the area of any portion 
of the surface bounded by four lines of curvature; two lines 
/Aj, /Aj, and two v^, v^. For the element of the area is 

^^^. (/*'-v')V{(«'-m'')(«'-v')} ,., 

the integral of which is 

/>*i /i>' V(a* - /Lt') dfi /Vi V(a' - v") rfy 

So, in like manner, we can find the differential equation of the 

* The area of the surface of the ellipsoid was thus first expressed by 
Legendre, JVaite des Fonciions EUiptiqueSt Vol. I., p. 352. 

U2 
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orthogonal trajectory of a curve whose differential equation is 
MdfA + Ndv. For the orthogonal trajectory to Pda^Qda is 

plainly ~p "~ 77; since da^ da are a system of rectangular 

co-ordinates. But Mdfi + Ndv can be thrown without difficulty 
into the form Pda + Qda' by the equations of the last article. 
The equation of the orthogonal trajectory is thus found to be 

€?- fi? dfi a' — V* ^^ _ A 



360. The first integral of a geodesic /i" cos'i'+v' 8in*t = /A" 
can be thrown into a form in which the variables are separated 
and the second integral can be obtained. That equation gives 



t«»*=//(^)- 



whence equating, we have 

V(a» - (iTj «?/* V(o' - O dv 



= 0, 



vcm' - /*'") (/*" - A*) (A* - /*•) " v{(m'* - o (A» -/)(*»- or ' 

the terms of which can be integrated separately.* 

K the geodesic passes through the umbilics, we have fi* =■ Ji^ 
(Art. 357), and the equation of the geodesic is 

(/i» - A«} V(*" - /*") ^ (A* - O \/(*" - v') ^ "• 

361. ?b ^wrf an ea^pression for the length of any portion of 
a geodesic. The element of the geodesic is the hypotenuse of 
a right-angled triangle of which da^ da are the sides and whose 
base angle is t. Hence we have ds^Aaida ±QOfiida\ and 

. . . . -Jifi'-fiT) . V(/t'* - o , . . 

putting m 8int= ^(^«_o » <="»'= ^(^«_y^ » a°a gmng 
rf«r, rf<r' the values of Art. 358, we have 

* The equation of a geodesic was first integrated by Jacobi, Crelh, 
Vol. xtx., p. 309. 
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K p be the element of a line through the umbilics, we have 

It is to be noted that when we give to the radical in the last 
article the sign -h we must give that in this article the sign — . 
This appears by forming (Art. 359) the differential equation of 
the orthogonal trajectory to a geodesic through an umbilic, an 
equation which must be equivalent io dp = (Art. 342). 

362. In place of denoting the position of any point on an 
ellipsoid by the elliptic co-ordinates /a, v^ we might use geodesic 
polar co-ordinates and denote a point by p its geodesic distance 
from an umbilic, and by o> the angle which the radius vector 
makes with the line joining the umbilics. Now the equation 
(Art. 360) of a geodesic passing through an umbilic gives the 
sum of two integrals equal to a constant. This constant can- 
not be a function of p since it remains the same as we go along 
the same geodesic : it must therefore be a function of w only ; 
and if we pass from any point to an indefinitely near one, not 
on the same geodesic radius vector, we shall have 

V(a'-M')rfM V(a«-v»)rfv _^., ,^ 

We shall determine the form of the function by calculating 
its value for a point indefinitely near the umbilic, for which 
fi, = v = h. The left-hand side of the equation then becomes 

\/{¥^) "" "*"'* °^ [J^* + A^) • ^^'^ ^ ^'^ P"* 

fi = h-\-rfy v = A — 8, the quantity whose limit we want to find 
is -= — - — J — r-y z , which, as rt and e tend to vanish, becomes 

the limit of -7 f — ] or of t-t rf log - . 

2h \rf ey 2A °e 

Now since the angle external to the vertical angle of the 

triangle formed by the line joining any point to two umbilics, 

is bisected by the direction of the line of curvature, that external 

angle is double the angle i in the formula /i' cos'i + v* sin*t = A*. 

In the limit when the vertex of the triangle approaches the 
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umbllic, the external angle of the triangle becomes oi, and 
we have at the umbilic 

(A + tjY cos'^q) + (A - e)' sln'^o) = A*, 

and in the limit ^ 

tan*AQ) = - . 

^ e 

Using this value, the limit of the left-hand side of the equation Is 



k^/{irri^)^^^^st^^^)> 



We have therefore 

And the constant which occurs in the integrated equation of 
a geodesic through an umbilic is of the form 

363. If P, Q be two consecutive points on a curve, and if 
PP' be drawn perpendicular to the geodesic radius vector OQj 
it is evident that PQ' = PF"-\^ FQ". Now since (Art. 342) 
OP=OFj we have FQ = dp^ while PF being the element 
of an arc of a geodesic circle, for which p is constant (or 
dp = 0), must be of the form Pdo). Hence the element of the 
arc of a curve on any surface can be expressed by a formula 
c&^ = rfp* + PVq)'. We propose now to examme the form of 
the function P for the case of radii vectores drawn through 
an umbilic of an ellipsoid. Let us consider the line of cur- 
vature /a = /a'. We have then (Art. 361) 

And by the same article 



8 8 

a — V 



whence Fdto' = l^^"" *.?/if ^'I? dv' 

(A — V ) (At — ir) 

But (Art. 362), when fi is constant, 

^{a'^v')dv ^ 1 //^A''\ 
(A«-0 V(A"-v*)^A yW-AV 



dm 



smm 
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Putting in this value for dv, we have 

„ (a' - A') {h* - O (m** - ^') _ b^h^b"* _ y 

A" (/fe' - A') 8in»«a ~ (6* - a") (i» - c") sin'o) ~ sin'w 

(Art. 168) ; therefore 

Bino) 

In this investigation it is not necessary to assume the result 
of the last article. If we substitute for the right-hand side of 
the equation in the last article an undetermined function of oi, 
it is proved in like manner that P=yff>[(o). We determine 
then the form of the function by remembering that in the neigh- 
bourhood of the umbilic the surface approaches to the form 
of a sphere. Now on a sphere the formula of rectification 
is ds^ = dp^ + am^pd(o*. Hence P=&inp. But in the sphere 
y = &mp sinG). The function therefore which multiples y is 

1 
sino) ' 

364. Consider now the triangle formed by joining any 
point P to the two umbilics 0, 0'. Then for the arc OP 

y 

we have the function P=-7^^— and for the arc O'P. connecting 

smo) 10 

P with the other umbilic, we have the function P' = , , , 

' smo) ' 

and P : P* : : sin 0) : sin w', an equation analogous to that which 

expresses that the sines of the sides of a spherical triangle 

are proportional to the sines of the opposite angles; since P 

and P in the rectification of arcs on the ellipsoid answer to 

sin/3, sin/)' on the sphere. 

365. Again, if P be any point on a line of curvature we 
know (Art. 348) dp ± dp =« 0, where p and p are the distances 
from the two umbilics. Now if be the angle which the 
radius vector OP makes with the tangent, the perpendicular 
element Pdcj is evidently dp tan^. But the radius vector O'P 
makes also the angle with the tangent. Hence, we have 

T^ 7 TV T » ^ do) day' 

Pd(o ± Pdo) = 0, or -; ± -, = 0, 

' smo> smo) ' 
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whence tan^o) tan^G>' is constant when the sum of sides of the 
triangle is given; and tan^o; is to tan^io' in a given ratio 
when the difference of sides of the triangle is given. Thus 
then the distance between two umbilics being taken as the 
base of a triangle, when either the product or the ratio of 
the tangents of the halves of the base angles is given; the 
locus of vertex is a line of curvature.* 

From this theorem follow many corollaries: for instance, 
'' If a geodesic through an umbilic meet a line of curvature 
in points P, P', then (according to the species of the line 
of curvature) either the product or the ratio of tan^Pf^O, 
tan ^P'0'0 is constant." Again, "if the geodesies joining to 
the lunbilics any point P on a line of curvature meet the 
curve again in P', P", the locus of the intersection of the 
transverse geodesies (yP\ OP' will be a line of curvature of 
the same species." 

366. Mr. Roberts's expression for the element of an arc 
perpendicular to an umbilical geodesic has been extended as 
follows by Dr. Hart: Let OT, OT be two consecutive geo- 
desies touching the line 
of curvature formed by 
the intersection of the -- 
surface with a confocal 
J9, d(o the angle at 
which they intersect; 
then the tangent at 
any point T of either 
geodesic touches B in 
a point P (Art. 353) ; 
and if rr be taken 
conjugate to JT, the 
tangent plane at T 
passes through TP 




* This theorem, as well as those on which its proof depends, (Art 362, 
&c.} is due to Mr. M. Roberts, to whom this department of Geometry 
owes so much (Liouville, Vols, xiil., p. 1, and xv., p. 275). 
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(Art. 237) and the tangent line to the geodesic at T touches 
the confocal B in the same point P. We want now to express 
in the form Pd(o the perpendicular distance from T to TP. 
Let the tangents at consecutive points, one on each geodesic, 
intersect in P and make with each other an angle d^\ Let 
normals at the points r„ T/ meet the tangents PT^ PT at 
the points ?;, T;, then since the difference between 2;r;, T^T^ 
is infinitely small of the third order, PTjlif> and PT^d^' are 
equal to the same degree of approximation. But PT^^ PT^ 
are proportional to D and U the diameters of the surface 
B drawn parallel to the two successive tangents to the geo- 
desic. Hence Dd<f> = D'd<f>, This quantity therefore remains 
invariable as we proceed along the geodesic; but at the point 
0, d<f> = da)] if therefore JO^ be the diameter of B parallel to 
the tangent at to the geodesic, I)d<f> = B^do) ] and there- 
fore the distance we want to express PTd<f> = -^ ^w, where 
t{=PT) is the length of the tangent from T to the confocal JB; 

or -jf t is 2L mean between the segments of a chord of B drawn 

through T parallel to the tangent at 0. When the geodesic 
passes through an umbilic, the surface B reduces to the plane 

of the umbilics, and -jj t becomes the line drawn through T 

to meet the plane of the umbilics parallel to the tangent at ; 
which is Mr. Roberts's expression. 

Hence, if a geodesic polygon circumscribe a line of curvature^ 
and if all the angles but one move on lines of curvature^ this also 
will move on a line of curvature^ and the perimeter of the polygon 
will be constant when the lines of curvature are of the same 
species. The proof is identical with that given for the corre- 
sponding property of plane conies {Conies j Art. 358). 

367. If a geodesic joining any umbilic to that diametrically 
opposite, and making an angle o) with the plane of the um- 
bilics, be continued so as to return to the first umbilic, it 
will not, as in the case of the sphere, return on its former 
path, but on its return will make with the plane of the um- 
bilics an angle different from w. In order to prove this we 
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fihall investigate an expression for 0^ the angle made with 
the plane of the umbilics by the osculating plane at any point 
of that geodesic. 

It is convenient to prefix the following lemma. In a 
spherical triangle let one side and the ad- 
jacent angle remain finite while the base 
diminishes indefinitely, it is required to find 
the limit of the ratio of the base to the 
difference of the base angles measured in 
the same direction. The formula of spherical 

trigonometry qo%\[A-\- B) = Asi\G — ^^-^ — - gives us in the 

limit d0 = co^ady^. But evidently sin ok/>^ = sin dd^0. Hence 
d0 d<f> 
mk0 " tana * 

Now we know (Art. 353) that the tangent line at any point 
of a geodesic passing through an umbilic, if produced goes to 
meet the plane of the umbilics in a point on the focal hyper- 
bola; and the osculating plane of the geodesic at that point 
will be the plane joining the point to the corresponding tangent 
of the focal hyperbola. We know also (Art. 194) that the 
cone circumscribing an ellipsoid and whose vertex is any point 
on the focal hyperbola is a right cone. 

Let now PP* be an element of an umbilical geodesic pro- 
duced to meet the focal p 
hyperbola in H, Let ~^^"~^ 
P'P' be the consecutive 
element meeting the focal 
hyperbola in H'] then 
if Hhj ETh' be two con- 
secutive tangents to the 
focal hyperbola ; PHh^ 
P'H'K will be two consecutive osculating planes. Imagine 
now a sphere round H\ and consider the spherical triangle 
formed by radii to the points A, h\ P. Then if rf^ be the 
angle AJ/'A', the angle of contact of the focal hjrperbola; 
the angle between the osculating plane and hH'K the plane 
of the umbilics, while hlFP is a the semi-angle of the cone ; 
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then the spherical triangle is that considered in our lemma, 

1 1 dd dd> 

and we have -t-t; = —-^ • 

sma tana 

In order to integrate this equation we must express d<f> in 

terms of a; and this we may regard as a problem in plane 

geometry, for a is half the angle included between the tangents 

from H to the principal section in the plane of the umbilics, 

while d<f> is the angle of contact of the focal hyperbola at the 

same point. Now if a\ J'; a", h" be the axes of an ellipse 

and hyperbola passing through H^ confocal to an ellipse whose 

axes are a, &; and if 2a be the angle included between the 

tangents from H to the latter ellipse, we have (see Conies^ 

Ex. 10, p. 192) tan*a = -;5 5. Differentiating, regarding a" 

as constant (since we proceed to a consecutive point along the 

same confocal hyperbola), we have da = — tana -75 ng* But 

if p^ p' be the central perpendiculars on the tangents at H 

to the ellipse and hyperbola, we have add =pdp (Art. 358). 

Now dp is the element of the arc of the focal hyperbola, and 

if p be the radius of curvature at the same point, dp = pd<f>, 

a^ — a"* ^T , ^ pdd> , ^ dh'd<b 

-, — . Hence aa = — tana - -/ ^- '^'* — *°" ^ 

p p 



But p = -, — . Hence dd^ — tana - -,- or dfx = tana „, 



iiitt 



But a'" = a» + (a» - a"*) cot" a, i'" = i'' + (a" - «"") cot*a. 

TT d^ d'b"d(i 

Hence ^ — 



tana V(a' - «"* + d' tan'' a) V(a" - «'" + *' tan'a) ' 

In the case under consideration the axes of the touched 
ellipse are a, c; while the squares of the axes of the confocal 
hyperbola are a* - i*, 6* — c". Hence we have the equation 

de v(a"-y) v(y-c")c?a 

sin^ "■ V(i' + «" tan" a) V(6' + c» tan^a) ' 

Integrating this, and taking one limit of the integral at 
the umbilic where we have ^ = «, and a = ^tt ; we have 

tan^g _ r« ^/{a*-b')'^{b^-c*)da 

^""^tanio) " Jinr ^/{b'•^d tan^a) >/(*' + c" tan' a) * 
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If then I be the value of this integral; we have 
tan \d = k tan J©, where h = e^. 

Now this integral obviously does not change sign between 
the limits ±^7r, that is to say, in passing from one umbilic 
to the other. If then w be the value of for the umbilic 
opposite to that from which we set out; at this limit / has 
a value different from zero, and k a value different from unity ; 
and we have t9,n^a>' = k' tan^ca; ay' is therefore always different 
from 6>. And in like manner the geodesic returns to the original 
umbilic, making an angle a>" such that tan^co^sA:" tan^G>, 
and so it will pass and repass for ever making a series of 
angles the tangents of whose halves are in continued pro- 
portion.* 

368. K we consider edges belonging to the same tangent 
cone, whose vertex is any point H on the focal hyperbola, a 
(and therefore k) b constant ; and the equation tan ^0 = k tan^oi 

gives -;— 75 = - — . Now since the osculating: plane of the 
^ sm^ smo) ^ ^ 

geodesic is normal to the surface, and therefore also normal 

to the tangent cone, it passes through the axis of that cone. 

If then we cut the cone by a plane perpendicular to the axis, 

the section is evidently a circle whose radius is ~-^ , and the 

•^ sm^' 

element of the arc is -K—t. , or —. — . Now this element, being: 

smc'' smft) ' ° 

the distance, at their point of contact, of two consecutive sides 

of the circumscribing cone, is what we have called (Art. 363) 

PdcDj and we have thus from the investigation of the last 

article an independent proof of the value found for P (Art. 363). 

369. Lines of level. The inequalities of level of a country 
can be represented on a map by a series of curves marking 
the points which are on the same level. If a series of such 
curves be drawn, corresponding to equi-different heights, the 

■ . ^■^-^^— ^^^-^^^^^ 

* llie theorems of this article are Dr. Hart's, Cambridge and Dublin 
Muihtmatical Journal^ Vol. IV., p. S2 ; hut in the mode of proof I have 
followed Mr. William Koberts, Liouville 1857, p. 213. 
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places where the curves lie closest together evidently indicate 
the places where the level of the country changes most rapidly. 
Generally, the curves of level of any surface are the sections 
of that surface by a series of horizontal planes, which we may 
suppose all parallel to the plane of xy. The equations of the 
horizontal projections of such a series are got by putting « = c 
in the equation of the surface ; and a differential equation common 
to all these projections is got by putting (£3 = in the differential 
equation of the surface, when we have 

dU J dU , ^ 
-dx^^^dy^^. 

We can make this a function of x and y only, by eliminating 
the z which may enter into the differential coefficients, by the 
help of the equation of the surface. 

lAnes of greatest slope. The line of greatest slope through any 
point is the line which cuts all the lines of level perpendicularly ; 
and the differential equation of its projection therefore is 

dU . dTT 

-y- a V — 7- dx = 0. 
ax "^ ay 

The line of greatest slope is often defined as that, the tan- 
gent at every point of which makes the greatest angle with 
the horizon. Now it is evident that the line in any tangent 
plane which makes the greatest angle with the horizon is 
that which is perpendicular to the horizontal trace of that 
plane. And we get the same equation as before by expressing 
that the projection of the element of the curve (whose direction- 
cosines are proportional to dxj dy) is perpendicular to the trace 
whose equation is 

dU , ,s dU , ,. dU , ^^ 

* It is evident that the differential equation of the curve, which is 
always perpendicular to the intersection of the tangent plane, [whose 
direction-cosines are as X, 3f, iV] by a fixed plane whose direction-cosines 
are a, &, c, is 



= 0. 



dx, 


dy, 


dz 


X, 


M, 


ry 


«. 


h, 


c 
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£z. To find the line of greatest slope on the quadrio Ai^ + B\f 4- CSb*= D. 
The differential equation is Axdy- Bydx, which integrated, gives 

(v) ~ ( /) ' ^^^'^ ^^® constant has been determined by the condition 

that the line shall pass through the point x - x\ y - y'. The line of 
greatest slope is the intersection of the quadric by the cylinder whose 
equation has just been written, and will be a curve of double curvature 
except when xfy^ lies in one of the principal planes when the equation 
just found reduces to a; = or y = 0, 

370. We shall conclude this chapter by giving an account 
of Gauss's theory of the curvature of surfaces.* In plane curves 
we measure the curvature of an arc of given length by the 
angle between the tangents, or between the normals, at its 
extremities; in other words, if we take a circle whose radius 
is unity, and draw radii parallel to the normals at the ex- 
tremities of the arc, the ratio of the intercepted arc of the 
circle to the arc of the curve affords a measure of the cur- 
vature of the arc. Ii^ like manner if we have a portion of 
a surface bounded by any clo^d curve, and if we draw radii 
of a unit sphere parallel to the normals at every point of the 
bounding curve, the area of the corresponding portion of the 
sphere is called by Gauss the total curvature of the portion 
of the surface under consideration. And if at any point of 
a surface we divide the total curvature of the superficial element 
adjacent to the point by the area of the element itself, the 
quotient is called the measure of curvature for that point. 

371. We proceed to express the measure of curvature by 
a formula. Then since the tangent plane at any point on the 
surface, and at the corresponding point on the unit sphere 
are by hypothesis parallel; the areas of any elementary portions 
on each are proportional to their projections on any of the 
co-ordinate planes. Let us consider then their projections on 
the plane of xy^ and let us suppose the equation of the surface 
to be given in the form « = 0(ic, y) 



* The reader will find his paper feprinted in the appendix to Liouville's 
edition of Monge. 
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If then Xj^y zhe the co-ordinates of any point on the surface, 

Xj Yj Z those of the corresponding point on the unit sphere, 

a? + dSr, aj+&c, X-\-dX^ X-f SX, &c., the co-ordinates of two 

adjacent points on each : then the areas of the two elementary 

triangles formed by the points considered, are evidently in the 

ratio 

dXZ Y- d YSX : dx Zy — dy Sx, 

But dXy dY : SX, SY are connected with rfa?, rfy, &c., by 
the same linear transformations, viz., 

,-rr dX , dX J ,^, dY , dY ^ 

whence by the theory of linear transformations, or by actual 
multiplication, 

rfXS r. dYiX^ idxBy - dySx) (^ ^^ - ^ g) , 

, , . dX dY dX dY. . . 

and the quantity -, -. 7- -r- is the measure ot curvature. 

^ "^ ax ay ay ax 

Now X, Yj Z being the projections on the axes of a unit 

line parallel to the normal are proportional to the cosines of 

the angles which the normal makes with the axes. We have 

therefore 

r 



X — — m — ■ — z ;;r < jL — 



V(l+p" + ?^)' V(l+y + !Z")' 

dX _ {l+^)r-pq8 dX _ [l -\- q*) s - pq t 

"^ (1+/ + !^)^' "^^ (l+i^' + ^)* ' 
dY [\'^p^)8-'pqt dY ^ {\ -\- p"") t - pqs 

^ (l+/+?f ' ^^ (1+/ + ?")^ ' 

dX dY_ dX dY^ _ {rt-'s') 
dx dy dy dx (l+i>' + ^)'* 

But from the equation of (Art. 281, p. 222) it appears that 
the value just found for the measure of curvature is -^^7 , where 
jR and R are the two principal radii of curvature at the point. 



whence 
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372. It is easy to verify geometrically the value thus found. 
For consider the elementary rectangle whose sides are in the 
directions of the principal tangents. Let the lengths of the 
sides be X, X', and consequently its area XX'. Now the normals 
at the extremities of X intersect, and if they make with each 

other an angle 6^ we have ^ = p where R is the corresponding 

radius of curvature. But the corresponding normals of the 
sphere make with each other, by hypothesis, the same angle; 
and their length is unity. If therefore fi be the length of 

the element on the sphere corresponding to X, we have -p = /*• 
In like manner we have -=; = /t' : and r^-; = y> ry : which was 

iC XX MJtC 

to be proved. 

373. Gauss has proved that if a surface supposed to be 
flexible but not extensible be deformed in any way : (that is to 
say, if the shape of the surface be changed, yet so that the 
distance between any two points measured along the surface 
remains the same) then the measure of curvature at every 
point remains unaltered. We have had an example of such 
a change in the case of a developable surface which is such a 
deformation of a plane (Art. 287). And the measure of cur- 
vature vanishes for the developable as well as for the plane, 
one of the principal radii being infinite (Art. 334). To establish 
the theorem in general, let us suppose that any point on the 
surface instead of being given by three co-ordinates connected 
by the equation of the surface is given by two independent 
co-ordinates. Let 

dx = adu 4- adv^ dy = hdu 4- b'dv^ dz = cdu + c cfo, 

then(fo* = c£r' + eiy' + J««=(a» + J* + c')(?w* 

4- 2 (oa' + bV + cc') dudv + {a? + J'" 4- O <^^*' 

If we write this equation 

ds^ = Edu!" + 2Fdudv + Odv% 

what we want to prove is that the measure of curvature, or 
that the product of the principal radii, is a function of J?, F^ O. 
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In fact, let aj'y'«' denote the point of the deformed surface 
corresponding to any point ocyz of the given surface. Then 
x\ y\ z* are given functions of cc, y, «, and can therefore also 
be expressed in terms of u and v. And the element of any 
arc of the deformed sm*face can be expressed in the form 

efe'* = Edv^ -f ^Fdudv + Gdv\ 

But the condition that the length of the arc shall be un- 
altered by transformation, manifestly requires E^E\ F^F*^ 
O = G'. Any function therefore of E^ F^ G is unaltered by 
such a deformation as we are considering. 

Now it will be remembered (see p. 203) that the principal 
radii are given by a quadratic, in which the coefficient of \" 
is (ii" + 3f '^ + -AT*)* ; and the absolute term is 

(bc~P)i« + (ca-m»)J[f» + (ab-n')iV" 

+ 2 (mn - al) MN^ 2 (nl - bm) JVX + 2 (Im - en) LM* 

We shall separately express each of these quantities in 
terms of E^ Fy G. 

374. Now if we substitute in the equation of the surface 

Ldx-\-Mdy + Ndz = Oj the values of dxj dy^ dz given in the 

last article, and remember that since u and v are independent 

variables, the coefficients of du and dv must vanish separately, 

we have 

Xa-f JlfJ + iVc = 0, ia-f J/J' + iVc =0. 

Consequently we have 

i = X(Jc'-Jc), M=\[cci'-c'a)^ N=\[aV--ab), 

where X is indeterminate, and 

i»+3f + JV = X»{(a» + J« + c«)(a'» + i'' + c'«)-(aa' + J6' + cc7}, 

= X*(^(?-jP«). 

(See Lessons on Higher Algebra^ Art. 21). 

375. Let us now examine the result of making in the 
absolute term, given Art. 373, the same substitution, viz. 

• We use Roman letters in order that the a, 6, c of p. 203 may not 
be confounded with a, 6, c used in a different sense in this article. 

X 
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L = \{bc' — b'c)^ &c. Now an equation which we had occasion 
to use in the theory of conies (see Conies^ Ex. 5, p. 269) enables 
us to write this result in a more simple form. Let us write 
down the equation of a conic 

aa^ 4- by* -f ca;' h- 2\yz + 2mzx + ^nxy = 0, 

and substituting for a;, y, z ; a + ha\ h -f Jcb'^ c + kc' ] let us write 
the result U+ 2k V+ i" Z7', then 

UV'^V' = (be - V) {he' - cby + (ca - m*) [ca' - c'aY + &c. 

In fact, either side of this equation, equated to nothing, ex- 
presses the condition that the line joining the points ahcj ah'c 
should touch the conic. The equation however may be verified 
by actual multiplication. What we want to calculate then is 
X» ( UU' - F") where 

Z7 = aa* + bJ' -f cc'* + 2\bc + 2mca + 2naA, 

ir = aa'* + bi" + cc'" + 21 JV -f 2mcV + 2na'6', 

7= ma -f hbb' + ccc' 4 1 {be' + b'c) + m (ca' 4- c'a) + n (oi' + a'b). 

Now let us differentiate the equation Ldx + Mdy ■\- Ndz = 0^ 
and we get 

Ld'x + Md^y + Nd'z 

= - (adaj* 4- hd/ 4- oefo* + 2\dt/dz 4- 2mdzdx 4 2ndxdy). 

if now we write 

d^x= adu^-^ aldudv-V a"dv*j 

d't/ = 13 du^ 4- fi'dudv 4- /9"cZt;*, 

eZ'« = ydu^ 4 ydudv 4- 7'eZr', 

and making these substitutions on the left-hand side of the 
preceding equation, substitute for dxj dy^ dz^ from Art. 373, 
we get, by equating the coefficients of (/m*, dudv^ and cZy*, 

ia" 4 MP' 4 iVy = - U', 
and what we want to calculate is the value of 
X* [{La + Mfi + Ny) {La" + Mfi" + Ny") - {La' + Jlf/9' + Ny'Y], 
when for L^M^N 9XQ substituted the values in Art. 374. 
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The result is X* multiplied by 



a^ by c 



mJ* Q" ^J' 



a. 



*, 



a', b\ d 



a, by c 



Now if these products be expanded according to the ordinary 
rule for multiplication of determinants, they give the difference 
between the two determinants* 



aa" + /3/9" + 77", aa" + J/3" + 07", 

. 1/3 . -. . _a . la . _« 



t ft 



aa + bl3 -h cjy 
a a + Vff + c 7, 



a» + i*-* 4- 



aa +6p +C7 



aa! -f ii' + cdy a"" + i" + 

a'^ + /9"' + 7", aa' + J/3' + C7', 
aa' + J/3' + C7', a"* + i" + c', 
aV + V^' + cV, aa' + bV + cc', 



a'a' + b'^ + cV 
aa' 4- bV + cc' 



376. Now it is easy to show that the terms in these deter- 
minants are functions of Ey Fy G and their differentials. Re- 
ferring to the definitions of a, i, c, a, a', a", &c. (Arts. 373, 375) 
it is obvious that 

du ' dv du^ dv ^ *' 

whence since 

^=a' + i'-fc', F^^aa'-^bb' + cc'y G = a"" + b'^ -]■ d% 

in t dJS t 1 ru f - dE 

oa + t/9 + C7 =i^, aa' + 6/9' + C7' =i-y-. 



^u 



dv 



aa +6/3 +C7 =i-;^, aa + J/3 +C7 = J -r- , 



£^l£ 



c?y 



e«," + 5/3" + c^"=¥-(a'a' + J'^ + cY)=^-i^, 



rfy 



c?t? * rfw 



» 7 f /> r ^-^ / r 7 /v f\ dF , dE 



• I owe to Mr. Williamson the remark that the application of this 
rule exhibits the result in a form which manifests the truth of Gauss's 
theorem. 

X2 
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I 

I 

•\ 

I' 

! 

.1 
I 



It will be seen that these equations express in terms of Ej Fy C 
every term in the preceding determinants except the Ieadin| 
one in each. To express these, differentiate, with regard to t 
the equation last written, and we have 



aa" + /9/9" + ry" = £4:-i 



di^ \ dv dv dvj ' 



dudv * dt^ \^ dv ' " dv 
Again, differentiate, with regard to ti, the equation 



o'a' + 6'/3' + cV = i^, 



and we have 



d'G 



Now because ;t- = -^ j &c., the quantities within the bracket 

in the last two equations are equal. And since the leading 
term in each determinant is multiplied bj the same factor, ii 
subtracting the determinants we are only concerned with th< 
difference of these terms, and the quantity within the bracket: 
disappears from the result. This result is X* multiplied b] 
the difference of the determinants 



d'F d'E 

dudv * dv* * 

dE 



i 



du 



and 



dF_ dJE 
du * rfw ' 



d*G 



* » 



* dvi 
dE 

da 

* du' 



dF_ dG 
dv ^ du ' 

E, 

E, 
dE dG 

E, F 



dG 
dv 

F 
G 



G 



We get the measnre of carratnre by diyidmg the quantitj 
now fonned, by [L* + M* + N*)* whose value is given (Art. 37i 
when the common factor X^ disappears and the resolt is ob 
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viously a function of E^ F^ O and their differentials. Gauss's 
theorem is therefore proved. 

We add the actual expansion of the determinants, though 
not necessary to the proof. Writing the measure of curvature 
JT, we have 

(a» dv au av \duj 



+ F 



'dEdO__dEdO_^dEdF .dFdF_^dFdO] 
du dv dv du dv dv du do du du 



Q\dEdG_^dEdF (dE\*\ 
\du du du dv \dv) ) 

(Liouville's Monge, p. 523).* 

■ 
377. We may consider two systems of curves traced on 

the surface, for one of which u is constant, and for the other v ; 

so that any point on the surface is the intersection of a curve 

of each system . The expression then cfe* = Edu^ -H 2Fdu dv + Gdv* 

shows that ^/[E) du is the element of the curve, passing through 

the point, for which v is constant; and *^{G)dv is the element 

of the curve for which u is constant. If these two curves 

intersect at an angle cio, then since ds is the diagonal of a 

parallelogram of which \/{E)du^ »J[0)dv are the sides, we 

F 
have costt>= H-pfix ? while the area of the parallelogram being 

da da sin© = sJ[EO — F'^) dudv. If the curves of the system u 
cut at right angles those of the system v, we must have F= 0. 

A particular case of these formulae is when we use geodesic 
polar co-ordinates in which case we saw that we always have 

• MM. Bertrand, Diguet, and Puiseux (see Liouville, Vol. xiii., p. 80; 
Appendix to Monge, p. 583) have established Gauss's theorem by calcu- 
lating the perimeter and area of a geodesic circle on any surface, whose 
radius, supposed to be very small, is 8, They find for the perimeter 

^^^ - oTi-wi. » *°^ ^or the area frs^- run^' ^^^ ®^ course the supposition 
that these are unaltered by deformation implies that RR is constant. 
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an exprearion of the form df = dp*-\-P^dm*. Now if in the 
formulas of the last article we put F=0, £= constant, it 
becomes 

and if we put 

1 fPP P 

E=l, 0=^P% u=p^ ^"^EE^ we have ^+^g^=^j 

an equation which must be satisfied by the function P on any 
surface, if Pdta expresses the element of the arc of a geodesic 
circle. Mr. Roberts verifies [Cambridge and Dublin Mather- 
matical Journal^ Vol. III., p. 161) that this equation is satisfied 

by the function . on a quadric. 
•^ sma> ^ 

378. Gauss applies these formulas to find the total curvature, 

in his sense of the word, of a geodesic triangle on any surface. 

The element of the area being Pdaydpy and the measure of 

1 d*P 
curvature being - -p -ty ; the total curvature is found by 

d*P 

twice integratmg — -j-j dpdta. Integrating first with respect 

to p, we get ( C7— -7- J dto. Now if the radii are measured 

from one vertex of the given triangle, the integral is plainly 
to vanish for p = ; and it is plain also that for p = we must 

dP 

have -1- = 1 ; for as p tends to vanish, the length of an element 

up 

perpendicular to the radius tends to become pdm. Hence the 

first integral is dto (l- -j-j . 

This may be written in a more convenient form as follows : 
Let be the angle which any radius vector makes with the 
element of a geodesic ab. Now ^, 

since aa^^Pdo)^ bb = [P^-dP] do> ; and >^^ ^===3 c 

if cJ = aa\ we have b'c = dPdm^ and 

dP 

the angle Vac = -^ dm. But b'ac is 
evidently the diminution of the angle 
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dP 

in passing to a consecutive point ; hence d0 = — -7- da). The 

integral just found is therefore d(o + d0j which integrated a 
second time is o) + ^' — 0"^ where ao is the angle between the 
two extreme radii vectores which we consider, and 0\ 0" are 
the corresponding values of 0. If we call A^ B^ C the internal 
angles of the triangle formed by the two extreme radii and 
by the base, we have w = .4, 0' = B^ ^' = tj - (7, and the total 
curvature is A + B-^-C—ir. Hence the excess over 180° of 
the sum of the angles of a geodesic triangle is measured by 
the area of that portion of a unit sphere which corresponds to 
the directions of the normals along the sides of the given 
triangle. 

The portion on the unit sphere corresponding to the area 
enclosed by a geodesic returning upon itself is half the sphere. 
For if the radius vector travel round so as to return to the 
point whence it set out the extreme values of 0' and 0" are 
equal, while w has increased by 27r. The measure of cur- 
vature is therefore 27r or half the surface of the sphere.* 

* For some other interesting theorems, relative to the deformation of 
surfaces, see Mr. Jellett's paper "On the Properties of Inextensible 
Surfaces, Transactions of the Boyal Irish Academy ^ Vol. XXIL The theory 
of surfaces applicable to one another was the subject proposed by the 
French Academy as their Prize Question for 1860, and the report of the 
Commission to which the decision was referred, gives reason to think 
that the Memoirs sent in for competition will, when published, add con- 
siderably to what had been previously known on the subject. ^ 
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CHx\PTER XII. 



FAMILIES OF SURFACES, 



379. Let the equations of a curve 

<^ (^> yj ^j <^i> ^s- -0=0? ^ {^? yj «» <^,? ^,- • -O = 0) 

mclude n parameters^ or undetennined constants: then it U 
evident that if n equations connecting these parameters be 
given, the curve is completely determined. If, however, only 
n — 1 relations between the parameters be given, the equa- 
tions above written may denote an infinity of curves; and the 
assemblage of all these curves constitutes a surface whose 
equation is obtained by eliminating the n parameters from the 
given n + 1 equations ; viz. the n — 1 relations, and the two 
equations of the curve. Thus, for example, if the two equa- 
tions above written denote a variable curve, the motion of 
which is regulated by the conditions that it shall intersect n — 1 
fixed directing curves, the problem is of the kind now under 
consideration. For by eliminating x^ y, z between the two 
equations of the variable curve and the two equations of any 
one of the directing curves, we express the condition that these 
Wo curves should intersect, and thus have one relation between 
the n parameters. And having n — i such relations we find 
the equation of the surface generated, in the manner just stated. 
We had (Art. 109) a particular case of this problem. 

Those surfaces for which the form of the functions <^ and yft 
is the same, are said to be of the same family^ though the 
equations connecting the parameters may be different. Thus 
if the motion of the same variable curve were regulated by 
several different sets of directing curves, all the surfaces 
generated would be said to belong to the same family. In 
several important cases the equations of all surfaces belonging 
to the same family can be included in one equation involving 
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one or more arbitrary functions ; the equation of any individual 
surface of the family being then got by particularizing the form 
of the fiinctions. If we eliminate the arbitrary functions by 
differentiation^ we get a partial differential equation, common 
to all surfaces of the family, which ordinarily is the expression 
of some geometrical property common to all surfaces of the 
family, and which leads more directly than the functional equa- 
tion to the solution of some classes of problems. 

380. The simplest case is when the equations of the variable 
curve include but two constants.* Solving in turn for each of 
these constants, we can throw the two given equations into 
the form u = c^j ^ = ^25 where u and v are known functions of 
a;, y, z. In order that this curve may generate a surface we 
must be given one relation connecting c^, o,, which will be of 
the form Cj = <^ {c^) ; whence putting for c^ and c^ their values, 
we see that, whatever be the equation of connection, the equa- 
tion of the surface generated must be of the form w = <^ (v). 

We can also in this case readily obtain the partial diffe- 
rential equation which must be satisfied by all surfaces of the 
family. For if Z7= represents any such surface, U can only 
differ by a constant multiplier from u — <f> (v). Hence we have 
X U= tt — ^ (t?), and differentiating 

dU du ,ff \ dv 

with two similar equations for the differentials with respect to 
y and z. Eliminating then X and <^'(v), we get the required 
partial differential equation in the form of a determinant 



t^. o; u, 

M, M, W, 

«, », », 



= 0, 



where, for shortness, we write Z7j, C^, U^^ &c. for 

dU dU dU 



dx ^ dy ^ dz 



, &c. 



• If there were but one constant the elimination of it would give 
the equution of a definite surface, not of a family of surfaces. 
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In this case u and v are supposed to be known functions of the 
co-ordinates ; and the equation just written establishes 8 relation 

of the first deeree between -r- , -7- , -?- • 

If the equation of the surface were written in the form 

A/ ^ n X. \A X. dU dU ^ dU 

«-<^(^j3/) = 0; we should have ^=1, -^^-P^ "^""^^ 

where p and q have the usual signification, and the partial 
differential equation of the family is of the form Pp + Qq^^ B^ 
where P, Q, R are known functions of the co-ordinates. And 
conversely the integral of such a partial differential equation, 
which (see Boole's Differential Equations^ p. 322) is of the form 
u = <f>[v)^ geometrically represents a surface which can be gene- 
rated by the motion of a curve whose equations are of the 
form w = c,, v = Cj. 

The partial differential equation affords the readiest test 
whether a given surface belongs to any assigned family. We 
have only to give to Z7^, f^, f^, their values derived from the 
equation of the given surface, which values must identically 
satisfy the partial differential equation of the family if the 
surface belong to that family. 

381. If it be required to determine a particular surface of 
a given family m = <^ (v), by the condition that the surface shall 
pass through a given curve, the form of the function in this 
case can be found by writing down the equations w = c„ v = c^, 
and eliminating a;, y, z between these equations and those of 
the fixed curve, when we find a relation between c^ and c,, 
or between u and v, which is the equation of the required 
surface. The geometrical interpretation of this process is that 
we direct the motion of a variable curve w = c„ t? = o, by the 
condition that it shall move so as always to intersect the given 
fixed curve. All the points of the latter are therefore points 
on the surface generated. 

If it be required to find a surface of the family u = ^[v) 
which shall envelope a given surface, we know that at every 
point of the curve of contact Z7j, f^, C/,, &c. have the same 
value for the fixed surface and for that which envelopes it. 
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If then in the partial differential equation of the given family, 
we substitute for U^^ f^, U^ their values derived from the equa- 
tion of the fixed surface, we get an equation which will be 
satisfied for every point of the curve of contact, and which 
therefore combined with the equation of the fixed surface deter- 
mines that curve. The problem is therefore reduced to that 
considered in the first part of this article ; namely, to describe 
a surface of the given family through a given curve. All this 
theory will be better understood from the following examples 
of important families of surfaces belonging to the class here 
considered ; viz. whose equations can be expressed in the form 
u = (f> (v). 

382. Cylindrical Surfaces. A cylindrical surface is gene- 
rated by the motion of a right line, which remains always 
parallel to itself. Now the equations of a right line include 
four independent constants; if then the direction of the right 
line be given, this determines two of the constants, and there 
remain but two undetermined. The family of cylindrical sur- 
faces belongs to the class considered in the last two articles. 

Thus if the equations of a right line be given in the form 
x=lz+p^ y = mz-{-qj I and m which determine the directions 
of the right line are supposed to be given ; and if the motion 
of the right line be regulated by any condition (such as that 
it shall move along a certain fixed curve, or envelope a certain 
fixed surface) this establishes a relation between p and ;, and 
the equation of the surface comes out in the form 

x — lz = ^[y — mz). 

More generally, if the right line is to be parallel to the 
intersection of the two planes aa; + iy + C2, ax + b'y H- cz^ its 
equations must be of the form 

oo; + 5y + C2J = a, ax + Vy + cz = /8, 
and the equation of the surface generated must be of the form 

ax + by-\-cz = <f> [ax + b'y + cz). 
Writing ax + by-^cz for m, and ax-^-b'y-^-c'z for v in the 






rrHf^"^^ 



fil'^*' 



>■ '' 



y* "' ^ fhe partial differential equa- 

f-*^ '^ ^(^'^f.r 'cosa-h CJ cosiS + U^ C0B7 = 0, where a, ^, 7 

^ P" ^LaBines of the generating line. Remembering 

^ ^^ dif^^^'^^re proportional to the direction-cosines of the 

^ &]t ^' surface, it is obvious that the geometrical mean- 

^^jijud *^^ gjoation is that the tangent plane to the surface 

iug ^ -ArtJIel to the direction of the generating line. 

To ^^ ^® equation of the cylinder whose edges are parallel to 

s *•«» ^^ which passes through the plane curve a = 0, (x, y) « 0. 

'■'^^* -4n«. 0(x- &, y-mz) = 0. 

fix. S. To find the equation of the cylinder whose sides are parallel to 

#iie iatenection of oj; + iy -i- ee, a'x ^h'y ^ c% and which passes through 

^e intersection of a« + /Sy -I- 7s ^ d, 2^(4?, y^ ») = 0. Solve for x, y, s 

|)0tween the equations ax + dy + cs a u, a'x ^ Vy ^ c'z = v, ax + /3y + 7s = ^, 

^nd substitute the resulting values in F(x, y, z) = 0. 

Ex. 3. To find the equation of a cylinder, the direction-cosines of whose 
edges are /, m, n, and which passes through the curve U-O, V^O, The 
elimination may be conveniently performed as follows : If x\ y', zf be the 
co-ordinates of the point where any edge meets the directing curve ; x, y, z 

those of any point on the edge, we have -j — = '■ — ^ = . Calling 

the common value of these functions 0, we have 

ai ^ X ' W^ y' = y - niO, 7i - z- nO. 

Substitute these values in the equations ^=0, F^ 0, which x'f/7! must 
satisfy ; and between the two resulting equations eliminate the unknown 0^ 
the result will be the equation of the cylinder. 

Ex. 4. To find the cylinder, the direction-cosines of whose edges are 
/, m, «, and which envelopes the quadric Ax* + By^ + Os" = 1. From the 
partial differential equation, the curve of contact is the intersection of the 
quadric with Alx -i- Bmy + Cnz = 0. Proceeding then as in the last example 
tbe equation of the cylinder is found to be 

{Af + Bm* + Cn*) {Aj^ ^ By* 4 O" - 1) = [Alx + Bmy + Cnzf. 

383. Conical Surfaces. These are generated by the motion 
of a right line which constantly passes through a fixed point. 
Expressing that the co-ordinates of this point satisfy the equa- 
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tions of the right line, we have two relations connecting the 
four constants in the general equations of a right line. In this 
case therefore the equations of the generating curve contain 
but two undetermined constants, and the problem is of the kind 
discussed Art. 380. 

Let the equations of the generating line be 

/ m n ^ 

where a, /8, 7 are the known co-ordinates of the vertex of the 
cone, and /, tw, n are proportional to the direction-cosines of the 
generating line; and where the equations, though apparently 
containing three undetermined constants, actually contain only 
two, since we are only concerned with the ratios of the quan- 
tities Z, w, w. 

Writing the equations then in the form 

x — a __ I y- 13 _m ^ 
z —7 n ' 2 — 7 n ' 

we see that the conditions of the problem must establish a 

relation between - and — , and that the equation of the cone 

n n ^ 

must be of the form = [- — • j . 

It is easy to see that this is equivalent to saying that the 
equation of the cone must be a homogeneous function of the 
three quantities a? — a, y — /8, « — 7; as may also be seen directly 
from the consideration that the conditions of the problem must 
establish a relation between the direction-cosines of the gene- 
rator : that these cosines being -77= = rr , &c. any equation 

V (^ 4- w 4 n ) ^ ^1 

expressing such a relation is a homogeneous function of Z, m, n, 
and therefore of a; — a, y — ^^ ^""7> which are proportional 
to Z, 7n, n. 

When the vertex of the cone is the origin, its equation is 

of the form - = ^f^j ; or, in other words, b a homogeneous 

function of a;, y, z. 

The partial differential equation is found by putting 
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U = 



x — a 



J v = - , in the equation of Art. 380, and when 



cleared of fractions is 



f/:, K 



89 



K 



1? 
^-7, 0, ~{aj-a) 

0, ^-7, -(y-/S) 



= 0, 



or 



.dU , o,dU , .dU ^ 



dz 



This equation evidently expresses that the tangent plane at 
any point of the surface must always pass through the fixed 
point a/87. 

We have already given in p. 86 the method of forming the 
equation of the cone standing on a given curve; and p. 190 
the method of forming the equation of the cone which envelopes 
a given surface. 

384. Conoidal Surfaces, These are generated hy the motion 
of a line which always intersects a fixed axis and remains 
parallel to a fixed plane. These two conditions leave two of 
the constants in the equations of the line undetermined, so that 
these surfaces are of the class considered Art. 380. If the axis 
is the intersection of the* planes a, /8, and the generator is to 
be parallel to the plane 7 ; the equations of the generator are 
a = Cj^, 7 = ^2? ^^d the general equation of conoidal surfaces 

10 obviously ^ = </> (7).* 

The partial differential equation is (Art. 380) 



K 



K 



K 



= 0, 



/3a, -a^„ ^a,-a^„ fia^-a^^ 

7i? 7,7 78 

where a = a^a; + a^^y + agjr + a^, &c. The left-hand side of the 
equation may be expressed as the difference of two deter- 
minants fi ( Z7,a,73) - a ( ^,^,7.0 = 0. 

* In like manner the equation of any surface generated by the motion 
of a line meeting two fixed lines afi, 7^ must be of the form 3 = (J) • 
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This equation may be derived directly by expressing that 
the tangent plane at any point on the surface contains the gene- 
rator: the tangent plane, therefore, the plane drawn through 
the point on the surface, parallel to the directing plane, and 
the plane a/S — afi' joining the same point to the axis, have 
a common line of intersection. The terms of the determinant 
just written are the coefficients of Xj i/j z in the equations of 
these three planes. 

In practice we are almost exclusively concerned with right 
conoids; that is, where the fixed axis is perpendicular to the 
directing plane. If that axis be taken as the axis of ^, and 
the plane for plane of xy^ the functional equation is y = x<f> («), 

and the partial differential equation is x -j- + 1/ -^ = 0. 

The lines of greatest slope (Art. 370) arc in this case always 
projected into circles. For in virtue of the partial differential 
equation just written, the equation of Art. 370, 

-7— dx — 7— dy = 0, 
dy dx ^ ^ 

transforms itself into xdx-^-ydy^^O^ which represents a series 
of concentric circles. The same thing is evident geometrically : 
for the lines of level are the generators of the system; and 
these being projected into a series of radii all passing through 
the origin, are cut orthogonally by a series of concentric circles. 

Ex. 1. To find the equation of the right conoid passing through the 
axis of « and through a plane curve, whose equations are a: = a, jP(y, 2) = 0. 
Eliminating then a:, y, z between these equations and y - e^x, z = c„ we 

get F(c^at Ca) = 0; or the required equation is 2^(— , z j = 0. 

"Wallis's cono-cuneus is when the fixed curve is a circle \x-a^}^ \i?=^ r*]. 
Its equation is therefore a*y* + a:*z" = r*x*, 

Ex. 2. Let the directing curve be a helix, the fixed line being the axis 
of the cylinder on which the helix is traced. The equation is that given 
Ex. 1, p.. 273. This surface is often presented to the eye, being that 
formed by the under surface of a spiral staircase. 

385. Surfaces of Revolutton. The fundamental property of 
a surface of revolution is that its section perpendicular to its 
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aziB most always consist of one or more drdes whome oentrei 
are on the axis. Such a sarface may therefore be oonoeived 
as generated by a circle of Tariable radios w bo a e oeiitre 
moves along a fixed right line or axis, and wbooe |daiie is 
perpendicular to that axis. If the equations of the axis be 

^ = y^=.lZ7^ then the generating cmOe in «.y pori- 

tion may be represented as the intersection of the plane per- 
pendicular to the axis Ix + my + m^ c^j witb the sphere whose 
centre is any fixed point on the axis 

These equations contain but two undetermined constants; the 
problem therefore is of the class considered (Art. 380) and the 
equation of the surface must be of the form 

(aj-a)'+(y-/3)"+(«-7)* = <^(ii; + my + iu?). 

When the axis of z is the axis of revolution we may take the 
origin as the point 0^7, and the equation becomes 

a:^4-y + «* = <^(«), or « = '^(«'+y*). 

The partial difierential equation is found by the formula of 
Art. 380 to be 



x-a, y-fi, z-f 



= 0, 



or {»i(«-7)-n(y-^)}-^ 

+ {«(x-«)-Z(z-7)}^+{Z(y-/3)-m(x-«)}^=0. 
When the axis of z is the axis of revolution this reduces to 

^ dx dy ' 

The partial difierential equation expresses that the normal 
always meets the axis of revolution. For if we wish to ex- 
press the condition that the two lines 
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should intersect ; we may write the common value of the equal 
fractions in each case, and ff. Solving then for x^ y, z^ and 
equating the values derived from the equations of each line, 
we have 

whence eliminating 0y ff the result b the determinant already 
found 



c^., 


^., 


o; 


h 


"»» 


n 


a?' — a, 


y'-/3, 


^'-7 



= 0. 

386. The equation of the surface generated by the revo- 
lution of a given curve round a given axis, is found (Art. 381) 
by eliminating x, y, z between 

& + wy + 7w? = tt, (a;-a)' + (y-/8)* + («-7)' = v, 

and the two equations of the curve ; replacing then u and v by 
their values. We have already had an example of this (Ex. 3, 
p. 85) and we take as a further example ^' to find the surface 
generated by the revolution of a circle [y = 0, (a; — a)* + «* = r'] 
round an axis in its plane [the axis of 2;]." 

Putting is = u, 2:^+y* = t; and eliminating between these 
equations, and those of the circle, we get 

{^(^)-a}« + u« = r*, or{V(a5* + y')-ar + «" = r*, 
which cleared of radicals is 

(a:»+y» + «« + a*-0« = 4a'(a^ + y'). 

It is obvious that when a is greater than r, that is to say, when 
the revolving circle does not meet the axis, neither can the 
surface, which will be the form of an anchor ring, the space 
about the axis being empty. On the other hand, when the 
revolving circle meets the axis, the segments into which the axis 
divides the circle generate distinct sheets of the surface, inter- 
secting in points on the axis z=^»J[r*'-d^^ which are nodal 
points on the surface. 

The sections of the anchor ring by planes parallel to the 
axis are found by putting y = constant in the preceding equa- 
tion. The equation of the section may immediately be thrown 

T 
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into the form 88' = constant, where 8 and 8' represent circles. 
The sections are lemniscates of various kinds (see fig., Higher 
Plane Curves^ p. 204). It is geometrically evident, that as the 
plane of section moves away from the axis, it continues to cut 
in two distinct ovals, until it touches the surface [y^iza'-r] 
when it cuts in a curve having a double point [Bemouilli's Lem- 
niscate] ; after which it meets In a continuous curve. 

Ex. Verify that a:* f 5/' + z' - Zxyz = r* is a surface of revolution. 

Ans. The axis of revolution \% x - y - z, 

387. The families of surfaces which have been considered 
are the most interesting of those whose equations can be ex- 
pressed in the form tt=<^(v). We now proceed to the case 
when the equations of the generating curve include more than 
two parameters. By the help of the equations connecting 
these parameters, we can, in terms of any one of them, express 
all the rest ; and thus put the equations of the generating curve 
into the form 

^{^j y? «> <^j 4> W, ^(c), &c.} = 0, f[x, y, z, c, <^ (c), ^ (c), &c.} = 0. 

The equation of the surface generated is obtained by elimi- 
nating c between these equations; and, as has been already 
stated, all surfaces are said to be of the same family for which 
the form of the functions F and f is the same, whatever be the 
forms of the functions <^, '^, &c. But since evidently the 
elimination cannot be efiected until some definite form has 
been assigned to the functions ^, -^j &c. it is not generally 
possible to form a single functional equation including all sur- 
faces of the same family: and we can only represent them, 
as above written, by a pair of equations from which there 
remains a constant to be eliminated. We can however elimi- 
nate the arbitrary functions by differentiation and obtain a 
partial differential equation, common to all surfaces of the same 
family ; the order of that equation being, as we shall presently 
prove, equal to the number of arbitrary fiinctions ^, •^, &c. 

It is to be remarked however that in general the order of 
the partial differential equation obtained by the elimination of 
a number of arbitrary fimctions from an equation is higher than 
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the number of functioDS eliminated. Thus if an equation in- 
clude two arbitrary functions <^, y^j and if we differentiate with 
respect to x and y which we take as independent variables, 
the differentials combined with the .original equation form a 
system of three equations containing four unknown functions 
<^, V^j <^'j V^'« The second differentiation (twice with regard 
to Xy twice with regard to y, and with regard to x and y) 
gives us three additional equations; but then from the system 
of six equations it is not generally possible to eliminate the 
six quantities <^, ^fr^ ^\ '^\ <^", '^'\ We must therefore pro- 
ceed to a third differentiation before the elimination can be 
effected. It is easy to see, in like manner, that to eliminate 
n arbitrary functions wo must differentiate 2n — 1 times. The 
reason why, in the present case, the order of the differential 
equation Is less, is that the functions eliminated are all functions 
of the same quantity. 

388. In order to show this it is convenient to consider first 
the special case, where a family of surfaces can be expressed 
by a single functional equation. This will happen when it is 
possible by combining the equations of the generating curve 
to separate one of the constants so as to throw the equations 
into the form t^ = c^; F[xy y, jr, Cj, Cj...cJ =0. Then express- 
ing, by means of the equations of condition, the other constants 
in terms of c^, the result of elimination is plainly of the form 

F{xy y, «, t/, <t> (w), ^ (m), &c.} = 0. 

Now if, as before, we denote by ZZ^, the differential with respect 
to X of the equation of the surface, and by F^^ the differential 
on the supposition that u is constant, we have 

-- — , dF 
y- rt dF 

Now In these equations, the derived functions ^', ^', &c. only 

y2 
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dF 



enter in the term -t<; they can therefore be all eliminated 
together; and we can form the equation, homogeneous in 

^.» ^« f^« rr rr rr 



^., F^ F. 



«i> «.» 



U. 



= 0. 



which contains only the original functions 0, ^, 4&c. If we 
write this equation F= 0, we can fonn from it in like manner 
the equation 









89 



U. 



= 0, 



which still contains no arbitrary functions but the original 
^, ^, &C., but which contains the second differential coefficients 
of J7, these entering into F^, F,, T^. From the equation last 
found we can in like manner form another, and so on; and 
from the series of equations thus obtained (the last being of 
the n^ order of differentiation) we can eliminate the n functions 
^, i|r, &c. 

If we omit the last of these equations, we can eliminate all 
but one of the arbitrary fonctions, and according to our choice 
of the function to be retained, can obtain n different equations 
of the order n- I, each containing one arbitrary function. 
These are the first integrals of the final differential equation 

of the n^ order. In like manner we can form ^^^^^^ equa- 

tions of the second order, each containing two arbitrary func- 
tions, and so on. 

389. K we take x and y as the independent variables, and 
as usual write dzsspdx-^-qdy^ dp^rdx + sdy^ &c., the process 
of forming these equations may be more conveniently stated 
as follows : ^^ Take the total differential of the given equation 
on the supposition that u is constant, 

F^dx'^F^dy-\-F^{pdx^qdy)^0; 
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put dy^mdx^ and substitute for m its value derived from the 
dififerential of u = 0, viz. 

u^dx + ujiy + Mg [pdx-\- qdy) = 0." 

For if we differentiate the given equation with respect to 
X and y^ we get 

. . . d!F 
and the result of eliminating -j- from these two equations is 

the same as the result of eliminating m between the equations 

It is convenient in practice to choose for one of the equations 
representing the generating curve^ its projection on the plane 
of xy\ then since this equation does not contain z^ the value 
of m derived from it will not contain p or j, and the first 
differential equation will be of the form 

R being also a function not containing p or q. The only terms 
then containing r, «, or ^ in the second differential equation are 
those derived from differentiating p-^-qm^ and that equation 
will be of the form 

where 8 may contain a;, y, «, p^ j, but not r, «, or t. If now 
we had only two functions to eliminate, we should solve for 
these constants from the original functional equation of the 
surface, and from p-\-qm=^R\ and then substituting these values 
in m and in 8^ theybrm of the final second differential equation 
would still remain 

where rn and 8' might contain a;, y, z^ jp, q. In like manner 
if we had three functions to eliminate, and if we denote the 
partial differentials of z of the third order by a, /8, 7, 8, the 
partial differential equation would be of the form 
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And 80 on for higher orders. This theory will be illustrated 
by the examples which follow. 

390. Surfaces generated by lines parallel to a fixed plane. 
This is a family of surfaces which includes conoids as a par- 
ticular case. Let us in the first place take the fixed plane 
for the plane of xy. Then the equations of the generating 
line are of the form « = c^, y = cjjc -f c^. The functional equa- 
tion of the surface is got by substituting in the latter equation 
for Cj, <f> (2), and for c^, i/r («). Since in forming the partial 
differential equation we are to regard z as constant, we may 
as well leave the equations in the form « = c^, y = c^x 4 c,. 
These give us 

^ -f yw = 0, m = Cj. 

According as we eliminate c^ or c,, these equations give us 
P'\-qc^ = 0, px-^qy = qc^. There are therefore two equations 
of the first order, each containing one arbitrary function, viz. 

p-\'q<l>{z) = Oj px-{'qy = qyjr{z). 

To eliminate completely arbitrary functions, differentiate 
p-\'qm = Oj remembering that since m = c^ it is to be regarded 
as constant, when we get 

r + 2sin + <w* = 0, 

and eliminating m by means of /> + ^m = 0, the required equa- 
tion is 

3^r — 2pqs +p*t = 0. 

Next let the generating line be parallel to ax + by + cz] 
its equations are 

ax + by + cz = c^y y = c^x-\'C^\ 

and the functional equation of the family of surfaces is got by 

writing for c, and Cg, functions of oa; -f Jy + c«. Diff'erentiating, 

we have 

a + cp -f m (6 + cj) = 0, wi = c,. 

The equations got by eliminating one arbitrary function ai« 
therefore 

a + cp + (ft -f cjr) <f>[ax-{'by-\-cz)— 0, 

(a + cp) a? + (J -»- eg') y = (6 + cj) -^ (oo: 4 6y + cz). 
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DlfferentiatiDg a+ftw-|-c(/? + wj), and remembering that m 
is to be regarded as constant, we have 

r -f 23m + <wi* = 0, 

and introducing the value of m abreadj found 

(J + c2)V-2(a + cp) (6 + cj)5-f (a + cp)*^ = 0. 

391. This equation may also be arrived at by expressing 
that the tangent planes at two points on the same generator 
intersect, as they evidently must, on that generator. Let 
a, /8, 7 be the running co-ordinates, ar, y, z those of the point 
of contact ; then any generator is the intersection of the tan- 
gent plane 

with a plane through the point of contact parallel to the fixed 

plane 

a(a-a;) + J(/8-y) + c(7-2) = 0, 

whence (a + cp) (a — x) + (A + cq) (/8 — y) = 0. 

Now If we pass to the line of intersection of this tangent plane 
with a consecutive plane, a, yd, 7 remain the same, while 
Xy y, 2?, j)y q vary. Differentiating the equation of the tangent 
plane, we have 

{rdx + sdy) (a — a;) + [sdx + tdy) (/8 — y) = 0. 

And eliminating a — a:, ^ — y, 

{b + cq) {rdx H- sdy) = (a + cp) {sdx + tdy). 

But since the point of contact moves along the generator which 
is parallel to the fixed plane, we have 

adx 4- bdy + cdz = 0, or (a + cp) cic + (i -h cq) dy = 0. 
Eliminating then tic, dy from the last equation, we have, as before, 

(J 4 eg') V - 2 (a + cp) ( J + c^) j? + (a + cp)' ^ = 0. 

392. Surfaces generated by lines which meet a fixed ojxis. 
This class also includes the family of conoids. In the first 
place let the fixed axis be the axis of z\ then the equations 
of the generating line are of the form y = c^^ « = c^aj + c, ; and 
the equation of the family of surfaces is got by writmg in the 
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latter equation for c, and Cj, arbitrary functions of - . Diffe- 
rentiating, we have m = c^, jp -f mj = c,, whence 

jpa; + yy = a?</>^|j, and «-jpa;- yy = i^ ^|j . 

Differentiating again, we have r + 28m + tm* = 0j and putting 
for m its value =Cj = -, the required differential equation is 

ra? + 28ay + fy" = 0. 

This equation may also be obtained by expressing that two 
consecutive tangent planes intersect in a generator. As, in 
Art. 391, we have for the intersection of two consecutive tan- 
gent planes 

{rdx + sdy) (a — a?) + {sdx + idy) (/8 - y) = 0. 

But any generator lies in the plane ay=/8aj, or {oL—x)y={fi''y) x. 
Eliminating therefore 

X {rdx -f sdy) +y [sdx + tdy) = 0. 
But -^ = ~ = ^ . Therefore, as before, ra^ + 28xy -f fy* = 0. 

dX Ob X 

More generally let the line pass through a fixed axis o^, 
where a = aa;-f iy + ca + ^Z, /3 = ax + b'y + cz + d'. Then the 
equations of the generating line are a = c^/S, y = c^x + Cg, and the 

equation of the family of surfaces is y = a?^3 + '^3. Diffe- 
rentiating, we have 

?n = c,, a -f cp + m (6 + cj) = c, {a' 4 c'j? + wi (6' + c'q)}. 

Differentiating again, we have r-f 2«m4-^wi* = 0, and putting 
in for 971 from the last equation, the required partial differential 
equation is 

{(a-hcp)/3-.(a'-hc»a}''^ 

-2{{a + cp) l3-{a+cp)a} {{b-^cq) ^-^{b' + cq) a}s 

393. If the equation of a family of surfaces contain n 
arbitrary functions of the same quantity, and if it be required 
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to determine a surface of the family which shall pass through 
n fixed curves, we write down the equations of the generating 
curve u = Cj, F[xy y, «, c^, c^, &c.) = 0, and expressing that the 
generating curve meets each of the fixed curves, we have a 
sufficient number of equations to eliminate c^^ c,, &c. Thus 
to find a surface of the family x-\- y^{z)-^ yfr {z) = which shall 
pass through the fixed curves y — a^ ^{^} ^) = ^ 5 y = — «> 
F^ [xy z) = 0. The equations of the generating line being « = c,, 
aj = yc,-f Cj, we have, by substitution, 

or replacing for c^, Cj, their values, 

ir{a;-hc,(a-y),«}=0, i^, {a:-o,(a + y), 2?} = 0, 
by eliminating c, between which the required surface is found. 
Ex. Let the directing curves be 

y = o, ^ + ^ = 1. y = - «, «• + a» = c*, 

we eliminate C2 between 

Solving for c^ from each, we have 

o-y a + y 

The result is apparently of the eighth degree, but is resolvable into two 
conoids distinguished by giving the radicals the same or opposite signs 
in the last equation. 

m 

394. We have now seen that when the equation of a family 
of surfaces contains a number of arbitrary functions of the same 
quantity, it is convenient, in forming the partial differential 
equation, to substitute for the equation of the surface, the two 
equations of the generating curve. It is easy to see then 
that this process is equally applicable when the family of 
surfaces cannot be expressed by a single functional equation. 
The arbitrary functions which enter into the equations (Art. 387) 
are all functions of the same quantity, though the expression of 
that quantity in terms of the co-ordinates is unknown. If then 



330 FAMILIES OF SUKFACBS. 

differentiating that quantity gives dy = mdx^ we can eliminate 
the unknown quantity m, between the total differentials of the 
two equations of the generating curve, and so obtain the partial 
differential equation required. In practice it is convenient to 
choose for one of the equations of the generating curve, its 
projection on the plane xy. 

For example, let It be required to find the general equation 
of ruled surfaces; that is to say, of surfaces generated by the 
motion of a right line. The equations of the generating line 
are « = c^a; -f Cg, y = c^x-^ c^, and the family of surfaces is ex- 
pressed by substituting for c,, Cg, c^ arbitrary functions of c^. 
Differentiating, we have p-\'mq=^c^^ m = c^. Differentiating 
the first of these equations, m being proved to be constant by 
the second, we have r -f ^sm -f tm? = 0. As this equation still 
includes m or c^, the expression for which. In terms of the 
co-ordinates is unknown, we must differentiate again, when we 
have a + 3/8m + 37m* + hrr? = 0, where a, y8, 7, S are the third 
differential coefficients. Eliminating m between the cubic and 
quadratic just found, we have the required partial differential 
equation. It evidently resolves itself into the two linear equa- 
tions of the third order got by substituting In turn for m In 
the cubic the two roots of the quadratic. 

This equation might be got geometrically by expressing that 
the tangent planes at three consecutive points on a generator 
pass through that generator. The equation dx=pdx-\-qdy is 
a relation between 1, i?, g*, which are proportional to the direc- 
tion-cosines of a tangent plane, while dx^ dy^ dz are proportional 
to the direction-cosines of any line In that plane passing through 
the point of contact. If then we pass to a second tangent plane, 
through a consecutive point on the same line, we are to make 
p, q vary while the mutual ratios of dxy dy^ dz remain constant. 
This gives rdx^ -f ^sdxdy + tdy* = 0. To pass to a third tan- 
gent plane, we differentiate again, regarding dx : dy constant ; 
and thus have axb? ^-^^dafdy-^-^ydxdt/^^-Mi^^O. Elimi- 
nating dx : dy between the last two equations, we have the 
same equation as before. 

The first integrals of this equation are found, as explained 
(Art. 388), by omitting the last equation and eliminatbg all 
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but one of the constants. Thus we have the equation 
p-\-mq=^c^^ from which it appears that one of the integrals is 
p 4. mq = ^(wi), where m is one of the roots of r + 2sm + tm? = 0. 
The other two first integrals are 

y — mx = -^ (w), and z- px — mqx = ^ (w)* 

The three second integrals are got by eliminating m from 
any pair of these equations. 

395. Envelopes. If the equation of a surface include n 

parameters connected by n — 1 relations, we can in terms of 

any one express all the rest, and throw the equation into 

the form 

z^F[x, y, c, <t> (c), i/r (c), &c.}. 

Eliminating c between this equation and -^=0, we find the 

envelope of all the surfaces obtained by giving different values 

to c. The envelopes so found are said to be of the same 

family as long as the form of the function F remains the same, 

no matter how the forms of the functions ^, 1^, &c. vary. 

dF . 
The curve of intersection of the given surface with -j- is the 

characteristic (see p. 232) or line of intersection of two con- 
secutive surfaces of the system. Considering the characteristic 
as a moveable curve from the two equations of which c is to 
be eliminated, it is evident that the problem of envelopes is 
included in that discussed, Art. 387, &c. If the function F 

contain n arbitrary functions <^, -^j &c,, then since -7- contains 

<^', •^', &c., it would seem, according to the theory previously 

explained, that the partial differential equation of the family 

ought to be of the 2n^ order. But on examining the manner 

in which these functions enter, it is easy to see that the order 

reduces to the n^. In fact, differentiating the equation a = jF, 

we get 

„ dF „ dF 

dF 
but since -v- = 0, we have p^F^^ y = F^^ where, since F^ and F^ 
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are the differentials on the supposition that c is constant, these 
quantities only contain the original functions <^, y^ and not the 
derived <^', '^'. From this pair of equations we can form 
another, as in Art. 394, and so on, until we come to the n^ 
order, when, as easily appears from what follows, we have 
equations enough to eliminate all the parameters. 

396. We need not consider the case when the given equation 
contains but one parameter, since the elimination of this between 
the equation and its differential gives rise to the equation of 
a definite surface and not of a family of surfaces. Let the 
equation then contain two parameters a, £, connected by an 
equation giving £ as a function of a, then between the three 
equations « = -F, jp = JF^, j = F^^ we can eliminate a, 6, and the 
form of the result is evidently /(a?, y, «,^, q) = 0. 

For example, let us examine the envelope of a sphere of 
fixed radius, whose centre moves along any plane curve in the 
plane of ay. This is a particular case of the general class of 
tubular surfaces which we shall consider presently. 

Now the equation of such a sphere being 

(x-a)« + (y-/8)'' + «' = r', 

and the conditions of the problem assigning a locus along which 
the point a/3 is to move, and therefore determining ^8 in terms* 
of a, the equation of the envelope is got by eliminating a 
between 

(a.-a)«+{y-</>(a)}' + £^« = r«, (a?-a)4 {y-* (a)} f (a) = 0. 

Since the elimination cannot be effected until the form of the 
function (f) is assigned, the family of surfaces can only be ex- 
pressed by the combination of two equations just written. 
We might also obtain these equations by expressing that the 
surface is generated by a fixed circle, which moves so that 
its plane shall be always perpendicular to the path along which 
its centre moves. For the equation of the tangent to the 
locus of o^ is 

JO 

y-^ = -^(a;-a) or y- </> (a) = 0'(a) (x-a). 
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And the plane perpendicular to this is 

as already obtained. To obtain the partial differential equa- 
tion, differentiate the equation of the sphere, regarding a, /8 as 
constant, when we have a; — a -i-pz = 0, y — l3-^qz=^0. Solving 
for X — a, y — /3 and substituting in the equation of the sphere, 
the required equation is 

We might have at once obtained this equation as the geo- 
metrical expression of the fact that the length of the normal 
is constant and equal to r, as it obviously is. 

397. Before proceeding further we wish to show how the 
arbitrary functions which occur in the equation of a family 
of envelopes can be determined by the conditions that the 
surface in question passes through given curves. The tangent 
line to one of the given curves at any point of course lies in 
the tangent plane to the required surface; but since the en- 
veloping surface has at any point the same tangent plane as 
the enveloped surface which passes through that point, it 
follows that each of the given curves at every point of it 
touches the enveloped surface which passes through that point. 
If then the equation of the enveloped surface be 

« = i?^(a:,y,c,,c,...cj, 

the envelope of this surface can be made to pass through n — 1 
given curves; for by expressing that the surface whose equa- 
tion has been just written touches each of the given curves, 
we obtain n - 1 relations between the constants c,, c,, &c., 
which combined with the two equations of the characteristic 
enable us to eliminate these constants. For example, the 
family of surfaces discussed in the last article contains but 
two constants and one arbitrary function, and can therefore 
be made to pass through one given curve. Let it then be 
required to find an envelope of the sphere 

which shall pass through the right line x = mZy y = 0. The 
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points of intersection of this line with the sphere being given 
by the quadratic 

{mz - a)' + )8* + «* = r', or (1 + w*) «* - 2mza + a' + ^8' - r" = 0, 

the condition that the line should touch the sphere is 

We see thus that the locus of the centres of spheres touching 
the given lino is an ellipse. The envelope required then is 
a kind of elliptical anchor ring, whose equation is got by 
eliminating a, /8 between 

{x-a)da-^{7/-l3)d/3 = 0j arfa+ (1 +m')^rf^ = 0, 
from which last two equations we have 

(l + m')/3(a^-a) = a(y-/8). 
The result is a surface of the eighth degree. 

398. Again, let it be required to determine the arbitrary 
function so that the envelope surface may also envelope a 
given surface. At any point of contact of the required sur- 
face with the fixed surface z =f{xj y), the moveable surface 
« = i^(a;, y, Cj, Cj, &c.) which passes through that point, has 
also the same tangent plane as the fixed surface. The values 
then of J) and q derived from the equations of the fixed surface 
and of the moveable surface must be the same. Thus we have 
f 1^-^x1 J^ = ^«) *^^ ^ between these equations and the two 
equations z = Fy z^f^ which are satisfied for the point of 
contact, we eliminate a?, y, «, the result will give a relation 
between the parameters. The envelope may thus be made 
to envelope as many fixed surfaces as there are arbitrary 
functions in the equation. Thus, for example, let it be re- 
quired to determine a tubular surface of the kind discussed 
(Art. 397), which shall touch the sphere a^-f y" + «* = -B*. This 
surface must then touch (a? — a)* + (y — ^) -f «* = r*. We have 

■Z/ QC —~ OL t/ t/ "" 13 

therefore - = , - = ; conditions which imply « =» 0, 

z z z z 

- = P or /8aj = ay. Eliminating x and y by the help of 
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these equations, between the equation of the fixed and move- 
able sphere, we get 4 (a'^ + yS') 7?*= (if'-r^ + a^ + ZS^. This 
gives a quadratic for a* 4- )8*, whose roots are {B ± r)* ; showing 
that the centre of the moveable sphere moves on one or other 
of two circles, the radius being either Ii±r. The surface 
required is therefore one or other of two anchor rings, the 
opening of the rings corresponding to the values just assigned. 

399. We add one or two more examples of families of en- 
velopes whose equations include but one arbitrary function. To 
find the envelope of a right cone whose axis is parallel to the 
axis of 2, and whose vertex moves along any assigned curve 
in the plane of xy. Let the equation of the cone in its 
original position be z^ = rn^ {x^ + y^) ; then If the vertex be 
moved to the point a, /8, the equation of the cone becomes 
z^ = m^ {{x — ay -h {y- ^Y} , and if we are given a curve 
along which the vertex moves, y8 is given in terms of a. 
DiflFerentiating we have pz^^m^ [x — a)^ 2'^ = w* (y — y8) ; and 
eliminating we have p^ -I- q^ = m^ This equation expresses 
that the tangent plane to the surface makes a constant angle 
with the plane of xy^ as is evident from the mode of generation. 
It can easily be deduced hence that the area of any portion 
of the surface is in a constant ratio to its projection on the 
plane of xy, 

400. The families of surfaces, considered (Arts. 396, 399), 
are both included in the following : " To find the envelope of a 
surface of any form which moves without rotation, its motion 
being directed by a curve along which any given point of the 
surface moves." Let the equation of the surface in its original 
position be z^F{x^y\ then if it be moved without turning 
so that the point originally at the origin shall pass to the 
position a^7, the equation of the surface will evidently be 
z^y=:F{x'-a^ y — l3). If we are given a curve along which 
the point a/3y is to move, we can express a, fi in terms of y, 
and the problem is one of the class to be considered in the 
next article, where the equation of the envelope includes two 
arbitrary functions. Let it be given however that the directing 
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curve is dravm on a certain known surfojce^ then, of the two 
equations of the directing curve, one is known and only one 
arbitrary, so that the equation of the envelope includes but 
one arbitrary function. Thus if we assume fi an arbitrary 
function of a, the equation of the fixed surface gives 7 as a 
known function of a, /3. It is easy to see how to find the partial 
differential equation in this case. Between the three equations 

«-.7=jP(aj^a,y-^), i?=i^,(a?-a,y-^), g'=J^,(aJ-a,y-^), 

solve for a? — a, y — fi^ « — 7, when we find 

If then the equation of the surface along which a/3y is to move 
be r (a, 13 J 7) = 0, the required partial differential equation is 

r {x-fip, ?), y-y(i>, q), z-y{p, y)} =0. 

The three functions f^ '/, 'y, are evidently connected by the 
relation d^f^^pd/^-qd^f. 

It is easy to see that the partial differential equation just 
found is the expression of the fact that the tangent plane at 
any point on the envelope, is parallel to that at the corre- 
sponding point on the original surface. 

Ex. To find the partial differential equation of the envelope of a 
sphere of constant radius irhose centre moves along any curve traced 
on a fixed equal sphere 

«■ + y* + «■ = r*. 

The equation of the moveable sphere is (x - o)« ^ (y - ^y 4 (g - ,y)« - ^^ 

whence 

«-a+/i(«-7) = 0, y-/8 + ^(«-7)e0, 

and we have 

"pr Q - qr r 

If we write 1 + ji* + 9* = /»■ it is easy to see, by actual differentiation, 
that the relation is fulfilled 



"r-"©-"©- 



The partial differential equation is 

{xp ^pry + (y^ + qrf + {zp - r)" = p^r\ 
or (*• + y« + «• - r«) (1 +/j^ + ^)* + 2(px + ^y - ») r « 0. 
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401. We now proceed to investigate the form of the partial 
differential equation of the envelope, when the equation of the 
moveable surface contains three constants connected by two 
relations. If the equation of the surface be « = -F(aj, y, a, i, c), 
then we have p = F^j S^^^r Differentiating again, aa in 
Art. 389, we have 

and eliminating w^, the required equation* is 

The functions jF,^, jF^^, F^ contain a, 6, c, for which we are 
to substitute their values in terms of j9, j, Xy y, z derived from 
solving the preceding three equations, when we obtain an equa- 
tion of the form 

where jB, /S, T, Z7, V are connected by the relation 

RT-^ UV=S\ 

402. The following examples are among the most important 
of the cases where the equation includes three parameters. 

Developable Surfaces. These are the envelope of the plane 
« = oic + % + c, where for b and c we may write <f> (a) and i/r (a). 
Differentiating we have ^ = a, 5' = 6, whence q = <l>{p)' Any 
surface therefore is a developable surface if ^> and q are con- 
nected by a relation independent of x, y, z. Thus the family 
(Art. 399) for which p^ •\-^ = m'*y is a family of developable 
surfaces. We have also z —px- qf/ = '^{p)y which is the other 
first integral of the final differential equation. This last is 
got by differentiating again the equations ^> = a, <^ = J, when 
we have r + «;/i = 0, 8-htm = 0, and eliminating ?n, r^ — s'^iO, 
which is the required equation. 



* I owe to Professor Boole my knowledge of the fact that when the 
equation of the moveable surfiice contains three parameters, the partial 
differential equation is of the form stated above. He has kindly allowed 
me to consult, previous to its publication, a memoir of his in which 
this theorem is given. 

Z 
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By comparing Arts. 264, 281 it appears that the condition 
rt = s^ is satisfied at every parabolic point on a surface. The 
same thing may be shewn directly by transforming the equation 
^ — 8^ = into a function of the differential coefficients of J7, 
by the help of the relations 

U,, + 2U„p+U„p*=-rU,; U„+ pU„^ qU,,+ pqU^ = - aU,', 

U„ + 2U^q+U^q' = -tU,; 

when the equation rt^-s* becomes identical with the equation 
of the Hessian. We see now then that every point on a 
developable is a parabolic point, as is otherwise evident, for 
since (Art. 298) the tangent plane at any point meets the 
surface in two coincident right lines, the two inflexional 
tangents at that point coincide. The Hessian of a develop- 
able must therefore always contain the equation of the surface 
itself as a factor. The Hessian of any surface being of the 
degree 4n — 8, that of a developable consists of the surface 
itself, and a surface of 3n — 8 degree which we shall call 
the Pro-Hessian. We may return to this subject hereafter. 

403. Tuiular Surfaces. Let it be required to find the 
differential equation of the envelope of a sphere of constant 
radius, whose centre moves on any curve. We have, as in 
Art. 400, 

whence 1 +p^ + (« — 7) r -f w {/?y + (« — 7) «} = 0, 

i>j + (« - 7) ^ + ^ {I + 2^ + (« - 7) ^} = 0. 
And therefore 

{1 4-/ + («-7) »•} {I + ?' + («-7) *} = {i>?+ («-7)«r- 

Substitutmg for ^-7 its value j- , ^^ (Art 400) this 

becomes 

2?(r^-5«)-i?{(l+^)r-2pj^+(l+/)<}V(l+i?*+2*)+(l+/-h}«)'=0, 
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which denotes, Art. 281, that at any point on the required 
envelope one of the two principal radii of curvature is equal 
to £ as is geometrically evident. 

404. We shall briefly show what the form of the diflfe- 
rential equation is when the equation of the surface whose 
envelope is sought contains four constants. We have, as 
before, in addition to the equation of the surface the three 
equations p = F,, q = F,, (r - i?;,) [t - FJ = (« - FJ. Let us, 
for shortness, write the last equation pT = o-', and let us write 
a-i?;„ = J, i8-i?;.. = 5, y-F,„^C, S-i?'^ = 2>; then, diflFe- 
rentiating pr = a*, we have 

{A-{'B7n)T-{'[C+Dm)p-2{B-{'Cm)a = 0. 

Substituting for m from the equation or + tw = 0, and remember- 
ing that pr = (r», we have 

Ay" - 3J5<7t" + 3 C&'t - Da' = 0, 

in which equation we are to substitute for the parameters im- 
plicitly involved in it, their values derived from the preceding 
equations. The equation is therefore of the form 

where m and U are functions of a:, y, z^ p^ ^, r, 5, t. In like 
manner we can form the differential equation when the equa- 
tion of the moveable surface includes a greater number of 
parameters. 

405. Having in the preceding articles explained how 
partial differential equations are formed, we shall next show 
how from a given partial differential equation can be de- 
rived another differential equation satisfied by every charac- 
teristic of the family of surfaces to which the given equation 
belongs (see Monge^ p. 53). In the first place, let the given 
equation be of the first order; that is to say, of the form 
/(a;, y, «, p, q) = 0. Now if this equation belong to the en- 
velope of a moveable surface, it will be satisfied not only by 
the envelope but also by the moveable surface in any of its 
positions. This follows from the fact that the envelope touches 
the moveable surface, and therefore that at the point of contact 
x^ y, «, p, q are the same for both. Now if a?, y, z be the 

Z2 
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co-ordinates of any point on the characteristic, since such a 
point is the intersection of two consecutive positions of the 
moveable surface, the equation f{x^ y, «, j9, j) = will be 
satisfied by these values of a;, y, «, whether p and q have the 
values derived from one position of the moveable surface or 
from the next consecutive. Consequently, if we diflferentiate 
the given equation, regarding p and q as alone variable, then 
the points of the characteristic must satisfy the equation 

Pdp^-Qdq^O. 

Or we might have stated the matter as follows: Let the 
equation of the moveable surface be « = F[x^ y, a), where 
the constants have all been expressed as functions of a single 
parameter a. Then (Art 395) we have p = -F, (a?, y, a), 
j = i^j(a;, y, a), which values of ^ and q may be substituted in 
the given equation. Now the characteristic is expressed by 
combining with the given equation its diflferential with respect 
to a : and a only enters into the given equation in consequence 
of its entering into the values for p and* q. Hence we have, 

as before, F^-\-Q^ = 0. 
' da da 

Now since the tangent line to the characteristic at any point 

of it, lies in the tangent plane to either of the surfaces which 

intersect in that point, the equation dz=pdx + qdy is satisfied, 

whether p and q have the values derived from one position of 

the moveable surface or from the next consecutive. We have 

therefore -j-dx-h-^ dy=^0. And combining this equation with 
da da 

that previously found, we obtain the differential equation of the 
characteristic Fdy — Qdx = 0. 

Thus if the given equation be of the form iJ? + Pj = jB, 
the characteristic satisfies the equation Pdy — Qdx = 0, from 
which equation combined with the given equation and with 
dz=pdx-{-qdy^ can be deduced Pdz=^Rdx^ Qdz^Rdy. The 
reader is aware (see Boole's Differential JSquationsy p. 322) of 
the use made of those equations in integrating this class of 
equations. In fact, if the above system of simultaneous equa- 
tions integrated give u = Cj, t' = c„ these are the equations of 
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the characteristic, or generating curve, in any of its positions, 
while in order that v may be constant whenever u is constant, 
we must have w = ^ (v). 

Ex. Let the equation be that considered (Art 396), viz. «" (1 +p' -f y*) = r*, 
then any characteristic satisfies the equation pdy = qdx, which indicates 
(Art. 370) that the characteristic is always a line of greatest slope on the 
surface, as is geometrically evident. 

406. The equation just found for the characteristic generally 
includes p and q^ but we can eliminate these quantities by com- 
bining with the equation just found, the given partial diflfe- 
rential equation and the equation dz =pdx + qdi/. Thus,* in the 
last example, from the equations z^ [1-i p^ -t- q^) = r*, qdx =pdyj 

we derive 

z' {dx' + df + dz') = r' [dx' + df). 

The reader is aware that there are two classes of differential 
equations of the first order, one derived from the equation of 
a single surface, as, for instance, by the elimination of any 
constant from an equation ?7=0, and its differential 

U^dx 4- U^df/ -f U^dz = 0. 

An equation of this class expresses a relation between the 
direction-cosines of every tangent line drawn at any point on 
the surface. The other class is obtained by combining the 
equations of two surfaces, as, for instance, by eliminating three 
constants between the equations ?7=0, V=0 and their diffe- 
rentials. An equation of this class expresses a relation satisfied 
by the direction-cosines of the tangent to any of the curves 
which the system [7, V represents for any value of the con- 
stants. The equations now under consideration belong to the 
latter class. Thus the geometrical meaning of the equation 
chosen for the example is that the tangent to any of the curves 
denoted by it, makes with the plane of xy an angle whose 

cosine is - . This property is true of every circle in a vertical 

plane whose radius is r; and the equation might be obtained 
by eliminating the constants a, /3, m, between the equations 

(aj-a)' + (y-/9)" + «' = r*, a;-a + w (y- /8) = 0. 
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407. The differential equation found, as in the last article, 
is not only true for every characteristic of a family of surfaces, 
but since each characteristic touches the cuspidal edge of the 
surface generated, the ratios dx : dy :: dz are the same for 
any characteristic and the corresponding cuspidal edge; and 
consequently the equation now found is satisfied by the cuspidal 
edge of every surface of the family under consideration. Thus 
in the example chosen, the geometrical property expressed by 
the differential equation not only is true for a circle in a 
vertical plane, but remains true if the circle be wrapped on 
any vertical cylinder; and the cuspidal edge of the given 
family *of surfaces always belongs to the family of curves thus 
generated. 

Precisely as a partial differential equation in jp, q (express- 
ing as it does a relation between the direction-cosines of the 
tangent plane), is true as well for the envelope as for the par- 
ticular surfaces enveloped ; so the total differential equations here 
considered are true both for the cuspidal edge and the series 
of characteristics which that edge touches. The same thing 
may be stated otherwise as follows: the system of equations 

/9TT 
U= 0, -J- = which, when a is regarded as constant, represents 

the characteristic, represents the cuspidal edge when a is an 

unknown function of the variables to be eliminated by means 

d^U 
of the equation -^=0. But evidently the equations t/'=0, 

-J- = have the same differentials when a is considered as 
aa 

variable, subject to this condition, as if a were constant. 

Thus, in the example of the last article, if in the equations 

(a: - a)* + (y - /8)' H- a" = r", (a; - a) + w (y - /8) = 0, we write 

/8 = ^ (a), m = <f>' (a), and combine with these the equation 

1 4- <^' (a)" = (y - /8) <^" (a), the differentials of the first and 

second equations are the same when a is variable in virtue 

of the third equation, as if it were constant ; and therefore the 

differential equation obtained by eliminating a, /8, m between 

the first two equations and their differentials on the supposition 

that these quantities are constant, holds equally when they 
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vary according to the rules here laid down. And we shall 
obtain the equations of a curve satisfying this differential 
equation by giving any form we please to ^(a) and then 
eliminating a between the equations 

1 + lf («)}'= {y -*(«)} f'(«).* 

408. In like manner can be found the differential equation 
of the characteristic, the given equation being of the second 
order (see Monge, p. 74). In this case we can have two 
consecutive surfaces, satisfying the given differential equation, 
and touching each other all along their line of intersection. 
For instance, if we had a surface generated by a curve moving 
so as to meet two fixed directing curves, we might conceive 
a new surface generated by the same curve meeting two new 
directing curves, and if these latter directing curves touch the 
former at the points where the generating curve meets them, 
it is evident that the two surfaces touch along this line. In 
the case supposed then the two surfaces have a;, y, «, /?, q 
common along their line of Intersection and can differ only 
with regard to r, «, t. Differentiate then the given differential 
equation considering these quantities alone variable, and let 

* It is convenient to insert here a remark made by Mr. M. Roberts, 
>'iz. that if in the equation of any surface we substitute for x, x ^ \dXf 
for y, y -^ X</y, for z, z -f Xdz, and then form the discriminant with respect 
to X, the result will be the differential equation of the cuspidal edge of 
any developable enveloping the given surface. In fact it is evident (see 
Art. 246) that the discriminant expresses the condition that the tangent 
to the curve represented by it touches the given surface. Thus the general 
equation of the cuspidal edge of developables circumscribing a sphere is 

{a^ -i^ y^ ■¥ !^ - a*) (dj* + dy* + cfe') = (xdx + ydy + tdzy, 

or (ydz - zdyf + {zdx - xdzf + {xdy - ydx)* = a* (dx* + <ty" + dz*). 

In the latter form it is evident that the same equation is satisfied by 
a geodesic traced on any cone whose vertex is the origin. For if the 
cone be developed into a plane, the geodesic will become a right line,. 
and if the distance of that line from the origin be a, then the area of the 
triangle formed by joining any element da to the origin is half ads, but 
this is evidently the property expressed by the preceding equation. 
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the result be Rdr + Sda + Tdt = 0. But since p and q are con- 
stant along this line, we have drdx + dsdt/ = 0^ dsdx + dtdy^O. 
Eliminating then dvj ds^ dt^ the required equation for the cha- 
racteristic is 

Rdy" - Sdxdy + Tdy" = 0. 

In the case of any of the equations of the second order, 
which we have already had, this equation would turn out a 
perfect square. When it does not so turn out, it breaks up 
into two factors, which, if rational, belong to two independent 
characteristics represented by separate equations; and if not, 
denote two branches of the same curve intersecting on the point 
of the surface which we are considering. 

409. In fact when the motion of a surface is regulated by 
a single parameter (see Art. 290), the equation of its envelope, 
as we have seen, contains only functions of a single quantity, 
and the diflferential equation belongs to the simpler species 
just referred to. But if the motion of the surface be regulated 
by two parameters, its contact with its envelope being not a 
curve, but a point ; then the equation of the envelope will 
in general contain functions of two quantities, and the diffe- 
rential equation will be of the more general form. As an 
illustration of the occurrence of the latter class of equations in 
geometrical investigations, we take the equation of the family 
of surfaces which has one set of its lines of curvature parallel 
to a fixed plane, y — mx. Putting dy = mdx in the equation 
of Art. 280, the differential equation of the family is 

wi"{(l + j'')«-;?g'«}+w{(H-2')r-(l+/)^}-{(l+^*)«-^2r}=0. 

As it does not enter into the plan of this treatise to treat of 
the integration of such equations, we refer to Monge, p. 161 
for a very interesting discussion of this equation. Our object 
being only to show how such differential equations present 
themselves in geometry, we shall show that the preceding 
equation arises from the elimination of a, /8 between the follow- 
ing equation and its differentials with respect to a and /9 : 
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Differentiating with respect to a and /3, we have 

{x-a) + {z — <f>) (f>' = msjr'yfry 

whence (a;- a) + m (y-/3) + (1 +r/i*) {z-<f>) (f>' = 0. 
But we have also 

whence (a;- a) + w (y- /3) + (^ + r/2|2') (2 - <^) = 0. 

And by comparison with the preceding equation, we have 
p + mq={\-{-m!') <l>'{a-^m^). If then we call a + w/3, 7 the 
problem is reduced to eliminate 7 between the equations 

x + my ^y-{.{p + mq) {«-<^(7)}=0, p -\- mq =^ {i -\- mJ") <(>' {y). 

Differentiating with regard to x and y, we have 

(1 +p* + mj)q) f (r + ^) {2- <^ (7)} - {1 + {p-^mq) f } 7^, 
{m (1 4- q') 4-i?^} -h {s 4- 7nt) (^ - <^ (7)} - {I + (p 4. ^n^) ^'} 7^, 
but from the second equation 

Hence the result is 

(1 -i-p^ 4- mpq) {s 4- mt) = {m (1 4- q^) 4-pj} (r 4- ww), 
as was to be proved. 

RULED SURFACES.* 

410. On account of the importance of ruled surfaces, we 
add some further details as to this family of surfaces. 

The tangent plane at any point on a generator evidently 
contains that generator, which is one of the inflexional tangents 
(Art. 234) at that point. Each different point on the gene- 
rator has a different tangent plane (Art. 107) which may be 
constructed as follows: We know that through a given point 



• The theorems in this section are principally taken from M. Chasles's 
Memoir, Quetelet's Correspondunce, t. xi., p. 50, and from Mr. Cayley's 
paper, Cambridge and Dublin Mathematical Journal^ Vol. Vll., p. 171. 
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can be drawn a line intersecting two given lines ; namely, the 
intersection of the planes joining the given point to the given 
lines. Now consider three consecutive generators, and through 
any point A on one, draw a line meeting the other two. This 
line, passing through three consecutive points on the surface, 
will be the second inflexional tangent at -4, and therefore the 
plane of this line and the generator at ^ is the tangent plane 
at ^. In this construction it is supposed that two consecutive 
generators do not intersect, which ordinarily they will not do. 
There may be on the surface, however, singular generators 
which are intersected by a consecutive generator, and in this 
case the plane containing the two consecutive generators is a 
tangent plane at every point on the generator. In special 
cases also two consecutive generators may coincide, in which 
case the generator is a double line on the surface. 

411. TTie anhdrmonic ratio of four tangent planes passing 
through a generator is equal to that of their four points of con- 
tact. Let three fixed lines -4, J5, G be intersected by four 
transversals in points adaa\ hh'b"b"\ cc'c'c". Then the an- 
harmonic ratio \bh'h"b'"] = [cc'c'c"]^ since either measures the 
ratio of the four planes drawn through A and the four trans- 
versals. In like manner [cc'c'c"] = [aa!a!'a"] either measuring 
the ratio of the four planes through B (see Art. 112). Now 
let the three fixed lines be three consecutive generators of the 
ruled surface, then by the last article, the transversals meet 
any of these generators A in four points, the tangent planes 
at which are the planes containing A and the transversals. 
And by this article it has been proved that the anharmonic 
ratio of the four planes is equal to that of the points where 
the transversals meet A, 

412. Given any generator of a ruled surface, we can de- 
scribe a hyperboloid of one sheet, which shall have this gene- 
rator in common with the ruled surface, and which shall also 
have the same tangent plane with that surface at every point 
of their common generator. For It Is evident from the con- 
struction of Art. 410 that the tangent plane at every point 
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on a generator is fixed, when the two next consecutive gene- 
rators are given, and consequently that if two ruled surfaces 
have three consecutive generators in common, they will touch 
all along the first of these generators. Now any three non- 
intersecting right lines determine a hyperboloid of one sheet 
(Art. 76) ; the hyperboloid then determined by any generator 
and the two next consecutive will touch the given surface as 
required. 

In order to see the full bearing of the theorem here enun- 
ciated, let us suppose that the axis of z lies altogether in any 
surface of the n*** degree, then every term in its equation must 
contain either x or y\ and that equation arranged according 
to the powers of x and y will be of the form 

w„.,a: H- v,y + ^nHiOJ* + v^^a:y + 1/7^ + &c. = 0, 

where w^_^, v^_, denote functions of 2? of the (n — 1)*** degree, &c. 
Then (see Art. 107) the tangent plane at any point on the axis 
will be u ^^x + v\_^ = 0, where m'^_, denotes the result of sub- 
stituting in w^_, the co-ordinates of that point. Conversely, it 
follows that any plane y = mx touches the surface in w — 1 
points, which are determined by the equation w^_, + ^wy«_, = 0. 
If however m^_„ t?^_, have a common factor u^^ so that the 
terms of the first degree in x and y may be written 

^fi}K-p-\^'^^\-p-\y)~^^ then the equation of the tangent plane 
will be u\_p_^x-\-v\_p_jf = 0^ and evidently in this case any 
plane y = nix will touch the surface only in n — p — 1 points. 
It is easy to see that the points on the axis for which w^ = 
are double points on the surface. Now what is asserted in the 
theorem of this article is, that when the axis of z is not an 
isolated right line on a surface, but one of a system of right 
lines by which the surface is generated, then the form of the 
equation will be 

so that the tangent plane at any point on the axis will be the 
same as that of the hyperboloid ux 4- vy^ viz. ux + vy = 0. And 
any plane y = mx will touch the surface in but one point. The 
factor u^_^ indicates that there are on each generator n~2 
points which are double points on the surface. 
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413. We can verify the theorem just stated, for an im- 
portant class of ruled surfaces, viz., those any generator of 
which can be expressed by two equations of the form 

af + ir-"^ + cTI + &c. = 0, aT -f i'^* + ct^ 4- &c. = 0, 

where a, a', J, h\ &c. are linear functions of the co-ordinates, 
and t a variable parameter. Then the eouation of the surface 
obtained by eliminating t between the equations of the gene- 
rator [Higher Algebra^ p. 34), may be written in the form of 
a determinant, the first row and first column of which are 
identical, viz., (a J'), [ac')^ (^)j &c. .Now the line cui is a 
generator, namely, that answering to ^ = oo ; and we have 
just proved that either a or a will appear in every term both 
of the first row and of the first column. Since then every 
term in the expanded determinant contains a factor from the 
first row and a factor from the first column, the expanded 
determinant will be a function of, at least, the second degree 
in a and a, except that part of it which is multiplied by (ai'), 
the term common to the first row and first column. But that 
part of the equation which is only of the first degree in a 
and a determines the tangent at any point of aa' '^ the ruled 
surface is therefore touched along that generator by the hy- 
perboloid ah' — ha' = 0. 

If a and h (or a and V) represent the same plane, then 
the generator aa intersects the next consecutive, and the plane 
a touches along its whole length. If we had h = kaj h'=^ka'^ 
the terms of the first ^.'egree in a and a would vanish, and 
eta' would be a double line on the surface. 

414. Ketuming to the theory of ruled surfaces in general, 
it is evident that any plane through a generator meets the 
surface, in that generator and in a curve of the [n — 1)*^ degree 
meeting the generator in n — 1 points. Each of these points 
being a double point in the curve of section is (Art. 233) in 
a certain sense a point of contact of the plane with the surface. 
But we have seen (Art. 412) that only one of them is properly 
a point of contact of the plane ; the other n — 2 are fixed points 
on the generator, not varying as the plane through it is 



are on 
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changed. They are the points where this generator meets 
other non-consecutive generators, and are points of a double 
curve on the surface. Thus then a akeuo ruled surface in general 
has a double curve which is met by every generator in w — 2 
points. It may of course happen that two or more of these 
w — 2 points may coincide, and that the multiple curve on the 
surface may be of higher order than the second. In the case 
considered in the la^ article it can be proved (see Appendix 
on the Order of Systems of Equations) that the multiple curve 

is of the order — ^ , and that there 

. (tw + w — 2) (7/i-fw — 3) (m 4-w — 4) ^. , 

it ^ — — — '- triple points. 

A ruled surface having a double line will in general not 
have any cuspidal line unless the surface be a developable, 
and the section by any plane will therefore be a curve having 
double points but not cusps. 

415. Consider now the cone whose vertex is any point, 
and which envelopes the surface. Since every plane through 
a generator touches the surface in some point, the tangent 
planes to the cone are the planes joining the series of gene- 
rators to the vertex of the cone. The cone will, in general, 
not have any stationary tangent planes : for such a plane would 
arise when two consecutive generators lie in the same plane 
passing through the vertex of the cone. But it is only in 
special cases that a generator will be intersected by one con- 
secutive ; the number of planes through two consecutive gene- 
rators is therefore finite; and hence one will, in general, not 
pass through an assumed point. The class of the cone, being 
equal to the number of tangent planes which can be drawn 
through any line through the vertex, is equal to the number 
of generators which can meet that line, that is to say, to the 
degree of the surface (see note, p. J 24). We have proved now 
that the class of the cone is equal to the degree of a section 
of the surface ; and that the former has no stationary tangent 
planes as the latter has no stationary, or cuspidal, points. The 
equations then which connect any three of the singularities 
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of a curve prove that the number of double tangent planes 
to the cone must be equal to the number of double points 
of a section of the surface ; or in other words, that the number 
of planes containing two generators which can be drawn 
through an assumed point, is equal to the number of points 
of intersection of two generators which lie in an assumed 
plane.* 

416. We shall illustrate the preceding theory by an enu- 
meration of some of the singularities of the ruled surface gene- 
rated by a line meeting three fixed directing curvesj the degrees 
of which are m^, 7/1^, TWg.f 

The degree of the surface generated is equal to the number 
of generators which meet an assumed right line; it is there- 
fore equal to the number of intersections of the curve m, with 
the ruled surface having for directing curves the curves w^, w, 
and the assumed line ; that is to say, it is m^ times the degree 
of the latter surface. The degree of this again is, in like 
manner, m^ times the degree of the ruled surface whose directing 
curves are two right lines and the curve 7/1,, while by a repe- 
tition of the same argument, the degree of this last is 2m,. 
It follows that the degree of the ruled surface when the 
generators are curves tw,, iw,, tw,, is 2m^m^m^. 

The three directing curves are multiple lines on the surface, 
whose orders are respectively w^w,, tw^w,, m^m^. For through 
any point on the first curve pass m^m^ generators, the inter- 
sections namely of the cones having this point for a common 
vertex, and resting on the curves w,, w,. 

417. The order of the ruled surface being 2wijW,m„ it 
follows, from Art. 414, that any generator is intersected by 
Sm^m^Wg — 2 other generators. But we have seen that at 
the points where It meets the directing curves, it meets 
{m^m^ — 1) -f (wigWij — 1) -I- (WjWj — 1 ) other generators. Conse- 

* These theorems are Mr. Cayley's. Cambridge and Dublin Mathe- 
matical Journal, Vol. VII., p. 171. 

t I published a discussion of this surface, Cambridge and Dublin 
Mathematical Journal, Vol. VIII., p. 45. 
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quently it must meet 2WjWj?w, — (m^Tw^-f w^w, +r/ij7nj+ 1 gene- 
rators, in points not on the directing curves. We shall establish 
this result independently by seeking the number of generators 
which can meet a given generator. Let us commence by 
determining the degree of the ruled surface whose directing 
curves are the curves tw^, tw^, and the given generator, which 
is a line resting on both. In the first place this right line 
is a multiple line of the order m^m^—\y since obviously, 
through any point of it can be drawn this number of 
lines (distinct from the given line itself) meeting the curves 
i/i„ wij. But the section of the surface by a plane through 
the given line, will be that line itself (wi^w^ — 1) times, together 
with the (tWj— 1) (Wg— 1) generators, obtained by joining any 
of the points where the plane meets the curve w, to one of 
those where it meets the curve m^. Thus then the degree 
of the section (and therefore of the surface) is 

(tWjWj - 1) + (wi, — 1) (w, — 1) = 2mj7?ig — m, - m^. 

Multiplying this number by wi^, we get the number of points 
where this new ruled surface is met by the curve m^. But 
amongst these will be reckoned (?/2,7n^- 1) times the point 
where the given generator meets the curve m^, {Subtracting this 
number then, there remain 2m^m^7n^ - ^a^^s "" ^i^^h "~ ^i'"^2 + ^ 
points of the curve w^, through which can be drawn a line 
to meet the curves rw,, 7/?^, and the assumed generator. But 
this is in other words the thing to be proved. 

418. The ruled surface will contain a certain number of 
double generators, those namely which meet one of the directing 
curves twice and the other two once. The number of such 
lines resting twice on the curve m^ is proved by reasoning 
similar to that used before, to be rn^rn^^ times the degree of 
the ruled surface generated by a right line resting twice on 
m^ and also on an arbitrary line. Now if h^ be the number 
of apparent double points of the curve m^, that is to say, the 
number of lines which can be drawn through an assumed 
point to meet that curve twice, it is evident that the assumed 
right line will on this ruled surface be a multiple line of the 
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order A^, and the section of the ruled surface bj a plane through 
that line, will be that line A, times together with the ^m^ (w, — 1) 
lines joining any pair of the points where the plane cuts the 
curve m^. The degree of this ruled surface will then be 
Aj + iw^(w— 1), and the total number of double generators 
on the original ruled surface is 

I am unable to give the order of the double curve in general, 
but in the particular case where one of the directing curves 
is a right line, and the other two curves of the degree wi^, m,, 
it is evident that the section by any plane through the directing 
right line consists of that right line m^m^ times together with 
m^m^ lines intersecting in ^m^m^{m^ — l)[Tn^ — l) points not on 
the directing curves. This latter therefore would appear to 
be in this case the order of the nodal curve, unless it intersect 
the directing line in a certain number of points, which, if so, 
must be added to the order of the curve. There are, of course, 
besides, double generators, as determined in the first part of 
this article. 

It is easy to see, in like manner, that the surface generated 
by a right line resting twice on a curve m and on a right line, 
will have, besides its double generators, a double curve, whose 
order is, at least^ Jm(7« — 1) (w — 2) (w- 3). 

419. The degree of the ruled surface, as calculated by 
Art. 416, will admit of reduction if any pair of the directing 
curves have points in common. Thus if the curves m^^ w, 
have a point in common, it is evident that the cone whose 
vertex is this point, and base the curve m, will be included 
in the system, and that the order of the ruled surface proper 
will be reduced by m^. And generally if the three pairs made 
out of the three directing curves have common respectively 
a, )8, 7 points, the order of the ruled surface will be reduced 
by mfl -f m^ + 'n^{i* Thus if the directing lines be two right 



* My attention was called by Mr. Cayley to this reduction which takes 
place when the directing curves have points in common. 
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lines and^ twisted cubic, the surface is in general of the sixth 
order, but if each of the lines intersect the cubic the order is 
only of the fourth. If each intersect it twice the surface is 
a quadric. If one intersect it twice and the other once, the 
surface is a skew surface of the third degree on which the 
former line is a double line. 

Again, let the directing curves be any three plane sections 
of a hyperboloid of one sheet. According to the general theory 
the suiface ought to be of the sixteenth order, and let us see 
how a reduction takes place. Each pair of directing curves 
have two points common; namely, the points in which tho 
line of intersection of their planes meets the surface. And tho 
complex surface of the sixteenth order consists of six cones of 
the second order, together with the original quadric reckoned 
twice. That it must be reckoned twice, appears from the fact 
that the four generators which can be drawn through any point 
on one of the directing curves, are two lines belonging to the 
cones, and tv)o generators of the given hyperboloid. 

In general, if we take as directing cur\xs three plane sec- 
tions of any ruled surface, the equation of the ruled surface 
generated will have, in addition to the cones and to the original 
surface, a factor denoting another ruled surface which passes 
through the given curves. For it will generally be possible 
to draw lines, meeting all three curves, which arc not gene- 
rators of the original surface. 

420. Returning to the case of ruled surfaces in general; 
we know that a series of planes through any line and a series 
at right angles to them form a system in involution, the an- 
harmonic ratio of any four being equal to that of their four 
conjugates. It follows then, from Art. 411, that the system 
formed by tho points of contact of any plane, and of a plane 
at right angles to it, form a system in involution ; or, in other 
words, the system of points where planes through any generator 
touch the surface, and where they are normal to the surface, 
form a system in involution. The centre of the system is the 
point where the plane which touches the surface at infinity, 
IS normal to the surface ; and by the known properties of in- 

A A 
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volution, the distances from this point of the porRs where 
any other plane touches and is normal, form a constant rect- 
angle. 

421. The normals to any ruled surface along any generator j 
generate a hyperbolic paraboloid. It is evident that they are 
all parallel to the same plane, namely the plane perpendicular 
to the generator. We may speak of the anharmonic ratio 
of four lines parallel to the same plane, meaning thereby that 
of four parallels to them through any point. Now in this 
sense the anhannonic ratio of four normals is equal to that 
of the four corresponding tangent planes, which (Art. 411) is 
equal to that of their points of contact, which again (Art. 419) 
is equal to that of the points where the normals meet the 
generator. But a system of lines parallel to a given plane 
and meeting a given line generates a hyperbolic paraboloid, 
if the anharmonic ratio of any four is equal to that of the 
four points where they meet the line. This proposition follows 
immediately from its converse, which we can easily establish. 

The points where- four generators of a hyperbolic paraboloid 
intersect a generator of the opposite kind, are the points of 
contact of the four tangent planes which contain these generators, 
and therefore the anharmonic ratio of the four points is equal 
to that of the four planes. But the latter ratio is measured 
by the four lines in which these planes are intersected by a 
plane parallel to the four generators, and these intersections 
are lines parallel to these generators. 

422. The central points of the involution (Art. 419) are, 
it is easy to see, the points where each generator is nearest 
the next consecutive, that is to say, the point where each 
generator is intersected by the shortest distance between it 
and it3 next consecutive. The locus of the points on the 
generators of a ruled surface, where each is closest to the 
next consecutive, is called the line of striction of the surface. 
It may be remarked, in order to correct a not unnatural 
mistake (see Lacroix^ Vol. ITI., p. 668), that the shortest distance 
between two consecutive generators is not an element of the 



RULED SURFACES. 355 

line of striction. In fact if Aa^ Bh^ Cc be three consecutive 
generators, ab the shortest distance between the two former, 
then b'c the shortest distance between the second and third 
will in general meet Bh in a point h' distinct from J, and 
the element of the line of striction will be aV and not ah. 

Ex. 1. To find the line of striction of the hyperbolic paraboloid 

— * — (f 
a* 6"" • 

Any pair of generators may be expressed by the equations 

a a b \ 

a b a b fJL 

X t/ 
Both being parallel to the plane - - ? i their shortest distance is per- 
pendicular to this plane, and therefore lies in the plane 

<"»'>{M-'"}n--»-) {:-!-?}• 

which intersects the first generator in the point z «= -^ — r^ r— . 

° '^ or -^ b* \fi 

When the two generators approach to coincidence, we have for the 

co-ordinates of the point where either is intersected by their shortest 

distance 

- ^'-^* 1_ « y a«-y 1 

'"a« + 6*X" i^b^a' + b^V 

«dhence („H J^ £ + -J)- (a«- 6')g- |). or J^ ^^O. 

The line of striction is therefore the parabola in which this plane cuts 
the surface. The same surface considered as generated by the lines 
of the other system has another line of striction lying in the plane 

£-1^ = 
a» y "• 

Ex. 2. To find the line of striction of the hyperboloid 

?! + ?!. ^ = 1 



Ans. It is the intersection of the surface with 

a'A* h^ <*C* 



«• "*■ !/• " «• ' 



Where ^ = p + ?. -^V'^?' ^'ft^"?' 
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CHAPTER XIII. 

SURFACES DERIVED FROM QUADRICS. 
THE WAVE SURFACE. 

423. Before proceeding to surfaces of the third degree, 
we think it more simple to treat of surfaces derived from 
quadricSy the theory of which is more closely connected with 
that explained in preceding chapters. The equation of the 
surface of centres has been already given (Art. 208), and we 
proceed now to define, and form the equation of, Fresnel's 
Wave Surface.* 

If a perpendicular through the centre be erected to the 
plane of any central section of a quadric, and on it lengths be 
taken equal to the axes of the section, the locus of their ex- 
tremities will be a surface of two sheets which is called the 
wave surface. Its equation is at once derived from Arts. 97, 
98, where the lengths of the axes of any section are expressed 
in terms of the angles which a perpendicular to its plane makes 
with the axes of the surface. The same equation then ex- 
presses the relation which the length of a radius vector to the 
wave surface bears to the angles which it makes with the 
axes. The equation of the Wave Surface is therefore 

aV iV cV ^ 

where r* = as* + y" + 2*. Or, multiplTuig out, 
(aJ' + yVOCaV + fty + c^O 

- {aV (i» + c*) + by (c' + o') + cV (a» + 6*)} + o'JV = 0. 






* See Fresnel, MemoireB de rinttitut, Vol. vn., p. 136, published 1827. 
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From the first form it appears at once that the intersection 
of the ware surface by a concentric sphere, is a sphere- 
conic. 

. 424. The section by one of the principal planes {e.g. the 
plane z) breaks up into a circle and ellipse 

(a:^ + y» - c») (aV + by - a»6«). 

This is also geometrically evident, since if wc consider any 
section of the generating quadric, through the axis of Zj one 
of the axes of that section is equal to c, while the other axis 
lies in the plane xt/. If then we erect a perpendicular to 
the plane of section, and on it take portions equal to each 
of these axes, the extremities of one portion will trace out a 
circle whose radius is c, while the locus of the extremities of 
the other portion, will plainly be the principal section of the 
generating quadric, only turned round through 90°. In each 
of the principal planes the surface has four double points; 
namely, the intersection of the circle and ellipse just men- 
tioned. If x', y' bo the co-ordinates of one of these intersec- 
tions, the tangent cone (Ai*t. 239), at this double point, has 
for its equation 

The generating quadric being supposed to be an ellipsoid, it 
is evident that in the case of the section by the plane Zj the 
circle whose radius is c lies altogether within the ellipse whose 
axes are a, b: and in the case of the section by the plane a?, 
the circle whose radius is a, lies altogether without the ellipse 
whose axes are bj c. Real double points occur only in the 
section by the plane y\ they are evidently the points corre- 
sponding to the circular sections of the generating ellipsoid. 

The section by the plane at infinity also breaks up into 
factors a?-\-j^ + z^^ a*x*-\-by + c*z\ and may therefore also be 
considered as an imaginary circle and ellipse, which in like 
manner give rise to four imaginary double points of the surface 
situated at infinity. Thus the surface has in all sixteen nodal 
points, only foui' of which arc real. 
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425. The wave surface is one of a class of surfaces which 
may be called apsidal surfaces. Any surface being given, if 
we assume any point as pole, draw any section through that 
pole, and on the perpendicular through the pole to the plane 
of section, take lengths equal to the apsidal (that is to say, 
to the maximum or minimum) radii of that section ; then the 
locus of the extremities of these perpendiculars is the apsidal 
surface derived from the given one. The equation of the 
apsidal surface may always be calculated, as in Art. 98. First 
form the equation of the cone whose vertex is the pole, and 
which passes through the intersection with the given surface 
of a sphere of radius r. Each edge of this cone is proved 
(as at Art. 98) to be an apsidal radius of the section of the 
surface by the tangent plane to the cone. If then we form 
the equation of the reciprocal cone, whose edges are perpen- 
dicular to the tangent planes to the first cone, we shall obtain 
all the points on the apsidal surface which correspond to the 
tangent planes of the assumed cone. And by considering r 
variable, in the equation of this latter cone, we have the 
equation of the apsidal surface. 

426, If 0$ be any radius vector to the generating surface, 
and OP the perpendicular to the 
tangent plane at the point Q^ then 
OQ will be an apsidal radius of 
the section passing through OQ 
and through OR which is sup- 
posed to be perpendicular to the 
plane of the paper POQ. For 
the tangent plane at Q passes 
through PQ and is perpendicular to the plane of the paper; 
the tangent line to the section QOR lies in the tangent plane 
and is therefore also perpendicular to the plane of the paper. 
Since then OQ \^ pei-pendicular to the tangent line in the 
section QOR^ it is an apsidal radius of that section. 

It follows that or, the radius of the apsidal surface corre- 
sponding to the point Q^ lies in the plane POQ and is per- 
pendicular and equal to OQ, 
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427. The perpendicular to the tangent plane to the apaidal 
Bwrface at T lies also in the plane POQj and is perpendicular 
and equal to OP.* 

Consider first a radius OT of the apsidal surface, inde- 
finitely near to OT, and lying in the plane TOE, perpendicular 
to the plane of the paper. Now Oy is by definition equal 
to an apsidal radius of the section of the original surface by 
a plane perpendicular to OT'j and this plane must pass through 
OQ. Again an apsidal radius of a section is equal to the 
next consecutive radius. The apsidal radius therefore of a 
section passing through OQj and indefinitely near the plane 
QOBj will be equal to OQ. It follows then that OT^OT, 
and therefore that the tangent at T to the section TOE is 
perpendicular to OT^ and therefore perpendicular to the plane 
of the paper. The perpendicular to the tangent plane at T 
must therefore lie in the plane of the paper, but this is the 
first part of the theorem which was to be proved. 

Secondly, consider an indefinitely near radius OT" in the 
plane of the paper; this will be equal to an apsidal radius 
of the section EOQ^ where OQ is indefinitely near to OQ. 
But, as before, this apsidal radius being indefinitely near to 
OQ will be equal to it, and therefore OT' will be equal 
as well as perpendicular to OQ. The angle then T'TO is 
equal to QQO^ and therefore the perpendicular 08 is equal 
and perpendicular to OP. 

It follows fi-om the symmetry of the construction that if 
a surface A is the apsidal of B^ then conversely B is the apsidal 
of^. 

428. The polar recij^rocal of an apsidal surface^ with resjyect 
to the origin 0, is the same as the apsidal of the reciprocal^ tcith 
respect to 0, oft?ie given surface. 

For if we take on OP, OQ portions inversely proportional 
to them, we shall have Op^ Oq^ a radius vector and corre- 
sponding perpendicular on tangent plane of the reciprocal of 



• These theorems are due to Prof. Mac Cullagh, Transactions of the 
Royal Irish Academy^ Vol. xvi. 
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the given surface. And if we take portions equal to these 
on the lines 08^ OT which He in their plane, and are respec- 
tively perpendicular to them, then by the last article we shall 
have a radius vector, and corresponding perpendicular on tan- 
gent plane, of the apsidal of the reciprocal. But these lengths 
being inversely as 0/S, OT are also a radius vector, and per- 
pendicular on tangent plane of the reciprocal of the apsidal. 
The apsidal of the reciprocal is therefore the same as the 
reciprocal of the apsidal. 

In particular, the reciprocal of the wave surface generated 
from any ellipsoid, is the wave surface generated from the reci- 
procal ellipsoid. 

We might have otherwise seen that the reciprocal of a 
wave surface is a surface also of the fourth degree, for the 
reciprocal of a surface of the fourth degree is in general of 
the thirty-sixth degree (Art. 250) ; but it is proved, as for plane 
curves, that each double point on a surface reduces the degree 
of its reciprocal by two ; and wo have proved (Art. 424) that 
the wave surface has sixteen double points. 

To a nodal point on any surface (which is a point through 
which can be drawn an infinity of tangent planes, touching 
a cone of the second degree) answers on the reciprocal surface 
a tangent plane, having an infinity of points of contact, lying 
in a conic. From knowing then that a wave surface has four 
real double points, and that the reciprocal of a wave surface 
is a wave surface, we infer that the wave surface has four 
tangent planes which touch all along a conic We shall now 
show geometrically that this conic is a circle.* 

429. It is convenient to premise the following lemmas : 

Lemma I. '^ If two lines passing though a fixed point, and 
at right angles to each other, move each in a fixed plane, the 

* Sir W. R. Hamilton first showed that the wave surface has four 
nodes, the tangent planes at which envelope cones, and that it has four 
tangent planes which touch along circles, TyansiictionB of the Royal Irish 
Academy t Vol. xvil , p. 132. Dr. Lloyd experimentally verified the optical 
theorems theuce derived, Ibid, p. 145. The geometrical investigations 
which follow are due to Professor Mac Cullagh, p. 248. 
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plane containing the two lines envelopes a cone whose sections 

parallel to the fixed planes are parabolas." The plane of the 

paper is supposed to be parallel to one of the fixed planes, 

and the other fixed plane is supposed to pass through the 

line MN. The fixed point in which the two lines intersect 

is supposed to be above the paper, P being the foot of the 

perpendicular from it on the plane 

of the paper. Now let OB be one 

position of the line which moves in 

the plane OMN^ then the other line 

OA which is parallel to the plane 

of the paper being perpendicular to 

OB and to OP is perpendicular to 

the plane OBP. Bdt the plane 

OAB intersects the plane of the ^ 

paper in a line BT paraUel to OA^ and therefore perpendicular 

to BP. And the envelope of BT is evidently a parabola of 

which P is the focus and MN the tangent at the vertex. 

Lemma II. "If a line 0(7 be drawn perpendicular to 
OAB^ it will generate a cone whose circular sections are 
parallel to the fixed planes." (Ex. 4, p. 85). It is proved, as 
at p. 106, that the locus of C is the polar reciprocal, with 
respect to P, of the envelope of BT. Tlie locus is therefore 
a circle passing through P. 

Lemma III. " If a central radius of a quadric moves in a 
fixed plane, the corresponding perpendicular on tangent plane 
also moves in a fixed plane." Namely, the plane perpendicular 
to the diameter conjugate to the first plane, to which the 
tangent plane must be parallel. 



430. Suppose now (see figure. Art. 426) that the plane 
OQR (where OiB is perpendicular to the plane of the paper) 
is a circular section of a quadric, then OT is the nodal radius 
of the wave surface, which remains the same while OQ moves 
in the plane of the circular sections; and we wish to find 
the cone generated by OS. But OS is i)erpendicular to OR 
which moves in the plane of the cii'cular sections and to OP 
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which moves in a fixed plane by Lemma III., therefore 08 
generates a cone whose circular sections are parallel to the 
planes POR^ QOR. Now T is a fixed point, and TS is 
parallel to the plane POR^ therefore the locus of the point 
/9 is a circle. 

The tangent cone at the node is evidently the reciprocal of 
the cone generated by 08^ and is therefore a cone whose 
sections parallel to the same planes are parabolas. 

Secondly, suppose the line OP to be of constant length, 
which will happen when the plane POR is a transverse section 
of one of the two right cylinders which circumscribe the 
ellipsoid, then the point 8 is fixed, and it is proved precisely 
as in the first part of this article that the locus of jT is a 
circle. 

431. The equations of p. 173 give immediately another 
form of the equation of the wave surface. It is evident 
thence, that if 5, ff be the angles which any radius vector 
makes with the lines to the nodes, then the lengths of the 
radius vector are, for one sheet, 

p'" c« ■*■ a« ' 

and for the other 

J. _ cos' i [0 + 0') sin'^g+gQ 
p c a ' 

while -z Ti = ( -5 i I sing sin^. 

p* p" W cC) 

It follows hence also that the intersections of a wave surface 
with a series of concentric spheres, are a series of confocal 
sphero-conics. For in the preceding equations if p or p' be 
constant, we have 0±& constant. 

432. The equation of the wave surface has also been ex- 
pressed as follows by Mr. W. Roberts in elliptic co-ordinates. 
The form of the equation 

aV jy cV 

rt — r o — V c —T 
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shows that the equation may be got by eliminating r* between 
the equations 

T 5+nr^ + :jA-ii= 1| and a"+y' + «* = r'- 

Giving r* any series of constant values, the first equation 
denotes a series of confocal quadrics, the axis of z being the 
primary axis, and the axis of x the least. Since r* is always 
less than a* and greater than c*, the equation always denotes 
a hyperboloid, which will be of one or of two sheets according 
as r* is greater or less than 6*. The intersections of the hyper- 
boloids of one sheet with corresponding spheres generate one 
sheet of the wave surface, and those of two sheets the other. 

Now if the surface denote a hyperboloid of one sheet, and 
if X, /i, V denote the primary axes of three confocal surfaces 
of the system now under consideration which pass through any 
point, then the equation gives us 7^—0^ = f^^ but (Art. 169) 

r» = X» + AA" + v*-A*-A;*, 

whence the equation in elliptic co-ordinates is 

X« + v' = c'*4A*4A:' = a''4J"-c». 

In like manner the equation of the other sheet is 

X'' + /t« = a' + 6^-c^ 

The general equation of the wave surface also implies 
/i'* + v'* = rt' + y — c'*, but this denotes an imaginary locus. 

Since, if X is constant, /t is constant for one sheet and v 
for the other, it follows that if through any point on the sur- 
face be drawn an ellipsoid of the same system, it will meet 
one sheet in a line of curvature of one system, and the other 
sheet in a line of the other system. 

If the equations of two surfaces expressed in terms of 
X, /i, F, when difierentiated give 

PJX + ^cf/A 4 i?cZv = 0, Fd\-^Qdii-¥Edv = % 

the condition that they should cut at right angles is (Art. 359) 

PF{\'''h'){X'^k') (g(3V-A')(fc^-Ai') EF{Ji'-v')[Jc'^v') 
(V-/.-^)(X*-v'') ^ (X« -;.»)(;.»- v^) "^ (X^-v»)(/.--0 -^^ 

which is satisfied if P=0, (? = 0, JJ' = 0. Hence any surface 
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v = constant cuts at right angles any whose equation is of the 
form <f> (X, fi) = 0. The hyperboloid therefore, v = constant, 
cuts at right angles one sheet of the wave surface, while it 
meets the other in a line of curvature on the hyperboloid. 

433. The plane of any radius vector of the voave surface and 
the corresponding perpendicular on the tangent plane^ makes equal 
angles with the planes through the radius vector and the nodal 
lines. For the first plane is perpendicular to OR (Art. 426) 
which is an axis of the section QOR of the generating ellipsoid, 
and the other two planes are perpendicular to the radii of 
that section whose lengths are &, the mean axis of the ellipsoid, 
and these two equal lines make equal angles with the axis. 
The planes are evidently at right angles to each other, which 
are drawn through any radius vector, and the perpendiculars 
on the tangent planes at the points where it meets the two 
sheets of the surface. 

Eeciprocating the theorem of this article we see that the 
plane through any line through the centre and through one 
of the points where planes perpendicular to that line touch 
the surface, makes equal angles with the planes through the 
same line and through perpendiculars from the centre on the 
planes of circular contact (Art. 430). 

434. If the co-ordinates of any point on the generating 
ellipsoid be xyz\ and the prinjary axes of confocals through 
that point a\ a!' ; then the squares of the axes of the section 
parallel to the tangent plane are cf^-a'^^ a* — a"*j which we 
shall call p", p'*. These then give the two values of the 
radius vector of the wave surface, whose direction-cosines arc 

^■j ^1 2 • We shall now calculate the length and the 

direction-cosines of the perpendicular on the tangent plane at 
either of the points where this radius vector meets the surface. 
It was proved (Art. 427) that the required perpendicular is 
equal and perpendicular to the perpendicular at the point where 
the ellipsoid is met by one of the axes of the section; and 



I I 



the dircction-cosincs of this axis arc -",, , -/^ , ^ . The 

a ' o c 
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co-ordinates of its extromity are then these several cosines 
mnltiplied by p, and the direction-cosines of the corresponding 
perpendicular of the ellipsoid are 

PoTtL A,^ Fo^ 

where ^ = p^j, |-^, + ^, 4 -^,} . 

Now if the quantity within the brackets be multiplied by 

(a* — a")*, we see at once that it will become -5 + — 75 . Hence 
^ p p 

This then gives the length of the perpendicular on the 
tangent plane at the point on the wave surface which we aro 
considering. Its direction-cosines are obtained from the con- 
sideration that it is perpendicular to the two lines whose 
direction-cosines are respectively 



p X p y p z ^ p px p py p pz 



pp \ a^J^ pp \ by^ pp \ cV 



Forming by Art. 15 the direction-cosines of a line perpendicular 
to these two, we find, after a few reductions, 

pp \ a'V' pp V b'V' PR 

In fact it is verified without difficulty that the line whose 
direction-cosines have been just written is perpendicular to 
the two preceding. 

It follows hence also, that the equation of the tangent 
plane at the same point is 

In like manner the tangent plane at the other point where 
the same radius vector meets the surface is 

^' (1 -§) + yy' (1 -|!) + ««' (1 -^) = VP' 
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435. If be the angle whicli the perpendicular on the 
tangent plane makes with the radius vector, we have P=p cos tf; 

but wo have in the last article proved P'= f, ;, . Hence 

cos'5=-Y^ — ^^ tan^5=^. This expression may be trans- 
formed by means of the values given for p and p (Art. 173). 
We have therefore 

. _ aW (a»-p«)(y-p')(c«-p') 



Whence tan^5 = — 



('-ft('-i:)('-S 



1-4 



P 

In this form the expression is analogous to the value for the 
angle between the normal and central radius vector of a plane 
ellipse, viz., 

In the case of the wave surface it is manifest that iand vanishes 
only when p = a, &, or c, and becomes indeterminate when 

436. The expression tantf=-^ leads to a construction for 

the perpendiculars on the tangent planes at the points where 
a given radius vector meets the two sheets of the surface. 
The perpendiculars must lie m one or other of two fixed 
planes (Arts. 433, 434), and if a plane be drawn perpendicular 
to the radius vector at a distance py it is evident from the 
expression for tand, that p' is the distance to the radius vector 
from the point where the perpendicular on the tangent plane 
meets this plane. Thus we have the construction, "Draw a 
tangent plane to the generating ellipsoid perpendicular to the 
given radius vector, from Its point of contact let fall perpen- 
diculars on the two planes of Art. 433, then the lines joining 
to the centre the feet of these perpendiculars, are the perpen- 
diculars required. 
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We obtain by reciprocation a similar construction, to de- 
termine the points where planes parallel to a given one touch 
the two sheets of the surface. 

437. I have sometimes found it convenient to transform 
the equation of the surface, as at Art. 180, so as to make 
the radius vector to any point on the surface the axis of «, 
and the axes of the corresponding section of the generating 
ellipsoid the axes of x and y. We may write the equation 
of the surface in the form 



+ aWg + |;4-J-fl)==0. 



Now a?" 4-^*4-2* remains unaltered by transformation, and we 
have given, Arts. 183, 184, the transformations of 

-a + 7i + -^ , aV-j- Jy + cV. 

Consequently the transformed equation is 
{i>V + (y* + p^) x' + ip" + p") y' 4 2pp'xz + 2pj>"yz + 2pyxy} 
x{x'-\-y'-\- z') - /V (p» 4 p'') - a? {pY -\-p" p" +p"y 4 p V^ 
- y" {fp'"+py'+pY-^ pT) -^PPp'^xz -« 2pp"p'yz-\-pyp''=0. 
In this transformation we have substituted for the quantity 
called t" (Art. 183), its value derived from the equation 

1-1 1 l«l_i. 

7'' " a'* ■*■ 6* "^ c* p« p" ' 

and have also used the identical equation 

JV + (?a' + a'b' =i>« y 4 p") +p''p'' 4/ V + PV- 

It is easy to see that if we make x and ^ = in the equation 
thus transformed, we get for «* the values p' and p" as we 
ought. 

If we transform the equation to parallel axes through the 
point z = p^ the linear part of the equation becomes 

2pp{p'-p'^{pz+p'x), 

from which the results already obtained as to the position of 
the tangent plane may be independently established. 
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By expanding the terms of the second degree, the values 
of the principal radii of curvature, and the directions of cur- 
vature can be established, but I have arrived at no results of 
importance. 

438. The equation of the reciprocal of the wave surface 

b got by writing — for a, &c., in the equation of the wave 

a 

surface ; and if this be transformed as in the preceding article, 

it becomes 

{«« + y' + z') {pYa? +pVy' - 2j)p'p"xz - 2pp"p'i/z 

+ z [p p +p p •\-pp )] 

- ^" (/+/>""+ p") ^-^" (?"+/"+ p") f- ^' (p"+i>""+ p" + p1 «' 

+ 2\yp"act/ + 2\^pp'xz + 2\*pp"yz + X^ = 0. 

X* 
We know that the surface is touched by the plane «? = — , 

and if wo put in this value for z^ we find, as we ought, a 

»'X* 
curve having for a double point the point y = 0, x =- — . 

If in the equation of the curve we make y = 0, we get 

(^-^y{pV4^;(p'»-p')}, 

from which we learn that that chord of the outer sheet of the 
wave surface which joins any point on the inner sheet to the 
foot of the perpendicular from the centre on the tangent plane 
is bisected at the point on the inner sheet. The inflexional 
tangents are parallel to 

a result of which I do not see any geometrical interpretation.* 



* I have no space for a discussion what the lines of curvature on the 
wave surface are not, though a hasty assertion on this suhject in Crelle's 
Journal has led to interesting investigations by M. Bertrand, Comptes 
Msndus, Nov. 1858; Combescure and Brioschi, TortoHiii's Annali di Mate- 
maiicaf Vol. II., pp. 135, 278. It is worth while to cite an observation 
of Brioschi, that if in the plane 2ir -i- my -f ns = 0; l,m,n,<p be functions 
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439. We shall next consider the surface parallel to a given 

quadric, that is to say, the surface which may either be defined 

as the envelope of planes parallel to the tangent planes of 

the quadric, and at a given distance from them; or else as 

the locus of the points taken on the normals at a fixed distance 

from the surface, [Higher Plane Curves^ p. 273). It is evident 

that the sphere whose centre is any point on the parallel surface, 

and radius the given distance, will touch the original quadric. 

We can then most easily form the equation of the parallel 

surface by expressing (Art. 127) the condition that the given 

. a? v^ z^ 
quadric -5 + tj + -« — 1, may be touched by the sphere 

This is done by forming the discriminant with respect to f, 
of a biquadratic whose coefl^cients are given p. 112, but which 
may be written in the form 

to' </y trf _ , 

The result represents a surface of the twelfth degree, but which, 
when we make A: = 0, reduces to the quadric taken twice, to- 
gether with the imaginary developable (Art. 203) which en- 
velopes all quadrics confocal to the given one. This readily 
appears from the form in which the equation of the biquadratic 
has been written. 

440. The locus of the feet of perpendiculars let fall, from 
any fixed point, on the tangent planes of a surface is a de- 

of two Tariables u, r, as in Art. 373, then the plane will envelope a surface 
in which cunres of the families u = constant, v - constant, will, at their 
intersection, be touched by conjugate tangents of the surface, if the con- 
dition be fulfilled, 

/, m, fi, 

^, ms, n„ 08 

hit ♦Wjy fii2, 012 = 0. 

where the suffixes 1, 2, denote differentiation with respect to u and v 
respectively: while the curves will cut at right angles if 

(/* + mN «") {lih + wiiwa + fiifi,) = (^1 + mm^^ + nni) (U^ + mnh, + nn^). 

BB 
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rived surface to which French mathematiciaDS have of late 
thought it worth while to give a distinctive name, "podaire," 
which we shall translate as the pedal of the given surface. 
From the pedal may, in like manner, be derived a new surface, 
and from this another, &c. forming a series of second, third, 
&c. pedals. Again, the envelope of planes drawn perpendicular 
to the radii vectores of a surface, at their extremities is a 
surface of which the given surface is the pedal, and which we 
may call the first negative pedal. The surface derived in like 
manner from this is the second negative, and so on. Pedal 
curves and surfaces have been studied in particular by Mr. W. 
Roberts, Liouville^ Vols. x. and xii., by M. Tortolini, and by 
Mr. Hirst, Tortolini's Annalij Vol. ii., p. 95. We shall here 
give some of their results, but must omit the greater part of 
them, which relate to problems concerning rectification, quad- 
rature, &c., which, on account o*f want of space, cannot be 
included in this treatise. If Q be the foot of the perpendicular 
from on the tangent plane at any point P, it is easy to 
see that the sphere described on the diameter OP touches 
the locus of Q] and consequently the normal at any point Q 
of the pedal passes through the middle point of the cor- 
responding radius vector OP. It immediately follows hence 
that the perpendicular OB on the tangent plane at Q lies 
in the plane POQj and makes the angle QOR^POQ^ so 
that the right-angled triangle QOR is similar to POQ] and 
if we call the angle QOR^ a, so that the first perpendicular OQ 
is connected with the radius vector by the equation p = p cos a, 
then the second perpendicular OR will be p cos*a, and so on.* 
It is obvious that if we form the polar reciprocals of a 
curve or surface A and its pedal jS, we shall have a surface a 
which will be the pedal of b] hence if we take a surface 8 
and its successive pedals 8^^ 8^^ •••^«? ^^^ reciprocals will be 

* Thus the radius vector to the n^ pedal is of length p cos" a, and 
makes with the radius vector to the curve the angle na. Using this defini- 
tion of the method of derivation Mr. Roberts has considered fractional 
derived curves and surfaces. Thus for n » }, the curve derived from the 
ellipse is Cassini's oval. An analogo()8 surface may be derived from the 
ellipsoid. 
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a series 8'j S'^^j 8'_^^ •••^'-*) t^® derived in the latter case 
being negative pedals. 

It is also obvious that the first pedal is the im)er8e {Higher 
Plane Curves^ p. 239) of the polar reciprocal of the given sur- 
face (that is to say, the surface derived from it by substituting 
in its equation, for the radius vector, its reciprocal) ; and that 
the inverse of the series /S^, /S^, ...S; will be the series 

441. As we shall not have opportunity to return to the 
general theory of inversion, w^e give in this place the following 
statement (taken from Hirst, Tortolini^ Vol. II., p. 165) of the 
principal properties of inverse surfaces. 

(1) Three pairs of corresponding points on two inverse 
surfaces lie on the same sphere, (and two pairs of corresponding 
points on the same circle) which cuts orthogonally the unit 
sphere whose centre is the origin. 

(2) By the property of a quadrilateral inscribed in a circle 
the line ab joining any two points on one curve makes the 
same angle with the radius vector Oa, that the line joining 
the corresponding points db' makes with the radius vector OV. 
In the limit then, if ab be the tangent at any point a, the 
corresponding tangent on the inverse curve makes the same 
angle with the radius vector. 

(3) In like manner for surfaces, two corresponding tangent 
planes w-e equally inclined to the radius vector, the two cor- 
responding normals lying in the same plane with the radius 
vector, and forming with it an isosceles triangle whose base 
is the intercepted portion of the radius vector. 

(4) It follows immediately from (2) that the angle which two 
curves make with each other at any point is equal to that which 
the inverse curves make at the corresponding point. 

(5) In like manner it follows from (3) that the angle which 
two surfaces make with each other at any point is equal to that 
which the inverse surfaces make at the corresponding point. 

(6) The inverse of a line or plane is a circle or sphere 
passing through the origin. 

BB2 
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(7) Any circle may be considered as the intersection of a 
plane, and a sphere A through the origin. Its inverse there- 
fore is another circle, which is a sub-contrary section of the 
cone whose vertex is the origin, and which stands on the given 
circle. 

(8) The centre of the second circle lies on the line joining 
the origin to a the vertex of the cone circumscribing the sphere 
A along the given circle. For a is evidently the centre of 
a sphere B which cuts A orthogonally. The plane therefore 
which is the inverse of A cuts B' the invei'se of B orthogonally, 
that is to say, in a great circle, whose centre is the same as 
the centre of B\ But the centres of B and of B' lie in a right 
line through the origin. 

(9) To a circle osculating any curve, evidently corresponds 
a circle osculating the inverse curve. 

(10) For inverse surfaces, the centres of curvature of two 
corresponding normal sections lie in a right line with the origin. 
To the normal section a at any point m corresponds a curve 
a' situated on a sphere A passing through the origin; and 
the osculating circle d of ol is the inverse of c the osculating 
circle of ou If now a^ be the normal section which touches 
a' at the point m\ then by Meunier's theorem, the centre of 
c' is the projection on its plane of the centre of c^ the oscu- 
lating circle of a^. But the normal inc^ evidently touches the 
sphere A at m\ so that c^ is the vertex of the cone circiunscribed 
to A along o', and theorem (10) therefore follows from theorem (8). 

(11) To the two normal sections at m whose centres of 
curvature occupy extreme positions on the normal at ?n, will 
evidently correspond two sections enjoying the same pro- 
perty; therefore to the two principal sections on one surface 
correspond two principal sections on the other, and to a line 
of curvature on one, a line of curvature on the other. 

. . a:" V* «■ 
442. The first pedal of the ellipsoid -i + ti + -« = 1) being 

the inverse of the reciprocal ellipsoid, has for its equation 
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This surface Is Fresnel's " Surface of Elasticity." The inverse 
of a system of confocals cutting at right angles is evidently a 
system of surfaces of elasticity cutting at right angles; the 
lines of curvature therefore of the surface of elasticity are 
determined as the intersection with it of two surfaces of the 
same nature derived from concyclic quadrics. 

The origin is evidently a double point on this surface, and 
the imaginary circle in which any sphere cuts the plane at 
infinity is a double line on the surface. 

443. Mr. Cayley first obtained the equation of the first 
negative pedal of a quadric, that is to say, of the envelope 
of planes drawn perpendicular to the central radii at their 
extremities. It is evident that if we describe a sphere passing 
through the centre of the given quadric, and touching it at 
any point oiy'z'i then the point ocyz on the derived surface 
which corresponds to 7!y'z\ is the extremity of the diameter 
of this sphere, which passes through the centre of the quadric. 
We thus easily find the expressions 

.=.'(2-1,), y=y(2-^.), -.'(24,); 

where e = x'* + y* + «'*. 

Solving these equations for x^ y\ z' and substituting their 
values In the two equations 

m'* v'^ z^ 

x* y a* 



we get 



z* 



+ . *^ .v« + — T— rr«= 1- 



"•(-i-y ^(-1)' <^-'?)' 

Now the second of these equations is the differential, with 
respect to tj of the first equation; and the required surface 
is therefore represented by the discriminant of this equation, 
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which we can easily form, the equation being only of the fourth 
degree. If we write this biquadratic 

it will be found that A and B do not contain x^ y^ Zy while 
(7, 2>, E contain them, each in the second degree. Now the 
discriminant is of the sixth degree in the coefficients, and is 
of the form A<l) + B*'^] consequently it can contain a;, y, z 
only in the tenth degree. This therefore is the degree of the 
surface required. 

Its section by one of the principal planes consists of the 
first negative pedal of the corresponding principal section of 
the ellipsoid, which is a curve of the sixth order, together with 
a conic, counted twice, which is a double curve on the surface. 
The double points on the principal planes answer to points 
on the ellipsoid for which a/*H-y'* + «'* = 2a* or 2ft" or 2c*, as 
easily appears from the expressions given for a;, ^, 2; in the 
beginning of the article. There is a cuspidal conic at infinity, 
and besides, a finite cuspidal curve of the sixteenth degree. 

The reader will find {Philosophical Transactions^ 1858, and 
Tortoliniy Vol. ii., p. 168) a discussion by Mr. Cayley of the 
different forms assumed by the surface and by the cuspidal and 
nodal curves according to the different relative values of a*, J", c*. 

444. Mr. W. Roberts has solved the problem discussed 
in the last article in another way, by proving that the problem 
to find the negative pedal of a surface, is identical with that 
of forming the equation of the parallel surface. The former 
problem is to find the envelope of the plane 

xx' ^^ yy' -\' zz' ^ x^ -^ y'* -\' z'^ 

where x\ y\ z' satisfy the equation of the surface. The second 
problem, being that of finding the envelope of a sphere whose 
centre is on the surface and radius = A;, is to find the envelope of 

[x^xJ^{y-yy-\-{z^zy^k\ 

or 2xx + 2yy + 2zz = a?" + y* + «* - A^ + a;'* + y'* + a'*. 

Now in finding this envelope the unaccented letters are treated 
as constants, and it is evident that both problems are particular 
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cases of the problem to find, under the same conditions, the 
envelope of 

ax +bi/' + cz' =^x'* + y'*-\' z'^-^d. 

And it is evident that if we have the equation of the parallel 
surface, we have only to write in it for A", a^H-y*+«*, and 
then ^Xj ^1/j \z for a;, y, 2; ; when we have the equation of the 
negative pedal. Thus having obtained by Art. 439 the equation 
of the parallel to a quadric, we can find by the substitutions 
here explained, the equation of the first negative, the origin 
being anywhere, as easily as when the origin is the centre. 
Further, if we write for A;, k-^k\ and then make the same 
substitution for k^ we obtain the first negative, the origin being 
anywhere, of the parallel to the qpadric, a problem which it 
would probably not be easy to solve in any other way. 

Having found, as above, the equation of the first .negative 
of a quadric, we have only to form its inverse, when we have 
the equation of the second positive pedal (Art. 440). 

Ex. 1. To find the envelope of planes drawn perpendicularly at the 
extremities of the radii vectores to the plane ax ^' by + ez -^ d. 

Here the parallel surface consists of a pair of planes, whose equation 
is (ojr + fty -h cz + d/ = A:*, that of the envelope is therefore 

(ax + 6y + c« + 2dy = ar" + y* 4 «'. 

Ex. 2. To find, in like manner, the first negative of the sphere 

(x-a)« + (y-^)« + (2-^)« = r«. 

The parallel surface consists of the pair of concentric spheres 

The envelope is therefore 

(X - 2ay + (y - 2/3/ + (« - 27)" = {2r ± VC** + y* + «")}', 
which denotes a quadric of revolution. 
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CHAPTER XIV. 

SURFACES OF THE THIRD DEGREE. 

445. The general theory of surfaces, explained p. 190, &c., 
gives the following results, when applied to cubical surfaces. 
The tangent cone whose vertex is any point, and which en- 
velopes such a surface is, in<^eneral, of the sixth degree, having 
six cuspidal edges and no ordinary double edge. It is con- 
sequently of the twelfth class, having twenty-four stationary, 
and twenty-seven double tangent planes. Since then through 
any line twelve tangent planes can be drawn to the surface, 
any line meets the reciprocal in twelve points ; and the reciprocal 
is, in general, of the twelfth degree. Its equation can be 
found as at Higher Plane Curves^ p. 99. The problem is the 
same as that of finding the condition that the plane 

should touch the surface. Multiply the equation of the surface 
by £', and then eliminate iw by the help of the equation of 
the plane. The result is a homogeneous cubic in x^ y, z^ 
containing also a, ^, 7, h in the third degree. The discriminant 
of this equation is of the twelfth degree in its coefficients, 
and therefore of the thirty-sixth in aP^^i : but this consists of 
the equation of the reciprocal surface multiplied by the 
irrelevant factor S**. The form of the discriminant of a homo- 
geneous cubical function in a;, y, 2 is 64/5*= T* {Higher Plane 
Curves^ p. 190). The same then will be the form of the re- 
ciprocal of a surface of the third degree, 8 being of the fourth, 
and T of the sixth degree in a, )9, 7, 5; (that is to say, 8 
and T are contravarianta of the given equation of the above 
dcgi*ees). It is easy to see that they are also of the same 
degree in the coefficients of the givep equation. 
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446. Surfaces may have either multiple points or multiple 
lines. When a surface has a double line of the degree p ; 
then any plane meets the surface in a section having p double 
pomts. There is, therefore, the same limit to the degree of 
the double curve on a surface of the n"* degree, that there is 
to the number of double points on a curve of the n^ degree. 
Since a curve of the third degree can have only one double 
point ; if a surface of the third degree has a double line, that 
line must be a right line.* A cubic having a double line is 
necessarily a ruled surface, for every plane passing through 
this line meets the surface in the double line, reckoned twice, 
and in another line; but these other lines form a system of 
generators resting on the double line as director. If we make 
the double line the axis of z^ the equation of the surface will 
be of the form 

(aa? + Sba^y + Zcxy^ + c?y ) + z (a V + 2b' xy -\- df) 

which we may write m,4-«m, + v, = 0. At any point on the 
double line there will be a pair of tangent planes zu^ + r^ = 0. 
But as z* varies this denotes a system of planes in involution 
(Conies^ p. 287). Hence the pair of tangent planes at any point 
on the double line^ are two conjugate planes of a system in in" 
volution. 

There are two values of «', real or imaginary, which will 
make z'u^ + v^ a perfect square; there are therefore two points 
on the double line at which the tangent planes coincide; and 
any plane through either of which meets the surface in a section 
having this point for a cusp. If the values of these squares 
be X^ and 1^, it is evident that u^ and v, can each be expressed 
in the form lX*-\-mY*. J£ then we turn round the axes so 

* If a surface have a double or other multiple line, the reciprocal 
formed by the method of the last article would vanish identically ; because 
then every plane meets the surface in a curve having a double point, 
and therefore the plane ax ^ py ^ *^z ^ Su> is to be considered as touching 
the surface, independently of any relation between a, p, ry, i. The re- 
ciprocal can be formed in this case by eliminating x, y, z, w between u s 0, 
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as to have for co-ordinate planes, the planes X, Yj that is to 
say, the tangent planes at the cuspidal points ; then every term 
in the equation will be divisible by either a?" or y\ and the 
equation may be reduced to the form zof^xm^.* 

In this form it is evident that the surface is generated by 
lines y = \a:, « = X"m7; intersecting the two directing lines a?y, 
zw\ and the generators join the points of a system on zw 
to the points of a system in involution on xy^ homographic 
with tlie first system. Any plane through zw meets the surface 
in a pair of right lines, and is to be regarded as touching the 
surface in the two points where these lines meet zw. Thus 
then as the line a?y is a line, every point of which is a double 
point, so the line zw is a line, every plane through which is 
a double tangent. The reciprocal of this surface, which is 
that considered Art. 419, is of like nature with itself. 

The tangent cone whose vertex is any point, and which 
envelopes the surface, consists of the plane joining the point 
to the double line, reckoned twice, and a proper tangent cone 
of the fourth order. When the point b on the double line the 
cone reduces to the second order. 

447. There is one case, to which my attention was called 
by Mr. Cayley, in which the reduction to the form za?=^wi^ 
is not possible. If u^ and t?,, in the last article, have a common 
£actor, then choosing the plane represented by this for one of 
the co-ordinate planes, we can easily throw the equation of 
the surface into the form y* H-a;(«ajH-iry) = 0. 



* It is here supposed that the planes X, Y, the double planes of the 
83rstem iu involution, are real We can always, however, reduce to the 
form to {x* ± y*) + 2«j:y, the upper sign corresponding to real, and the 
lower to imaginary, double planes. In the latter case the double line 
is altogether '< really^ in the surface, every plane meeting the sur&ce is 
a section having the point where it meets the line for a real node. In 
the former case this is only true for a limited portion of the double line, 
sections which meet it elsewhere having the point of meeting for a con- 
jugate point ; the two cuspidal points marking these limits on the double 
line. A right line, every point of which is a cusp, cannot exist on a 
cubic unless when the surface is a cone. 
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The plane x touches the surface along the whole length of 
the double line, and meets the surface in three coincident right 
lines. The other tangent plane at any point coincides with 
the tangent plane to the hyperboloid zx + vy. This case may 
be considered as a limiting case of that considered in the last 
article; viz., when the double director xy coincides with the 
single one wz. The following generation of the surface may 
be given. Take a series of points on xy^ and a homographic 
series of planes through It; then the generator of the cubic 
through any point on the line, lies in the corresponding plane, 
and may be completely determined by taking as director any 
plane cubic having a double point where its plane meets the 
double line.* 

448. The argument which proves that a proper cubic curve 
cannot have more than one double point does not apply to 
surfaces. In fact the line joining two double points, since it 
is to be regarded as meeting the surface in four points, must 
lie altogether in the surface; but this does not imply that the 
surface breaks up into others of lower dimensions. The con- 
sideration of the tangent cone however supplies a limit to the 
number of double points on any surface. We have seen 
(Art. 251) that the tangent cone necessarily has a certain 
number of double and cuspidal edges, and since every double 
point on the surface adds a double edge to the tangent cone, 
there cannot be more double points than will make up the 
total number of double edges of the tangent cone to the 
maximum number which such a cone can have. Thus a curve 
of the sixth degree having six cusps can have only four other 
double points; therefore since the tangent cone to a cubic is 
of the sixth order, having six cuspidal edges, the surface can 
at most have four double points. 

When a surface has a double point, the line joining this 
point to any assumed point is, as has been said, a double edge 
of the tangent cone from the latter point; and it is easy to 

* The reader is referred to an interesting geometrical memoir on cubical 
ruled surfaces by Cremona, *' Atte del Keale Istituto Lombardo/' Vol. IL, 
p. 291. 
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Bcc that the tangent planes along this double edge are the planes 
drawn through this line to touch the cone generated by the tan- 
gents at the double point. If then this cone break up into two 
planes, it follows that such a point entails a cuspidal edge on the 
tangent cone through any assumed point. A cubic then can 
have only three such biplanar double points. The reciprocal 
of a cubic then having one or more double points may be 
of any degree from the tenth to the third, each ordinaiy 
double point reducing the degree by two, and each biplanar 
by three. 

If the two planes of contact at a biplanar point coincidei 
the line joining this to any assumed point will be a trij)Je edge 
on the tangent cone through that point, and the degree of the 
reciprocal will be reduced by six. 

Ex. 1. What is the degree of the reciprocal of xyz = u^? 
Ans, There are three biplanar points in the plane tr, and the reci- 
procal is a cuhic. 

Ex. 2. What is the reciprocal of-f — + -+^=0? 

X y z w 

Ans, This represents a cubic having the vertices of the pyramid xytw 

for double points ; and the reciprocal must he of the fourth degree. 

The equation of the tangent plane at any point sfy'f^u/ can he thrown 

into the form -^ + —jr + -= + ^ = 0, whence it follows that the condition 
x^ y'* tr ur 

that ax + ^y -I- 7X -H dw should he a tangent plane is 

an equation which, cleared of radicals, is of the fourth degree. Oenemlly 
the reciprocal of ox" + by** + C2** + pw^ is of the form 

Aa^' + B^' + or' + Di^^ = 0, 

{Higher Plane Curves, p. 102). 

A cubic having four double points is also the envelope of 

flo" + ft/S* + C7* + 2//37 + 2m7a + 2iia/3, 

where a, b, c, I, m, n represent planes ; and 0:7, /3 : 7 are two variable 
parameters. It is obvious that the envelope is of the third degree ; and 
it is of the fourth class; since if we substitute the co-ordinates of two 
points we can determine four planes of the system passing through the 
line joining these points. 

The tangent cone to this surface, whose vertex is any point on the 
surface, being of the fourth degree, and having four double edges, must 
break up into two cones of the second degree. 
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449. The equation of a cubic having no multiple point may 
be thrown into the form oa?' + ly* + cz^ + dv^ + ew^ = 0, where 
a;, y, z^ V, w represent planes, and where for simplicity we 
suppose that the constants implicitly involved in a?, y, &c. have 
been so chosen, that the identical relation connecting the equa- 
tions of any five planes (Art. 37) may be written in the form 
x-{-y-\-z-\-v-\-w^O, In fact the general equation of the third 
degree contains twenty terms and therefore nineteen indepen- 
dent constants, but the form just written contains five teims 
and therefore four expressed independent constants, while besides 
the equation of each of the five planes implicitly involves three 
constants. The form just written therefore contains the same 
number of constants as the general equation. This form given 
by Mr. Sylvester in 1851 {Cambridge and Dublin Mathematical 
Journal^ Vol. VI., p. 199) is most convenient for the investi- 
gation of the properties of cubical surfaces in general.* 

450. If we write the equation of the first polar of any point 
with regard to a surface of the n^ order 

x'L + y'if + z'N^- wP^ 0, 



• It was obeeryed [Higher Plane Curves^ Art. 18) that two forms may 
apparently contain the same number of independent constants, and yet 
that one may be less general than the other. Thus when a form is found 
to contain the same number of constants as the general equation, it is 
not absolutely demonstrated that the general equation is reducible to this 
form ; and Clebsch has noticed a remarkable exception in the case of curves 
of the fourth order. In the present case, though Mr. Sylvester gave his 
theorem without further demonstration, he states that he was in posses- 
sion of a proof that the general equation could be reduced to the sum of 
five cubes and in but a single way. Such a proof has been published 
by Mr. Clebsch (Creile, Vol. LUL, p. 193). He erroneously ascribes the 
theorem in the text to Steiner, who gave it in the year 1856 (Creile, 
Vol. Llll., p. 133). It chanced that surfaces of the third order were 
studied in this country a few years before German mathematicians turned 
their attention to this subject, and consequently, though, as might be 
expected from his ability, M. Steiner's investigations led him to several 
important results, these had been almost all well known here some years 
before. 
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then, if it have a double point, that point will satisfy the 
equations 

aa! + nff + fnz' -\-pw' = 0, nx* -{- by' + Iz' -{• qw = 0, 
m/ai + ly + cz* + rw = 0, 'px + yy' + rz' + dw = 0, 

where a, ft, &c. denote second differential coefficients corre- 
sponding to these letters, as we have used them in the genenil 
equation of the second degree. Now if between the above 
equations we eliminate xyzw\ we obtain the locus of all points 
which are double points on first polars. This is of the degree 
4 (n — 2) and is in fact the Hessian (Art. 254). If we eliminate 
the xyzw which occur in a, ft, &c., since the four equations 
are each of the degree (n — 2), the resulting equation in x'y'z'w' 
will be of the degree 4 (w — 2)', and will represent the locus of 
points whose first polars have double points. Or, again, n is 
the locus of points whose polar quadrics are cones, while the 
second surface, which we shall call e/, is the locus of the vertices 
of such cones. In the case of surfaces of the third degree, it 
is easy to see that the four equations above written are sym- 
metrical between xyzxo and x'yz'w] and therefore that the 
surfaces H and J are identical. Thus then if the polar quadric 
of any point A with respect to a cubic be a cone whose vertex 
is Bj the polar quadric of B is a cone whose vertex is A. The 
points A and B are said to be corresponding points on the 
Hessian (see Higher Plane .Curves^ p. 154, &c.). 

451. The tangent plane to the Hessian of a cubic at A is 
the polar plane of B with respect to the cubic. For if we take 
any point A consecutive to A and on the Hessian, the pole 
of any plane through AA will be somewhere on the inter- 
section of the first polars of ^ and A '^ but these being con- 
secutive and both cones, it appears (as at Higher Plane Curves^ 
p. 155) that B^ the vertex of this cone, is a pole of any plane 
through -4, A\ and therefore of the tangent plane at A. And 
the polar plane of any point A on the Hessian of a surface of any 
degree is the tangent plane of the corresponding point B on the 
surface J, In particular the tangent planes to U along thepara-^ 
bolic curve J are tangent planes to the surface J: that is to say, 
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in the case of a cubic the developable circumscribing a cubic 
along the parabolic curvcj also circumscribes the Hessian. If 
any line meet the Hessian in two corresponding points -4, Bj 
and in two other points (7, 2>, the tangent planes tit A^ B 
intersect along the line joining the two points corresponding 
to C, D. 

452. We shall also investigate the preceding theorems by 
means of the canonical form. The polar quadric of any point 
with regard to ax^ + by^ ■\- cz^ + dv^ -{- ew^ is got by substituting 
for w its value — (a; + y + 2? + v), when we can proceed according 
to the ordinary rules, the equation being then expressed in 
terms of four variables. We thus find for the polar quadric 
axa^ -h J^y -f cz'z* -{■ dvv'* 4- ewio' = 0. If we differentiate this 
equation with respect to a?, remembering that dw = '- dx, we 
get ax'x = ew'w ; and since the vertex of the cone must satisfy 
the four differentials with respect to x^ y, z^ v, we find that 
the co-ordinates x\ y\ z\ v\ w of any point A on the Hessian 
are connected with the co-ordinates a?, y, «, v, w of 2?, the 
vertex of the corresponding cone, by the relations 

aa!x = hyy = czz = dvv = ew'w. 

And since we are only concerned with mutual ratios of co- 
ordinates, we may take 1 for the common value of these quan- 
tities and write the co-ordinates of -B, — , i 7-, i — 7 , , , , — -, . 

^ ax ^ by ^ cz ^ av ^ ew 

Since the co-ordinates of B must satisfy the identical relation 
i» + y + «H-vH-tt? = 0, we thus get the equation of the Hessian 

11111^ 
ax by cz av ew ' 

or hcdeyzvw + cdeazvwx -f deabvwxy + eabcwxyz + abcdxyzv = 0. 

This form of the equation shows that the line vw lies altogether 
in the Hessian, and that the point xyz is a double point on the 
Hessian; and since the five planes a;, y^ Zj Vj w give rise to 
ten combinations, whether taken by twos or by threes we have 
Mr. Sylvester's theorem that the Jive planes form a pentahedron 
whose ten vertices are double points on the Hessian and whose 
ten edges lie on the Hessian, The polar quadric of the point 
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xyz is dv'v* + evov?^ which resolves itself into two planes inter- 
secting along vt/?, any point on which line may be regarded 
as the point B corresponding to xyz*^ thus then there are ten 
points whose polar quadrica break up into pairs of planes ; these 
points are double points on the Hessian^ and the intersections of 
the corresponding pairs of planes are lines on the Hessian, It 
is by proving these theorems independently* that the reso- 
lution of the given equation into the sum of five cubes can 
be completely established. 

The equation of the tangent plane at any point of the 
Hessian may be written 

which, if we substitute for x\ — -, , &c., becomes 

ft 

ax'^x + hy'^y + cz'^z + dv^v + euf^w = 0, 

but this is the polar plane of the corresponding point with 
regard to U (Art 451). 

453. If we consider all the points of a fixed plane, their 
polar planes envelope a surface, which (as at Higher Plane 
Curves^ p. 152] is also the locus of points whose polar quadrics 
touch the given plane. The parameters in the equation of the 
variable plane enter in the second degree; the problem is 
therefore that considered (Ex. 2, Art. 448) and the envelope 
is a cubic surface having four double points. The polar planes 
of the points of the section by the cubic are the tangent planes 
at those points, consequently this polar cubic of the given plane 
is inscribed in the developable formed by the tangent planes 
to the cubic along the section by the given plane [Higher 



* It will appear from the appendix " on the order of systems of equa- 
tions/' that a symmetric determinant of p rows and columns, each con- 
stituent of which is a function of the n*" order in the variables, represents 
a surface of the np degree having kp{p* - \)n^ double points j and thus 
that the Hessian of a surface of the n^ degree always has 10 (n - 2f double 
points. 
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Plane Curves^ Art. 161). The polar plane of any point A of 
the section of the Hessian by the given plane, touches the 
Hessian (Art. 451) and is therefore a common tangent plane 
of the Hessian and of the polar cubic now under con- 
sideration. But the polar quadric of B^ being a cone whose 
vertex is A^ is to be regarded as touching the given plane 
at A] hence B is also the point of contact of this polar 
plane with the polar cubic. We thus obtain a theorem 
of Steiner's that the polar cubic of any plane touches the 
Hessian along a certain curve. This curve is the locus of 
the points B corresponding to the points of the section of 
the Hessian by the given plane. Now if points lie in any 
plane Ix -f my -\- m -hpv + qw^ the corresponding points lie on 

/ vn /i 10 (] 

the surface of the fourth order h, — I 1- 4- + — • Now 

ax by cz av ew 

the intersection of this surface with the Hessian is of the 

sixteenth order, and includes the ten right lines ay, zw^ &c. 

The remaining curve of the sixth order is the curve along 

which the polar cubic of the given plane touches the Hessian. 

The four double points lie on this curve; they are the 

points whose polar quadrics are cones touching the given 

plane. 

454. If on the line joining any two points x'yz^ x"y"z'\ 
we take any point x-{-\x'\ &c., it is easy to see that its 
polar plane is of the form P„ + \P^^ + ^*-Pw? where Pj„ P„ 
are the polar planes of the two given points, and Pj, is the 
polar plane of either point with regard to the polar quadric 
of the other. The envelope of this plane, considering X 
variable, is evidently a quadric cone whose vertex is the inter- 
section of the three planes. This cone is clearly a tangent 
cone to the polar cubic of any plane through the given line, 
the vertex of the cone being a point on that cubic. K the 
two assumed points be corresponding points on the Hessian, P,j 
vanishes identically ; for, the equation of the polar plane, with 
respect to a cone, of its vertex vanishes identically. Hence the 
polar plane of any point of the line joining two corresponding 
points on the Hessian parses through the intersection of the tangent 

CC 
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planes to the Hessian at these points.* In any assumed plane 
we can draw three lines joining corresponding points on the 
Hessian ; for the carve of the sixth degree considered in the 
last article meets the assumed plane in three pairs of corre* 
spending points. The polar cubic then of the assumed plane 
will contain three right lines; as will otherwise appear from 
the theory of right lines on cubics which we shall now explwi. 

455. We said, note, p. 29, that a cubical surface necessarily 
contains right lines, and we now enquire how many in general 
lie on the surface.t In the first place it is to be observed that 
if a right line lie on the surface, every plane through it is a 
double tangent plane because it meets the surface in a right 
line and conic; that is to say, in a section having two double 
points. The planes then joining any point to the right lines 
on the surface are double tangent planes to the surface and 
therefore also double tangent planes to the tangent cone whose 
vertex is that point. But we have seen (Art. 445) that the 
number of such double tangent planes is tioenty^-seven. 

This result may be otherwise established as follows: let 
us suppose that a cubic contains one right line, and let us 
examine in how many ways a plane can be drawn through 
that right line, such that the conic in which it meets the 
surface may break up into two right lines. Let the right 
line be wz] let the equation of the surface be toU^zV] let 
us substitute w^fiz^ divide out by z^ and then form the dis- 
criminant of the resulting quadric in a;, ^, z. Now in this 
quadric it is seen without difficulty that the coeffidents of 
0^, a;y, and ^ only contain /x in the first degree ; that those of 



* Steiner says that there are one hundred lines such that the polar 
plane of any point of one of them passes through a fixed line, but I 
belieTe that his theorem ought to be amended as above. 

t The theory of right lines on a cubical surface was first studied in 
the year 1849 in a correspondence between Mr. Cayley and me, the results 
of which were published, Canihridge and Dublin Mathematical Journal^ 
Vol. IV., pp. 118, 252. Mr. Cayley first observed that a definite number 
of right lines must lie on the surface; the determination of that number 
as above, and the discussions in Art 468 were supplied by me. 
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xz and yz contain fi in the second degree, and that of z* in 
the third degree. It follows hence that the equation obtained 
by equating the discriminant to nothing is of the fifth degree 
in /a: and therefore that through any right line on a cubical 
surface can be draum Jive planes^ each of which meets the surface 
in another pair of right lines; and consequently every right 
line on a cubic is intersected by ten others. Consider now the 
section of the surface by one of the planes just referred to. 
Every Une on the surface must meet in some point the section 
by this plane, and therefore must intersect some one of the 
three lines in this plane. But each of these lines is inter- 
sected by eight in addition to the lines in the plane; there 
are therefore twenty-four lines on the cubic besides the three 
in the plane; that is to say, twenty-seven in all. 

We shall hereafter show how to form the* equation of a 
surface of the ninth order meeting the given cubic in those 
lines. 

456. Since the equation of a plane contains three inde- 
pendent constants, a plane may be made to ftdfil any three 
conditions, and therefore a finite number of planes can be 
determined which shall touch a surface in three points. We 
can now determine this number in the case of a cubical surface. 
We have seen that through each of the twenty-seven lines 
can be drawn five triple tangent planes: for every plane 
intersecting in three right lines touches at the vertices of the 
triangle formed by them, these being double points in the 
section. The number 5 x 27 is to be divided by three, since 
each of the planes contains three right lines ; there are therefore 
in all forty-Jive triple tangent planes. 

457. Every plane through a right line on a cubic is obviously 

a double tangent plane; and the pairs of points of contojct Jwnn 

a system in involution. Let the axis of z lie on the surface, 

and let the part of the equation which is of the fii^ degree 

in X and y be (oa* + J» + c) a? + (a'«' + Vz + c ) y ; then the two 

points of contact of the plane y^fix are determined by the 

equation 

(a«" + J«4c)+/Lt(aV + J'« + c') = 0, 

CC2 
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but this denotes a system in involution {Conies^ p. 287). It 
follows hence, from the known properties of involution, that 
two planes can be drawn through the line to touch the surface 
in two coincident points : that is to say, which cut it in a line 
and a conic touching that line. The points of contact are 
evidently the points where the right line meets the parabolic 
curve on the surface. It was proved (Art. 256) that the right 
line touches that curve. The two points then where the line 
touches the parabolic curve, together with the points of 
contact of any plane through it, form a harmonic system. 
Of course the two points where the line touches the parabolic 
curve may be imaginary. 

458. The number of right lines may also be determined 
thus. The form ace^hdf^ (where a, J, &c. represent planes) 
is one which implicitly involves nineteen independent constants, 
and therefore is one into which the general equation of a 
cubic may be thrown.* This surface obviously contains nine 
lines {ah J cdy &c.). Any plane then a^fib which meets the 
surface in right lines meets it in the same lines in which it 
meets the hyperboloid ^ce^df. The two lines are therefore 
generators of different species of that hyperboloid. One meets 
the lines cd^ ef\ and the other the lines cf, de. And, since 
/i has three values, there are three lines which meet oi, ceZ, ef. 
The same thing follows from the consideration that the hyper- 
boloid determined by these lines must meet the surface in 
three more lines (Art. 313). 

Now there are clearly six hyperboloids, oi, erf, ef\ ahy cfj de^ 
&c., which determine eighteen lines in addition to the nine 
with which we started, that is to say as before, twenty-seven 
in all. 

If we denote each of the eighteen lines by the three which 
it meets, the twenty-seven lines may be enumerated as follows : 
there are the original nine oJ, arf, afj cbj erf, c/J eJ, erf, ef: to- 
gether with {ab.cd.ef)^^ {ab.cd,ef\^ {ab.cd.ef)^^ and in like 
manner three lines of each of the forms ab.cf.dej ad.bcefj 

* It will be found in one hundred and twenty ways. 
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ad.he.cf^ af.hc.de^ af.he.cd. The five planes which can be 
drawn through any of the lines cib are the planes a and h^ 
meeting respectively in the pairs of lines orf, af] bc^ he ; and 
the three planes which meet in [ab.cd.ef)^^ {ab.cf.de)^\ 
{ab.cd.ef\j [ab.cf.de\] {ab.cd.€f\^ (ah.cf.de\. The five 
planes which can be drawn through any of the lines {ab.cd.ef)^^ 
cut in the pairs of lines, oi, [ab.cj.de)^\ cd^ {af,cd,he\] 
e/5 {ad^hcef)^] and in {ad.be.cf)^j {af.bc.de)^] {ad.be.'cf\j 
[af,hc.de\, 

459. Prof. Schafli has made a new arrangement of the 
lines [Quarterly Journal of Mathematics^ Vol. II., p. 116) which 
leads to a simpler notation, and gives a clearer conception 
how they lie. Writing down the two systems of six non- 
intersecting lines 

aJ, erf, e/5 {ad,be.cf)^y {ad.be.cf)^y (ad.be.cf)^j 

cfj 6e, adj {ab,cd.ef)^j {ah.cd.ef)^^ (ab.cd.ef)^] 

it is easy to see that each line of one system, does not intersect 
the line of the other system which Is written in the same 
vertical line, but that it intersects the five other lines of the 
second system. We may write then these two systems 

«1? «97 «87 «4J «6> %i 

Ki K K \i hi *e^ 
which is what Schafli calls a " double-six." It is easy to see 
from the previous notation that the line which lies in the 
plane of a^, b^ is the same as that which lies in the plane of 
a^j 6j. Hence the fifteen other lines may be represented by 
the notation Cj„ c^^ &c., where c„ lies in the plane of a,, J„ 
and there are evidently fifteen combinations in pairs of the 
six numbers 1, 2, &c. The five planes which can be drawn 
through c,g are the two which meet in the pairs of lines 
a^ftj, ajb^^ and those which meet in c^c^^ ^n^4ti Vw There 
are evidently thirty planes which contain a line of each of the 
systems a, i, c : and fifteen planes which contain three c lines. 
It will be found that out of the twenty-seven lines can be 
constructed thirty-six "double-sixes." 
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460. We can now geometrically construct a system of 
twenty-seven lines which can belong to a cubical surface. We 
may start by taking arbitrarily any line a^ and five others 
which intersect it, J„ J„ J^, J^, J^. These determine a cubical 
(Surface, for if we describe such a surface through four of the 
points where a^ is met by the other lines and through three 
more points on each of these lines, then the cubic determined 
by these nineteen points contains all the lines, since each line 
has four points common with the surface. Now if we are 
given four non-intersecting lines, we can in general draw two 
transversals which shall intersect them all ; for the hyperboloid 
determined by any three meets the fourth in two points through 
which the transversals pass.* Through any four then of the 
lines &,, \j 5g, b^ we can draw in addition to the line a, another 
transversa] a,, which must also lie on the surface since it meets 
it in four points. In this manner we construct the five new 
lines a^j a^^ a^, a^, a^. If we then take another transversal 
meeting the four first of these lines, the theory already ex- 
plained shows that it will be a line \ which will also meet 




* If the hyperboloid touches the fourth line, the two transversals redace 
to a single one, and it is evident that the hyperboloid determined by any 
three others of the four lines also touches the remaining one. This remark 
I believe is Mr. Cayley's. If we denote the condition that two lines 
should intersect by (12), then the condition that four lines should be 
met by only one transversal is expressed by equating to nothing the 
determinant 

- (12), (13), (14) 

(21), - (23), (24) 

(31), (32), - (34) 

(41), (42), (43), - 

The vanishing of the determinant formed in the same manner from five 
lines, is the condition that they are all met by a common transversaL 
The vanishing of the similar determinant for six lines, expresses that 
they are connected by a relation which has been called the " involution of 
six lines : " and which will be satisfied when the lines can be the directions 
of six forces in equilibrium. The reader will find several interesting 
communications on this subject by Messrs. Sylvester and Cayley, and by 
M. Chasles, in the Oomptei Bendua for I86I9 Premier Semeeire, 
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the fifth. We have thus constructed a "double-six." We 
can then immediately construct the remaining lines by taking 
the plane of any pair aj>^^ which will be met by the lines 
j^i, a, in points which lie on the line c^c^. 

461. M. Sch&fli has made an analysis of the different 
species of cubics according to the reality of the twenty-seven 
lines. He finds thus five species: A. aU the lines and planes 
real; B, fifteen lines and fifteen planes real; G. seven lines 
and five planes real; that is to say, there is one right line 
through which five real planes can be drawn, only three of 
which contain real triangles; D. three lines and thirteen planes 
real : namely, there is one real triangle through every side of 
which pass four other real planes; and, E. three lines and 
seven planes real. 

I have also given [Cambridge and Dvhlin Mathematical 
Journal^ Vol. IV., p. 256) an enumeration of the modifications 
of the theory when the surface has one or more double points. 
It may be stated generally that the cubic has always twenty- 
seven right lines and forty-five triple tangent planes, if we 
count a line or plane through a double point as two, through 
two double points as four, and a plane through three such 
points as eight. Thus, if the surface has one double point, 
there are six lines passing through that point, and fifteen 
other lines one in the plane of each pair. There are fifteen 
treble tangent planes not passing through the double point. 
Thus 2x6 + 15 = 27; 2x15 + 15 = 45. 

Again, if the surface have four double points, the lines are 
the six edges of the pyramid formed by the four points (6 x 4), 
together with three others lying in the same plane, each of 
which meets two opposite edges of the pyramid. The planes 
are the plane of these three lines 1, six planes each through 
one 'of these lines and through an edge (6x2), together with 
the four faces of the pyramid (4x8). 

The reader will find the other cases discussed in the paper 
just referred to. 
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462. We shall in this section give an account of the 
principal invariants, covariants, &c. that a cubic can have. 
We only suppose the reader to have learned from the Lessons 
on Higher Algebra^ or elsewhere, some of the most elementary 
properties of these functions. An invariant of the equation 
of a surface is a function of the coefficients, whose vanishing 
expresses some permanent property of the surface, as for 
example that it has a nodal point. A covariant, as for 
example the Hessian, denotes a surface having to the original 
surface some relation which is independent of the choice of 
axes. A contravariant is a relation between a, ^, 7, S, ex- 
pressing the condition that the plane oa; -f /9^ + 7^ + Sw shall 
have some permanent relation to the given surface, as for 
example that it shall touch the surface. The property of 
which we shall make the most use in this section is that 
proved {Lessons on Higher Algebra^ p. 66), viz., that if we sub- 
stitute in a contravariant for a, ^, &c.,-^ , -y- , &c., and then 

operate on either the original function or one of its covariants 
we shall get a new covariant, which will reduce to an invariant 
if the variables have disappeared from the result. In like 

manner if we substitute in any covariant for a?, y, &c. -j- y jzj 

&c., and operate on a contravariant, we get a new contravariant. 
Now in discussing the properties of a cubic we mean to use 
Mr. Sylvester's canonical form in which it is expressed by the 
sum of five cubes. We have calculated for this form the 
Hessian (Art. 452), and there would be no difficulty in calcu- 
lating other covariants for the same form. It remains to show 
how to calculate contravariants in the same case. Let us 
suppose that when a function U is expressed in terms of four 
independent variables, we have got any contravariant in a, /8, 
7, S : and let us examine what this becomes when the function 
is expressed by five variables connected by a linear relation. 
But obviously we can reduce the function of five variables to 
one of four, by substituting for the fifth its value in terms 



^ 
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of the others: viz. w = - {x+y + e + v). To find then the 
condition that the plane ax + fiy-^-yz + Sv + tw may have any 
assigned relation to the given surface, is the same problem as 
to find that the plane (a — 6)a;+ (^ — e)y + (7 — 6)2 + (8 — e) v 
may have the same relation to the surface, its equation being 
expressed in terms of four variables ; so that the contravariant 
in five letters is derived from that in four by substitutmg 
a — e, ^ — e, 7 — e, S — e respectively for a, /3j 7, S. Every 
contravariant in five letters is therefore a function of the 
diflFerences between a, ^, 7, S, e. This method will be better 
understood from the following example. 

Ex. The equation of a quadric is given in the form 

ox* + fty* + «" K rff?" 4 cut" = 0, 

where x^y^z^v-^to-0: to find the condition that ax ^ /3y + 72 + ^t? 4 tw 
may touch the surface. If we reduce the equation of the quadric to a 
function of four variables by substituting for to its value in terms of the 
others, the coefficients of x^, y*, z*, »• are respectively a + c, bi e, c t-e, d ^ e 
while every other coefficient becomes e. If now we substitute these values 
in the equation of Art. 7d, the condition that the plane ax + /3y + 72 + iv 
touches, becomes 

a" {]bcd + 6ctf + cde -f dhe) + /3* {cda 4 cde 4 dae 4 ace) 4 7* (dab 4 dae 4 ahe 4 bde) 

+ i* (ahc 4 abe 4 hce 4 ca«) - 2e {adft'^ 4 M70 4 cdafi + Tfcad 4 cafid 4 ab^i) = 0. 

Lastly, if we write in the above for a, ^, &c., a - t, fi - ; &c., it 
becomes 

bed (a - f y 4 eda (fi - «)' + <^«* (7 " 0' ^abc{i- •)* ^■bce{a- i)* 4 c«« (yS - «)• 

+ abe (7 - if ^ade(p- 7)" 4 W« (a - 7)' 4 cde (a - /3)» » 0, 
a contravariant which may be briefly written ^cde (a - yS)* = 0. 

463. We have referred to the theorem that when a con- 
travariant in four letters is given, we may substitute for 
Oj fiyjj S differential symbols with respect to a?, !/j ^j ^j and 
that then by operating with the frinction so obtained on any 
covariant we get a new covariant. Suppose now that we operate 
on a function expressed in terms of five letters Xj y, «, r, w. 
Since X appears in this frmction both explicitly and also 
where it is introduced in Wj the differential with respect to 

a; is -p + -7— T- J or, in virtue of the relation connecting w 
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With the other variables, 7 -5— . Hence a contravariant in 

' ax aw 

four letters is tamed into an operating symbol in five by 

substituting for 

Q Si ^ ^ ^ d d d d d 
^^''^'^'di^dio'd^''dio'dk''dih' di" dio' 

But we have seen in the last article that the contravariant 

in five letters has been obtained from one in four, by writing 

for a, a — 8, &c. It follows then immediately that if in any 

contravariant in five letters we avhatitute for a, ^, y, S, e, 

a d a a a ■, , • 77*7 

-7- , -^ , -T- , J- , -J- ) ^^ obtain an operating symbol^ with 

which operating on the original function^ or on any covariantj 
toe obtain a new covariant or invariant. The importance of 
this is that when we have once found a contravariant of the 
form in five letters we can obtain a new covariant without 
the laborious process of recurring to the foim in four letters. 

Ex. We have seen that ^de {a - /3)* is a contravariant of the form 

ox* + 6y' + <»• + <f w' + ev^. 

If then we operate on the quadric with Icde [-3 — -7-] , the result, which 

only differs by a numerical factor from 

bcde + cdea + deab ^ eahe + abed 

is an inyariant of the quadric. It is in fact its discriminant, and could 
have been obtained from the expression Art. 63, by writing as in the last 
article a + 6, 6 + 6, c + tf, cf + • for a, 6, c, <( and putting all the other 
coefficients equal to e. 

464. In like manner it is proved that we may substitute 
in any covariant function for x^ y^ Zj Vj w^ differential symbols 
with regard to a, )3, 7^ S, e, and that operating with the function 
80 obtained on any contravariant we get a new contravariant. 
In fact if we first reduce the function to one of four variables, 
and then make the differential substitution which we have a 
right to doy we have substituted for 

d d d d , /d d d d\ 
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But since the contravariant in five letters was obtained from 
ihkt in four hj writing a - 8 for a, &c it is evident that the 
differentials of both with regard to a, ^9, 7, S are the same, 
while the differential of that in five letters with respect to 8 
is the negative sum of the differentials of that in four letters 
with respect to a, I3j 7, S. But this establishes the theorem. 
By this theorem and that in the last article we can, being 
given any covariant and contravariant, generate another, which 
again combined with the former gives rise to new ones 
without limit. 

465. The polar quadric of any point with regard to the 
cubic aa? -^ by* ■{■ cz* -{■ dv* + evf is 

Now the Hessian is the discriminant of the polar quadric. 
Its equation therefore, by Ex., Art. 463, is 2bcdeyzvw:=^0j as 
was already proved, Art. 452. Again, what we have called 
(Art. 453) the polar cubic of a plane 

being the condition that this plane should touch the polar 
quadric is (by Ex., Art. 462) 2cdezvw{a-l3y^0. This is 
what is called a mixed concomitant, since it contains both 
sets of variables a:, y, &c., and a, ^, &c. 

If now we substitute in this for a, fi. &c., — , t-i &Cm 

and operate on the original cubic, we get the Hessian; but 
if we operate on the Hessian we get a covariant of the fifth 
order in the variables, and the seventh in the coefficients to 
which we shall afterwards refer as 4>, 

4> = abcde'Labafr^z. 

In order to apply the method indicated (Arts. 463, 464) it 
is necessary to have a contravariant; and for this purpose I 
have calculated the contravariant a which occurs in the equation 
of the reciprocal surface, which, as we have already seen, is 
of the form 640^' = t'. The contravariant a expresses the 
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condition that any plane ax + ^^ + &c. should meet the surface 
in a cubic for which Aronhold's invariant 8 vanishes. If is 
of the fourth degree both in a, j3^ &c. and in the coefficients 
of the cubic. In the case of four variables the leading term 
is a* multiplied by the 8 of the ternary cubic got by making 
a; = in die equation of the surface. The remaining terms 
are calculated from this by means of the differential equation 
[Lessons in Higher Algebra^ p. 70). The form being found 
for four variables, that for five is calculated from it as in 
Art. 462. I suppress the details of the calculation which 
though tedious presents no difficulty. The result is 

<r = 2aAcrf(a-6)(/3-e)(7-e)(S-£) [1], 

For facility of reference I mark the contravariants with 
numbers between brackets and the covariants by numbers be- 
tween parentheses, the cubic itself and the Hessian being 
numbered (1) and (2). We can now, as already explained, 
from any given covariant and contravariant generate a new 
one, by substituting in that in which the variables are of lowest 
dimensions, differential symbols for the variables, and then 
operating on the other. The result is of the difference of 
their degrees in the variables, and of the sum of their degrees 
in the coefficients. K both are of equal dimensions, it is in- 
different with which we operate. The result in this case is 
an invariant of the sum of their degrees in the coefficients. 
The results of this process are given in the next article. 

466. (a) Combining (I) and [1], we expect to find a con- 
travariant of the first degree in the variables, and the fifth 
in the coefficients; but this vanishes identically. 

(J) (2) and [1] gives an invariant to which we shall refer 
as invariant A^ 

A = 2 JVc?e* - 2aicefeSaJc. 

If A be expressed by the symbolical method explained 
[Lessons on IHgher Algebra^ p. 77), its expression is 

(1235) (1246) (1347) (2348) (5678)". 
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(c) Combining [1] with the square of (1) we get a covariant 
quadric of the sixth order in the coefficients 

aiafe (oaj^ + Jy* + C2' + Jit" + eM?") (3), 

which expressed symbolically is (1234) (1235) (1456) (2456). 

{d) (3) and [1] gives a contravariant quadric 

a'^JV^e'S (a -/3)" [2]. 

(e) (1) and [2] gives a covariant plane of the eleventh order 
in the coefficients 

d'hVdV {ax -^^ by + cz -^ dv + ew) (4). 

(/) (3) and [2] gives an invariant -B, 

aVc^cTe* (aH-J + c + rf + 6). 

[g) Combining with (3) the mixed concomitant (Art. 465) 
we get a covariant cubic of the ninth order in the coefficients 

abcde^cde {a + b) zvw (5). 

(h) Combining (5) and [1] we have a linear contravariant 
of the thirteenth order, viz. 

ahcde2 {a - ft) (a - fi) {{a + b) c'eTe* - abcde {cd+de + ec)}. 

It seems unnecessary to give further details as to the steps 
by which particular covarlants are found, and we may therefore 
sum up the principal results. 

467. It is easy to see that every invariant is a symmetric 
function of the quantities a, ft, c, J, e. If then we denote the 
sum of these quantities, of their products in pairs, &c., by 
Pj Si ^> *j ^5 cv^ry invariant can be expressed in terms of 
these five quantities, and therefore In terms of the five following 
fundamental invariants, which are all obtained by proceeding 
with the process exemplified in the last article 

^ = ««-4re, jB=e>, (7=<*«, 2) = ^j, E=f; 

whence also C^ — AE^A^fr. 

We can, however, form skew invariants which cannot be 
rationally expressed in terms of the five fundamental invariants, 
although their squares can be rationally expressed in terms of 
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these qnantities. The Bimplest invariant of this kind is got 
by expressing in terms of its coefficients the discriminant 
of the equation whose roots are a, by c, dj e. This, it will 
be found, gives in terms of the fundamental invariants 
Aj Bj (7, -D, -B, an expression for t^ multiplied by the product 
of the squares of the differences of all the quantities a, b^ &c. 
This invariant being a perfect square, its square root is an 
invariant F of the one hundredth degree. Its expression in 
terms of the fundamental invariants is given, Philosophuxd 
Transactions^ 1860, p. 233. 

The discriminant can easily be expressed in terms of the 
fundamental invariants. It is obtained by eliminating the 
variables between the four differentials with respect to a;, ^, Zy v, 
that is to say, 

Hence aj', ^, &c. are proportional to bcde^ cdea^ &c. Sub- 
stituting then in the equation a;+y + 2? + v4-w7 = 0, we get the 
discriminant 

i^[bcde) + \/[cdea) 4- *i/{deab) + \/[eabc) + \/{abcd) = 0. 

Clearing of radicals, the result, expressed in terms of the 
principal invariants, is 

(-4» - 645)' = 16384 (2) + 2^ C). 

468. The cubic has four fundamental covariant planes of 
the orders 11, 19, 27, 43 in the coefficients, viz. 

L = <*2aa;, L ^e^bcdexy 1!' =^t^cfxy U'^f'Safx. 

Every other covariant, including the cubic itself, can in 
general be expressed in terms of these four, the coefficients 
being invariants. The condition that these four planes should 
meet in a point, is the invariant F of the one hundredth 
degree. 

There are linear contravariants the simplest of which, of the 
thirteenth degree, has been already given; the next being of 
the twenty-first, <*2(a- J) (a — ^); the next of the twenty- 
ninth, ^Sode (a — i) (a — ^8), &c. 
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There are covariant quadrics of the sixth, fourteenth, twenty- 
second, &c. orders ; and contravariants of the tenth, eighteenth, 
&c. the order increasing by eight. 

There are covariant cubics of the ninth ordter 2tcde {a-\-b)zuVj 
and of the seventeenth, ^SaV, &c. 

If we call the original cabic Z7, and this last covariant F, 
since if we form a covariant or invariant of U+Wj the 
coefficients of the several powers of X are evidently covariants 
or invariants of the cubic: it follows that given any covariant 
or invariant of the cubic we are discussing, we can form from 
it a new one of the degree sixteen higher in the coefficients, 
by performing on it the operation 

\ da do dc da dej 

Of higher covariants we only think it necessary here to mention 
one of the fifth order, and fifteenth in the coefficients exyzvw 
which gives the five fundamental planes: and one of the 
ninth order, © the locus of points whose polar planes with 
respect to the Hessian touch their polar quadrics with respect 
to U. Its equation is expressed by the determinant at the 
top of p. 50, if a, )8, &c. denote the first difierentlal coefficients 
with respect to the Hessian, and a, i, &c. the second diffe- 
rentials with respect to the cubic. 

The equation of a covariant whose intersection with the 
given cubic determines the twenty-seven lines is = 4H4>, 
where 4> has the meaning explained, Art. 465. We shall give 
M. Clebsch's proof of this at the end of the volume. I had 
verified the form, which had been suggested to me by geometrical 
considerations, by examining the following form, to which the 
equation of the cubic can be reduced, by taking for the planes 
X and y the tangent planes at the two points where any line 
meets the parabolic curve, and two determinate planes through 
these points for the planes tr, z^ 

z^y + uf^x+2xyZ'^2xyw+ax*y+by*x+cal'z'\'d7^w-{-exu^'\-fys^=^b, 

The part of the Hessian then which does not contain either 
a; or y is z^to*: the corresponding part of 4> is — 2 (c^s' + rfw?*), 
and of is - 8wV («5* + rfii^). The surface 0-4H* has 
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therefore no part which does not contain either x or jfj and 
the line ocy lies altogether on the surface, si in like manner 
do the rest of the twenty-seven lines.* 

* This section is abridged from a paper which I contributed to the 
Philosophical TransactionSf 1860, p. 229. Shortly after the reading of 
my memoir, and before its publication, there appeared two papers in 
Crelle's Journal, Vol. 58, by Professor Clebsch of Carlsruhe, in which 
some of my results were anticipated : in particular the expression of all 
the invariants of a cubic in terms of five fundamental : and the expression 
given above for the surface passing through the twenty-seven lines. The 
method however which I pursued was different from that of Professor 
Clebsch, and the discussion of the covariants, as well as the notice of 
the invariant F, I believe were new. Clebsch has expressed his last 
four invariants as functions of the coefficients of the Hessian. Thus the 
second is the invariant (1234)* of the Hessian, &c. 
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CHAPTER XV. 

GENERAL THEORY OF SURFACES. 

469. We shall in this chapter proceed, in continuation of 
Art. 256, with the general theory of surfaces, and shall first 
mention a few miscellaneous theorems which are sometimes 
useful. 

The locus of the points whose polar planes tcith regard to 
four sfurfaces J/, N^ P, Q {whose degrees are w, w, ^, q) meet 
in a pointy is a surface of the degree rn + n +p + j - 4. For its 
equation is evidently got by equating to nothing the determi- 
nant whose constituents are the four differential coefficients 
of each of the four surfaces. If a surface of the form 
aM+bN+cP touch Qj the point of contact is evidently a 
point on the locus just considered, and must lie somewhere 
on the curve of the degree q{m + n +p + j — 4) where Q is 
met by the locus surface. In like manner, pq{m + n'\-p+q — 4:) 
surfaces of the form aM-\- bNj can be drawn so as to touch 
the curve of intersection of P, ^; for the point of contact 
must be some one of the points where the curve FQ meets 
the locus surface. 

It follows hence that the condition that two of the 
mnp points of intersection of three surfaces M^ Nj P may 
coincide, contains the coefficients of the first in the degree 
np (2m + n +p — 4) ; and in like manner for the other two 
surfaces. For if in this condition we substitute for each 
coefficient a of If, a + Xa', where a is the corresponding coeffi- 
cient of another surface M' of the same degree as if, it is 
evident that the degree of the result in \, is the same as 
the number of surfaces of the form Jlf+XiT which can be 
drawn to touch the curve of intersection of -AT, P.* 

* Moutard, Terquem'$ Annales^ VoL xix., p. 58. 

DD 
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I had arrived at the same result otherwise thus: (see 
Quarterly Journal^ Vol. i., p. 339) Two of the points of inter- 
Bection coincide if the curve of intersection MN touch the 
curve MP. At the point of contact then the tangent planes 
to the three surfaces have a line in common : and these planes 
therefore have a point in common with any arbitrary plane 
ax + by + cz + dw. The point of contact then satisfies the 
determinant, one row of which is a, J, c, d\ and the other 
three rows are formed by the four differentials of each of the 
three surfaces. The condition that this determinant may be 
satisfied by a point common to the three surfaces is got by 
eliminating between the determinant and M^ N^ P. The result 
will contain a, h^ c, d in the degree mnp ; and the coefficients 
of Jf in the degree np (w-f w+^ — 3)-f rnnp. But this result 
of elimination contains as a factor the condition that the 
plane ax-^by'\-cz + dw ms^j pass through one of the points 
of intersection of Jf, N^ P. And this latter condition contains 
a, i, c, d in the degree wwp, and the coefficients of M 
in the degree np. Dividing out this factor, the quotient, as 
already seen, contains the coefficients of M in the degree 

np (2m 4- n +j> — 4). 

470. The locus of points whose polar planes with regard 
to three surfaces have a right line common, is, as may be 
inferred from the last article, the curve denoted by the system 
of determinants 



«*i7 ^) w,7 ^ 

^I) ^2? ^SJ ^4 
^,J ^2^ «^8) ^4 



= 0, 



where u,, &c. denote the differential coefficients. But this curve 
(see Appendix) is of the order (m'" + n* +^'* + m'n' + rij>' +p'm')j 
where m! is the order of w„ &c., that is to say, m' = w— 1. 
If a surface of the form aif -f bN touch P, the point of contact 
is evidently a point on the locus just considered, and therefore 
the number of such surfaces which can be drawn to touch P, 
is equal to the number of points in which this locus curve 
meets P, that is to say, is p times the degree of that curve. 
Beasoning then as in the last article we see that the condition 
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that two surfaces M and N should touch, contains the coeffi- 
cients of JIf in the degree n (n'* + 2m n + S/w"*) or 

n (n' + 2mn + ^wl" - 4n - 8/w + 6), 

and In like manner contains the coefficients of N in the 
degree m [rr? + 2mn + Zn^ - 4m - 8/i + 6). Moutard, Terquem^ 
Vol. XIX., p. 65. 

We add, in the form of examples, a few theorems to which 
it does not seem worth while to devote a separate article. 

Ex. 1. Two surfaces U, V of the degrees m, n intersect; the number 
of tangents to their curve of intersection which are also inflexional tan- 
gents of the first surface, is mn (3m + 2n - 8). 

The inflexional tangents at any point on a surface are generating lines 
of the polar quadric of that point; any plane therefore through either 
tangent touches that polar quadric. If then we form the condition that 
the tangent plane to V may touch the polar quadric of {7, which condition 
involves the second differentials of U in the third degree, and the first 
differentials of V in the second degree, we have the equation of a surface 
of the degree (3m + 2n - 8) which meets the curve of intersection in the 
points, the tangents at which are inflexional tangents on U, 

Ex. 2. In the same case to find the degree of the surface generated 
by the inflexional tangents to CT at the several points of the curve UV. 
This is got by eliminating iftf^uf, between the equations 

U' = 0, T' = 0, ACT' = 0, £i*U' = 0, 

which are in xf^zfu/ of the degrees respectively m, ti, m - 1, m - 2, and 
in xyzto of the degrees 0, 0, 1, 2. The result is therefore of the degree 
mn (3m - 4), 

Ex. 3. To find the degree of the developable which touches a surface 
along its intersection with its Hessian. The tangent planes at two con- 
secutive points on the parabolic curve, intersect in an inflexional tangent 
(Art. 238) ; and, by the last example, since n s 4 (m - 2), the degree of 
the surface generated by these inflexional tangents is Am (m - 2) (3m - 4). 
But since at every point of the parabolic curve the two inflexional tangents 
coincide, and therefore the surfaces generated by each of these tangents 
coincide, the number just found must be divided by two, and the degree 
required is 2m (m - 2) (3m - 4). 

Ex. 4. To find the characteristics, as at p. 239, of the developable which 
touches a surface along any plane section of a surface whose degree is m. 
The section of the developable by the given plane is the section of the 
given surface, together with the tangents at its 3m (m - 2) points of 
inflexion. Hence we easily find 

|i = 6m (m - 2), v « m (m - 1), r^m (3m - 6), « = 0, p^2m (6m - 11), &c. 

DD2 
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Ex. 5. To find the characteristics of the developable which touchei a 
surface of the degree m along its intersection with a surface of degree n. 

Ans, V = mn{m - 1), a s 0, r = mn (3m ^ n-6) whence the other 
singularities are found as at p. 239. 

Ex. 6. To find the characteristics of the developable touching two 
given surfaces, neither of which has multiple lines. 

Ans, i»am»(m - l)*(n - !)•; a = 0, r= m»(m- l)(n - l)(m + n- 2). 

Ex. 7. To find the characteristics of the curve of intersection of two 
developables. 

The surfaces are of degrees r and r', and since each has a nodal 
and cuspidal curve of degrees respectively x and m, x' and m', therefore 
the curve of intersection has raf 4 r^x and rm' + r'm actual nodal and 
cuspidal points. The cone therefore which stands on the curve and 
whose vertex is any point, has nodal and cuspidal edges in addition to 
those considered at p. 250 ; and the formulas there given must then be 
modified. We have as there p.^rY\ but the degree of the reciprocal 
of this cone is 

^ = rr'(r + r'-2)-r(2ar' + 3m') - r'{2x + 3m), 

or by the formulse of p. 236, /> s m' -f nr*. In like manner 

» = or' + oV + 3rr'. 

Ex. 8. To find the characteristics of the developable generated by a 
line meeting two given curves. This is the reciprocal of the last example. 
We have therefore p^rr\ p- rm' + mf't /* = /SK + /S'r + Ztt*. 
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471. We now return to the class of problems proposed in 
Art. 241, viz., to find the degree of the curve traced on a sur£Ace 
by the points of contact of a line which satisfies three conditions. 
The cases we shall consider are : (A) to find the curve traced 
by the points of contact of lines which meet in four con- 
secutive points; [B) when a line is an inflexional tangent at 
one point and an ordinary tangent at another, to find the 
degree of the curve formed by the former points; and [C) that 
of the curve formed by the latter; (2>) to find the curve 
traced by the points of contact of triple tangent lines. To 
these may be added: (a) to find the degree of the surface 
formed by the lines A ; [b) to find the degree of that formed 
by the lines considered in {B) and ( C) ; (c) to find the degree 
of that generated by the triple tangents. 
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Now to commence with problem ^ ; if a line meet a surface 
in four consecutive points we must at the point of contact not 
only have ?7' = 0, but also Atr = 0, A*Z7' = 0, A»?7' = 0. The 
tangent line must then be common to the surfaces denoted by 
the last three equations. We find the condition that this may 
be possible by the method by which the points of inflexion, 
and of contact of double tangents, are determined; Higher 
Plane Curves^ pp. 77, 86. 

472. Let th];ee surfaces U^ F, W contain xwyz in the 
degrees respectively X, X', X" ; and x'y'z'w' in degrees fi^ fi\ fi* ; 
and let the XX'V points of intersection of these surfaces all 
coincide with x'yz'wi then it is required to find what further 
condition must be fulfilled in order that they may have a 
line in conmion. When this is the case any arbitrary plane 
ax-^by + cz + dw must be certain to have a point in common 
with the three surfaces (namely the point where it is met by 
the common line), and therefore the result of elimination 
between C7, F, PT, and the arbitrary plane must vanish. This 
result 13 of the degree XX'X" in abcd^ and \'\"fjL + \"\fA + W'fi" 
in xy'z'w\ But since the resultant is obtained by multiplying 
together the result of substituting in ax + by + cz + dwj the 
co-ordinates of each of the points of intersection of UVW^ 
this result must be of the form 

n {ax + jy + c«' + dtof^^^\ 

Now the condition ckc' + fty' + c«' 4 dto' = 0, merely indicates 
that the arbitrary plane passes through x'y'z'wj in which case 
it passes through a point common to the three surfaces whether 
they have a common line or not. The condition therefore that 
they should have a common line is 11 = 0; and this must be 
of the degree 

vv> 4- x"X;4' + xxy ' - xx'x". 

In the case of the three surfaces A CT, A* CT, A' CT, we have 

X=l, X' = 2, X" = 3; A* = n-1, /;i' = n-2, fi'^^n^S. 

Hence, by the formula just given, n is of the degree (lln- 24). 
The points of contact then of lines which meet the surface in 
four consecutive points : or (as we maj* call them) of double 
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inflexional tangents lie on the intersection of the surface with a 
derived surface 8 of the degree lln — 24.* 

473. The equation of the surface generated by the double 
inflexional tangents is got by eliminating x'y'z'w between 
i7 = 0, A£r = 0, A'£r = 0, A'i7 = 0; which result, by the 
ordinary rule, is of the degree 

n (n - 2) (w - 3) + 2n (w - 1) (n - 3) + 3n (n - 1) (n - 2) 

= 6n' - 22n* + 18n. 

Now this result expresses the locus of points whose first, second, 
and third polars intersect on the surface ; and since if a point 
be anywhere on the surface, its first, second, and third polars 
intersect in six points on the surface, we infer that the result 
of elimination must be of the form Z7'Jf=0. The degree 

of M is therefore 

2n(n-3)(3n-2). 

474. We can in like manner solve problem B. For the 
point of contact of an inflexional tangent we have Z7' = 0, 
A 17' = 0, A' JT* = : and if it touch the surface again, we have 
besides ^^ = 0, where W is the discriminant of the equation 
of the degree n — 3 in X : /t, which remains when the first 
three terms vanish of the equation, p. 187. For W then we 
have V = (w 4 3) (w — 4), /a" = (n - 3) (w — 4) ; and having, as 



• I gave this theorem in 1849 [Cambridge and Dublin Journal, Vol. IV., 
p. 260). I obtained the equation in an inconvenient form {Quarterly 
Journal, Vol. I., p. 336) : and in one more convenient {Philosophical 
Transactions, 1860, p. 229) which I shall presently give. But I substitute 
for my own investigation the very beautiful piece of analysis by which 
Professor Clebsch performed the elimination indicated in the text, Quelle, 
Vol. LVili., p. 93. As the calculation is long, and the method, which is 
applicable to other problems also, deserves to be studied, I have thought 
it better to place it by itself in an appendix than to introduce it here. 
Mr. Cayley has observed that exactly in the same manner as the equation 
of the Hessian is the transformation of the equation rt - s* which is 
satisfied for every point of a developable, so the equation <$" = is the 
transformation of the equation (p. 330) which is satisfied for every 
point on a ruled surface. . 
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in the last article, \=1, /;4 = n — 1; V = 2, /;4' = n — 2, we 
have for the degree of n 

2(n-3)(n-4)4-(n-2)(n + 3)(n-4) 

4-2(n-l)(w43)(w-4)-2(n + 3)(n-4). 

The degree then of the surface which passes through the 
points B is (n-4) (3n" + 5n-24). 

The equation of * the surface generated by the lines (&) 
which are in one place inflexional and in another ordinary 
tangents is found by eliminating x'y'z'w' between the four 
equations i7 = 0, AJ7' = 0, A*J7' = 0, Tr = 0; and from what 
has been just stated as to the degree of the variables in each 
of these equations the degree of the resultant is 

n{n-2)(n-3)(n-4)+2n(»-l)(n-3)(n-4) 

+ n(n-l)(n-2)(n + 3)(n-4) = n(w-4)(n'+3n*-2(>n+18). 

But it appears, as in the last article, that this resultant contains 
as a factor, U in the power 2(w + 3)(n-4). Dividing out 
this factor the degree of the surface {h) remains 

n (w - 3) (n - 4) (w* -I- 6n - 4). 

475. In order that a tangent at the point x'y'z'w may 
elsewhere be an inflexional tangent, we must have A[7' = 0, 
(an equation for which X=:l, /;i = n— 1), and besides we must 
have satisfied the system of two conditions that the equation 
of the degree n — 2 in X:/:i, which remains when the first 
two terms vanish of the equation, p. 187, may have three 
roots all equal to each other. If then V, fi ; X", fj!' be the 
degrees in which the variables enter into these two conditions, 
the order of the surface which passes through the points {C) 
is, by Art. 472, X>" + X'y -f (n - 2) VX". But (see Appendix 
on the order of systems of equations) 

VX" = (n - 4) (n" + n + 6), Ay + Vy = (n - 2) (n - 4) (n + 6). 
The order of the surface is therefore 

(n-2)(n-4)(7i* + 2n+12). 

The locus of the points of contact of triple tangent lines 
is investigated in like manner, except that for the conditions 
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that the equation just considered should have three roots all 
equal, we substitute the conditions that the same equation should 
have two distinct pairs of equal roots. It will be proved in the 
Appendix that for this system of conditions we have 

XV=:4(n-4)(n-5)(n* + 3n + 6), 
\y' + XV=(w-2)(n-4){n-5)(n + 3). 

The order of the surface which determines the points (2>) 
is, therefore, ^(n - 2) (n — 4) (w -- 5) (n* + 5n + 12). 

To find the surface generated by the triple tangents we 
are to eliminate x'y'z'w' between IT^Oj AU' = 0, and the two 
conditions, the order of the result being 

rifjffi" + n{n- 1) (xy + X>') : 

but since this result contains as a factor U^^i in order to find 
the order of the surface { C) we are to substract nX'X" from the 
nmnber just written. Substituting the values first given for 
X'X", xy -f X'y ; and for /;*>", | (n - 2) (n - 3) (n - 4) (n - 5), 
we get for the order of the surface (c), 

n(n-3)(n-4)(n-5)(n*-f3n-2), 
a number which probably ought to be divided by three. 

476. There remains to be considered another class of 
problems, viz., the determination of the number of tangents 
which satisfy four conditions. The following is an enumera- 
tion of these problems. To determine: (a) the number of 
lines which meet in five consecutive points; (J3) the number 
of points at which both the inflexional tangents meet in four 
consecutive points ; (7) the number of lines which are doubly 
inflexional tangents in one place, and ordinary tangents in 
another ; (S) of lines inflexional in two places ; (e) inflexional 
in one place and ordinary tangents in two others ; {^ of lines 
which touch in four places. None of these problems has as 
yet been solved: but we can find equations which determine 
a major limit to the number of points a, &c. 

If a line meet in five consecutive points it touches the 
surface 8 (Art. 472), since both at the first and second of 
these points it is possible to draw a line meeting the surface 
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in four consecative points. The points a then are points on 
the carve U8^ such that the tangent to that curve is one of 
the inflexional tangents of U. Therefore, by Ex. 1, p. 403, 
these points lie on a derived surface whose degree is 

{3n + 2 (lln - 24) - 8} = 25n - 56. 

But the points /9 also lie on the same surface ; for these are 
evidently double points on the curve U8^ that is to say, points 
at which U and S touch each other. At these points also 
therefore the tangent plane to 8 passes through an inflexional 
tangent of U. We get then an equation 

a + \/8 = n (lln - 24) {25n - 56), 

where X is a niunerical multiplier, which I believe to be = 2, 
but which possibly may be greater. Another limit to the 
niunber of points a and /9 is obtained from Professor Clebsch's 
calculation in the appendix. 

In like manner the points a, 7 are both included in the 
intersections of the surfaces U^ 8j and that found as the locus 
of points By Art. 474. And other equations of connexion are 
found in like manner, but not sufficient to determine the number 
of points. 

CONTACT OF PLANES WITH SUBFACES. 

477. We can discuss the cases of planes which touch a 
surface, in the same manner as we have done those of touching 
lines. Every plane which touches a surface meets it in a 
section having a double point: but since the equation of a 
plane includes three constants, a determinate number of tan- 
gent planes can be found which will fulfil two additional 
conditions. And if but one additional condition be given, an 
infinite series of tangent planes can be found which will satisfy 
it, those planes enveloping a developable, and their points of 
contact tracing out a curve on the surface. It may be re- 
quired either to determine the number of solutions when three 
conditions are given, or to determine the nature of the curves 
and developables just mentioned, when two conditions are 
given. Of the latter class of problems we shall consider but 
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two, viz., the discussion of the case when the plane meets 
the surface in a section having a cusp; or, when it meets in 
a section having two double points. Other cases have been 
considered by anticipation in the last section, as for example^ 
the case when a plane meets in a section having a double 
point, one of the tangents at which meets in four consecutive 
points. 

478. Let the co-ordinates of three points be x*y'z*w'j 
x*'y"z"uf\ xyzw ; then those of any point on the plane through 
the points will be "Kx + fix" + va?, \y' -I- fiy' + ry, &c. : and if 
we substitute these values for ocyzw in the equation of the 
surface, we shall have the relation which must be satisfied for 
every point where this plane meets the surface. Let the result 
of substitution be [Z7] = 0, then [Z7] may be written 

X- tr+ x"-VA, U' + x-VA Tr+^ (a*a,,+ va)» c^' + &c. = o, 

where a, =a."^+y"| + ."| + «,"^; 

d d ' d d 

The plane will touch the surface if the discriminant of this 
equation in X, /^, v vanish. If we suppose two of the points 
fixed and the third to be variable, then this discriminant will 
represent all the tangent planes to the surface which can be 
drawn through the line joining the two fixed points. 

We shall suppose the point x'y'z'w to be on the surface, 
and the point x"y"z"w" to be taken anywhere on the tangent 
plane at that point: then we shall have IT = 0j A,,?7' = 0, 
and the discriminant will become divisible by the square of 
AU', For of the tangent planes, which can be drawn to a 
surface through any tangent line to that surface, two will 
coincide with the tangent plane at the point of contact of 
that line. If the tangent plane at x'yz'w' be a double tan- 
gent plane, then the discriminant we are considering, instead 
of being, as in other cases, only divisible by the square of 
the equation of the tangent plane, will contain Its cube as a 
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factor. In order to examine the condition that this may be 
so, let us for brevity write the equation [CT] as follows, the 
coefficients of X", X*^V being supposed to vanish, 

T represents the tangent plane at the point we are considering, 
C its polar quadric, while -4 = is the condition that x"y"z"w" 
should lie on that polar quadric. Now it will be found that 
the discriminant of [U] is of the form 

where ^ is the discriminant when T vanishes as well as IT 
and ^^JT* In order that the discriminant may be divisible 
by 7", some one of the factors which multiply jT' must either 
vanish or be divisible by T. 

479. First then let A vanish. This only denotes that the 
pv^int x'i/"z"w" lies on the polar quadric of xyz'w' : or, since 
it also lies in the tangent plane, that the point x"y"z"io" lies 
on one of the inflexional tangents at x'y'z'w'. Thus we learn 
that if the class of a surface be j?, then of the p tangent 
planes which can be drawn through an ordinary tangent line, 
two coincide with the tangent plane at its point of contact, 
and there can be drawn j? — 2 distinct from that plane: but 
that if the line be an inflexional tangent, three will coincide 
with that tangent plane, and there can be drawn only ^ - 3 
distinct from it. If we suppose that x"y"z"w" has not been 
taken on an inflexional tangent, A will not vanish, and we may 
set this factor aside as irrelevant to the present discussion. 

We may examine at the same time the conditions that T 
should be a factor in JB* — -4 (7, and in </). 

The problem which arises in both these cases is the follow- 
ing : Suppose that we are given a function F, whose degrees 
in xyz'w'y in x"y"z"w"j and in xyzw are respectively (\, /a, /a). 
Suppose that this represents a surface having as a multiple 
line of the order fi the line joining the first two points; or, 
in other words, that it represents a series of planes through 
that line : to find the condition that one of these planes should 
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be the tangent plane T whose degrees are (n — 1, 0, 1). If 90 
any arbitrary line which meets T will meet V^ and therefore 
if we eliminate between the equations 7=0, F=0, and the 
equations of an arbitrary line 

oa? -f iy + ca + c?u> = 0, dx-V Vy + c'« -f dw = 0, 

the resultant R must vanish. This is of the degree it, in ahcd^ 
in dVc'd^ and in x"y"z"w'\ and of the degree /;i(n — 1) + \ 
in x'yz'w. But evidently if the assumed right line met the 
line joining x*y'z'w\ ix!'y"z"w'\ R would vanish even though T 
were not a factor in V, The condition (Af=0), that the two 
lines should meet is of the first degree in all the quantities 
we are considering : and we see now that R is of the form 
M^R. R remains a function of x'yz'w alone, and is of the 
degree /;* (n — 2) + \, 

480. To apply this to the case we are considering, since 
the discriminant of [27] represents a series of planes through 
x'y'z'w'y x"y"z"w"^ it follows that jB* - .4 (7 and <^ both represent 
planes through the same line. The first is of the deg^rees 
{2(n-2), 2, 2}, while <^ is of the degrees (w-2){n*-6), 
n* — 2n* + n - 6, n' - 2n" + n - 6, as appears by subtracting the 
sum of the degrees of T", -4, and (jB* — A Cy from the degrees 
of the discriminant of [Z7], which is of the degree n(n — 1)" 
in all the variables. It follows then from the last article that 
the condition (^=0) that T should be a factor m B' — AC 
is of the degree 4(n — 2), and the condition {K=0) that T 
should be a factor in (f> is of the degree (n - 2) (n* — n* + n — 12). 
At all points then of the intersection of U and H the tan- 
gent plane must be considered double. ^ is no other than 
the Hessian; the tangent plane at every point of the curve 
UH meets the surface in a section having a cusp, and is to ]i>e 
counted as double (Art. 238). The curve UK is the locus of 
points of contact of planes which touch the surface in two 
distinct points. 

481. Let us consider next the series of tangent planes 
which touch along the curve UH. They form a developable 
whose degree is p = 2n (n - 2) (3n - 4), Ex. 2, p. 403. The 
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class of the same developable, or the number of planes of the 
system which can be drawn through an assigned point, is 
V = 4w (n — 1) (» - 2). For the points of contact are evidently 
the intersections of the curve UH with the first polar of the 
assigned point. We can also determine the number of 
stationary planes of the system. If the equation of U^ the 
plane z being the tangent plane at any point on the curve UH^ 
be «-|-y* + w, + &c. = 0, it is easy to show that the direction 

of the tangent to UH is in the line -t-| = 0. Now the tan- 
gent planes to U are the same at two consecutive points 
proceeding along the inflexional tangent y. If then u^ do 
not contain any term a;', (that is to say, if the inflexional tan- 
gent meet the surface in four consecutive points) the direction 
of the tangent to the curve UH is the same as that of the 
inflexional tangent: and the tangent planes at two consecutive 
points on the curve UH will be the same. The number of 
stationary tangent planes is then equal to the niunber of 
intersections of the curve UH with the surface B. But since 
the curve touches the surface, as will be shewn in the appendix, 
we have a = 2n (w — 2) (lln — 24). From these data all the 
singularities of the developable which touches along UH can 
be determined, as at p. 237. We have 

;i = n (« - 2) (28n - 60), v=4n(w-l)(n-2), p=2n{n- 2)(3n-4), 
a = 2n(n-2)(lln-24), /8 = n (n-2) {70n- 160); 
2^ = n (n - 2) (16n* - 64n» + 80n* - 108n + 156), 
2A = n (n - 2) (784n* - 4928n" + 10320n" - 7444n + 548). 

The developable here considered answers to a cuspidal line 
on the reciprocal surface, whose singularities are got by inter- 
changing fi and V, a and /9, &c. in the above formulas. 

The class of the developable touching along UK^ which is 
the degree of a double curve on the reciprocal surface, is seen 
as above to be n (n — 1) (n - 2) (w* — n* + n — 12). Its other 
singularities will be obtained in the next section, where we 
shall also determine the number of solutions in some cases where 
a tangent plane is required to fulfil two other conditions. 
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482. Understanding by the ordinary singularities of a 
surface, those which in general exist eilher on the surface or 
its reciprocal, we may make the following enumeration of 
them. A surface may have a double curve of degree b and 
a cuspidal of degree c. The tangent cone determined as in 
Art. 246, includes doubly the curve standing on the double 
curve, and trebly that standing on the cuspidal curve, so that 
if the degree of the tangent cone proper be a, we have 

a + 2J + 3c = n(n-l). 

The class of the. cone a is the same as the degree of the 
reciprocal. Let a have 8 double and k cuspidal edges. Let 
b have k apparent double points, and t triple points which 
are also triple points on the surface ; and let c have h apparent 
double points. Let the curves b and c intersect in 7 points, 
which are stationary points on the former, in /9 which are 
stationary points on the latter, and in i which are singular 
points on neither. Let the curve of contact a meet b m p 
points, and cm tr points. Let the same letters accented denote 
singularities of the reciprocal surface. 

483. We saw (Art. 247) that the points where the curve 
of contact meets A* U give rise to cuspidal edges on the tan- 
gent cone. But when the line of contact consists of the 
complex curve a + 26 + 3c, and when we want to determine 
the number of cuspidal edges on the cone a, the points where 
b and c meet A'Z7 are plainly irrelevant to die question. 
Neither shall we have cuspidal edges answering to all the 
points where a meets A'Z7, since a common edge of the cones 
a and c is to be regarded as a cuspidal edge of the complex 
cone, although not so on either cone considered separately. 
The following formulae contain an analysis of the intersections 
of each of the curves a, 6, c, with the surface A' 17, 

a(n-2) = /c+p + 2a- % 

i(n-2) = p + 2^ + 37+3« {A). 

c (n-2)=2<r+4^ + 7 
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The reader can see without diiBcultj that the points indicated 
in these formulae are included in the intersections of A"?/ 
with a, bj c, respectively: but it is not so easy to see the 
reason for the numerical multipliers which are used in the 
formulas. Although it is probably not impossible to account 
for these constants by a priori reasoning, I prefer to explain 
the method by which I was led to them inductively.* 

484. We know that the reciprocal of a cubic is a surface 
of the twelfth degree which has a cuspidal edge of the twenty- 
fourth degree, since its equation is of the form 64/S'= y*, 
where 8 is of the fourth, and T of the sixth degree (p. 376), 
Each of the twenty-seven lines on the surface answers to a 
double line on the reciprocal (p. 378). The proper tangent 
cone, being the reciprocal of a plane section of the cubic, 
is of the sixth degree, and has nine cuspidal edges. Thus we 
have a = 6, i' = 27, c = 24, n' =12, o' -f 2*' + 3c' = 12 . 1 1. The 
intersections of the curves c and b' with the line of contact of 
a cone a' through any assumed point, answer to tangent planes 
to the original cubic, whose points of contact are the inter- 
sections of an assumed plane with the parabolic curve UHj 
and with the twenty-seven lines. Consequently there are 
twelve points <r', and twenty-seven points p] one of the 
latter points lying on each of the lines of which the nodal 
line of the reciprocal surface is made up. 

Now the sixty points of intersection of the curve a' with 
the second polar which is of the tenth degree, consist of 
the nine points Kj the twenty-seven points p'j and the twelve 
points a. It is manifest then that the last points must 



* The first attempt to explain the effect of nodal and cuspidal lines 
on the degree of the reciprocal surface, was made in the year 1847 in 
two papers which I contributed to the Cambridge and Dublin Mathematical 
Journal, Vol. IL, p. 65, and IV., p. 188. It was not till the close of the 
year 1849, however, that the discovery of the twenty-seven right lines 
on a cubic, by enabling me to form a clear conception of the nature of 
the reciprocal of a cubic, led me to the theory in the form here explained. 
Some few additional details will be found in a memoir which I contributed 
to the Transactums of the Royal Irieh Academy, Vol. xxiii., p. 461. 
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count double, Bince we cannot satisfy an equation of the fonn 
9a + 27 J + 12c = 60, by any integer values of a, 6, c except 
1, 1, 2. Thus we are led to the first of the equations {A). 

Consider now the points where any of the twenty-seven 
lines b meets the same surface of the tenth order. The points 
13' answer to the points where the twenty-seven right lines 
touch the parabolic curve; and there are two such points on 
each of these lines (Art. 256). There are also five points t 
on each of these lines (Art. 455), and we have just seen that 
there is one point p. Now since the equation a + 2i + 5o = 10, 
can have only the systems of integer solutions (1, 2, 1) or 
(3, 1, 1), the ten points of intersection of one of the lines 
with the second polar must be made up either p + 2ff + 1\ or 
3p' + ^' -f t\ and the latter form is manifestly to be rejected. 
But considering the curve V as made up of the twenty-seven 
lines, the points t' occur each on tliree of these lines : we are 
then led to the formula V (n - 2) = p' + 2j3' + 3^'. 

The example we are considering does not enable ns to 
determine the coefficient of 7 in the second formula A^ because 
there are no points y on the reciprocal of a cubic. 

Lastly, the two hundred and forty points in which the carve 
c meets the second polar are made up of the twelve points a\ 
and the fifty-four points ^. Now the equation 12a + bib = 240 
only admits of the systems of integer solutions (11, 2), or (2, 4), 
and the latter is manifestly to be preferred. In this way we 
are led to assign all the coefficients of the equations {A) ex- 
cept those of 7. 

485. Let us now examine in the same way the reciprocal 
of a surface of the n^ order, which has no multiple points. 
We have then n' = n (n- 1)*, n'-2 = (n-2)(n*+l), a'=n(n-l) j 
and for the nodal and cuspidal curves we have (Art. 255) 

J' = Jn (n- 1) (n - 2) (n'-n*+n- 12), c' = 4n(n- 1) (n-2). 

The number of cuspidal edges on the tangent cone to the 
reciprocal, answering to the number of points of inflexion on 
a plane section of the original, gives us /c' = 3n (n — 2). The 
points p* and cr', answer to the points of intersection of an 
assumed plane with the curves UK and UH (Art 480) : 
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hence p' = n (n - 2) (n' - n* + n - 12), a = 4n (n - 2). Substitute 
these values in the formula a [n - 2) = /c' + p' + 2<r', and it is 
satisfied identically, thus verifying the first of formulae {A). 

We shall next apply to the same case the third of the 
formulsB [A), It was proved (Art. 481) that the number of 
points ^ is 2n (n— 2) (lln — 24). Now the intersections of the 
nodal and cuspidal curves on the reciprocal surface answer to 
the planes which touch at the points of meeting of the curves 
UH^ and UK on the original surface. If a plane meet the 
surface in a section having an ordinary double point and a cusp, 
since from the mere fact of its touching at the latter point it is 
a double tangent plane, it belongs in two ways to the system 
which touches along UK'^ or, in other words, it is a stationary 
plane of that system. And since evidently the points P are 
to be included in the intersections of the nodal and cuspidal 
curve, the points Z7, H^ K must either answer to points fi* 
or points 7'. Assuming, as it is natiural to do, that the 
points ^ count double among the intersections of UHK^ 
we have 

7' = n{4(n-2)}.{(w-2)(n»-n* + n-12)}-4n(w-2)(lln-24) 

= 4w(w-2)(n-3)(n' + 3n-16). 

But if we substitute the values already found for c', n', cr', /S*, 
the quantity c (n' — 2) — 2cr' — 4^' becomes also equal to the 
value just assigned for 7'. Thus the third of the formulas A 
is verified. It would have been sufficient to assume that the 
points ^ count fi times among the intersections of UHK^ and 
to have written the third of the formulas provisionally 

c [n - 2) = 2<r + 4/8 + X7, 

when, proceeding as above, it would have been found that the 
formulae could not be satisfied unless X = 1, /li = 2. 

It only remains to examine the second of the formulae {A). 
We have just assigned the values of all the quantities involved 
in it except t\ Substituting then these values, we find that the 
number of triple tangent planes to a surface of the n^ degree 
is given by the formula 

U' = n (n - 2) (n' - 4n* -f 7n" - 45n* + 114n' - llln' + 548n - 960), 

£E 
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486. It was proved (Art. 248) that the points of contact 
of ikosQ edges of the tangent cone whidi touch in two distinct 
points lie on a certain surface of the degree (n-2)(n — 3). 
Now when the tangent cone is, as before, a complex cone 
a + 2i -f SCy it Is evident that among these double tangents 
will be included those common edges of the cones ab^ which 
meet the curves a, i in distinct points: and similarly for the 
other pairs of cones. If then we denote by [ab] the number 
of the apparent intersections of the curves a and b ; that is to 
say, the number of points in which these curves seen from 
any point of space seem to intersect, though they do not 
actually do so; the following formulae will contain an ana- 
lysis of the intersections of a, h] c, with the surface of the 
degree (« — 2)(n— 8): 

a(n-2)(n-3)=2S + 3[ac] + 2[oJ], 

ft (n- 2) (n- 3) = 4A;+ [oJ] -f 3 [be], 

c (n - 2) (n - 3) = 6A + [ac] + 2 [be]. 

Now the number of apparent Intersections of two curves is at 
once deduced from that of their actual intersections. For if 
cones be described having a common vertex and standing on 
the two curves, their common edges must answer either to 
apparent or actual intersections. Hence, 

♦[aJ] = aJ-2p, [ac]=ac-3o-, [ic] = Jc - 3)8 - 27 - 1 . 

Substituting these values, we have 

a (« - 2) (n - 3) = 25 + 2ab + 3ac - 4p - 9<r ] 

ft(n-^)(n-3) = 4A; + aft + 3Jc-9)8-67-3«-2pk..(5). 
c (n- 2) (n- 3) = 6A + ac + 26c - 6^8- 47 - 2t - 3o-J 

The first and third of these equations are satisfied identical^' 
if we substitute for )8, 7, p, o-, &c. the values used in the last 



* If the murfeoe haye a nodal curve, but no cuspidal, there will BtiU 
be a determinate number t of cuspidal points on the nodal curves and 
the above equation receives the modification [ab'] = ah -2p- u In de» 
termining however the degree of the reciprocal surface the quantity [oft] 
ia eliminated. 
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article, to which we are to add 28=sn(n-2) (n* — 9), t = 0, 
and the value of h given (Art. 481), viz. 

2A = » (n - 2) {16n* - 64n' + 80n* - 108n + 156). 

The second equation enables us to determine h by the equation 

SJfe = n (n - 2) (n«^ - 6n* + 16n* - 54n' 

+ 164n* - 288n" + 547n* - 1058n' + 1068n* - 1214n + 1464) ; 

from this expression the rank of the developable of whidi b is 
the cuspidal edge can be calculated by the formula 

JB-=J"-J-2i-6«-37. 

Putting in the values already obtained for these quantities, 

we find 

JB = 4n(«-2)(n-3)(n' + 2«-4). 

This is then the rank of the developable formed by the planes 
which have double contact with the given surface.* 

487. From formulas A and B we can calculate the diminu- 
tion in the degree of the reciprocal caused by the singularities 
on the original surface enumerated Art. 482. If the degree of 
a cone diminish from m to m — 7, that of its reciprocal diminishes 
from w (w — 1) to (w — Z) (w — ? — 1) ; that is to say, is reduced 
by Z(2w — Z— 1). Now the tangent cone to a surface is in 
general of the degree n(n — 1), and we have seen that when 
the surface has nodal and cuspidal lines this degree is reduced 



* In order to verify the theory it would be necessary to show that this 
number R coincides with what may be deduced from Ex. 5, p. 404- In 
the first place the developable generated by the cuspidal curve on the 
reciprocal surface corresponds with that which envelopes the given surface 
along UHf and which, by the example cited, ought to be of the degree 
28 (» - 2)'» but if we subtract from this the number /9, we get the value 
already determined. In like manner, if we take the surface enveloping 
the given surface along UK (Art 480) and subtract from the degree 
determined, as in the example cited, 4^ 4 /9 + 6^, we get not R but \R. 
Possibly this may be because all the tangent planes which envelope the 
developable in question are double tangent planes ; but it must be owned 
that there are points in all tiiis theory which need ftirther explanation. 

EE2 
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hy 2b + ie. There is a conaeqaent dimination in tiie iegn 
of the reciprocal surface 

i> = (2S + 3c) (2n* - 2n - 2J - 8c - 1). 
But the existence of nodal and cospldal corres on the snr&t 
caoBoa also a diminution in the number of double and cni^ndj 
edges in the tangent cone. From the diminution in the d^n 
of the reciprocal surface just given must be subtracted twi< 
tiie diminution of the number of double edges and three tinu 
that of the cuspidal edges. Now from formnln A, we have 

«-{a-6-c)(M-2} + 6j8 + 47 + 3«. 
But since if the surface had no multiple lines the number < 
cuspidal edges on the tangent cone would be (a + 2ft + 3c) (n — 9 
the diminution of the number of cuspidal edges is 

X"= (3J + 4c) (n - 2) - 6/9 - 47 - a*. 
Agwn, from the first system of equations (Art. 486), we have 

(a-2J-3c)(»-2)(n-3) = 2S-8i-18A-12pc], 
and putting for [bcl its value 

2S =■ (a- 2J- 3c) (n-2) (n- 3) 4 8S + 18A + 12ic - 36/9 - 24^ - IS 
But if the surface had no multiple lines 2& would 

= (a + 2J + 3c)(n-2)(»i-3). 
The diminution then in the number of double edges ia givi 
by the formula 

2S= (4i + 6c) (n - 2) {n - 3) - 8ft - ISA - 12ic 4 36/9 + 347 + IS 
The entire diminution then in the degree of the re«aproc 
D — 3K^2S is, when reduced, 

n(76+I2c)-4fi*-9c*-8J-15c48*+18A-18j8-127-12t + ! 

488. The formulie A and £ can be thrown into a form mo 
convenient for use. If we remember that a + 2i4-8can(M — ] 
the first of formulso B may be written 

a*4a(~4n + 6) = 2S-4/i-9ff, 
or, adding three times the first of formula A^ 
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But a* — a — 28 — 3^ is n' the degree of the reciprocal surface. 

Hence 

(n — 1) a = n' + p + 3<r. 

The truth of this equation may be otherwise seen from the 
consideration that a, the curve of simple contact from any one 
point, intersects the first polar of any other point, either in 
the ri points of contact of tangent planes passing through the 
line joining the two points, or else in the p points where a 
meets &, or the o- points where it meets o, since every first 
polar passes through the curves i, o. 

Adding the second of formulsB B to four times the second 
of formulsB A, and giving R the same meaning as in Art. 486, 
we get, in like manner, 

2p = 25 + i8 + 3t, 

an equation of which I do not see the geometrical explanation ; 
although evidently the B points on b the tangents at which 
meet any line are included among the p points on h which 
are points of contact of tangent planes through that line. 

If the last of each of the formulas be treated in like manner, 
and if we call B the order of the developable generated by the 
curve c ; that is, if we write 

^=c*-c-2A-3i8, 

we have c (n - 6) - 12iS+ 7 + 8« - ISo*. 

489. The effect of multiple lines in diminishing the degree 
of the reciprocal may be otherwise investigated. The points 
of contact of tangent planes which can be drawn through a 
given line are the intersections with the surface of the curve 
of degree (n — 1)' which is the intersection of the first polars 
of any two points on the line. Now let us first consider the 
case when the surface has only an ordinary double curve of 
degree i. The first polars of the two points pass each through 
ibis curve, so that their intersection breaks up into this curve 
h and a complemental curve d. Now in looking for the points 
of contact of tangent planes through the given line, in the 
first place, instead of taking the points where the complex 
curve h-^-d meets the surface, we are only to take those in 



IT: I'.c t: zili m the 
■=■. !* M-jLT := i=ibtr 

. iiriic^ T-u^ xe are 



■nrcxa. 







DEVELOPABLE SURFACES. 423 

derelopable reduces to nothing. This application of the theory 
both Tcrifies the theory itself and enables us to determine some 
singularities of developables not given, p. 239. We use the 
notation of the section referred to. The tangent cone to a 
developable consists of n planes; it has therefore no cuspidal 
edges and {n (n — 1) double edges. The simple line of contact 
(a) consists of n lines of the system each of whidi meets the 
cuspidal edge m once, and the double line x in (r — 4) points. 
The lines m and x intersect at the a points of contact of the 
stationary planes of the system; for since there three con- 
secutive lines of the system are in the same plane, the inter- 
section of the first and third gives a point on the line x.* 

We have then the following table. The letters on the left- 
hand side of the equations refer to the notation of this Chapter 
and those on the right to that of Chapter xi. : 

n=r^ a=nj J=a?, c=in'j p=w(r— 4), <r=n, ^=0, /3=/3j h^h^ t=a; 

and the quantities t^ 7, h remain to be determined. On sub- 
stituting these values in formulsB A and B^ pp. 414, 418, we 
get the ^stem of equations 

n(r-2) =n{2 + (r-4)}, 

a:(r-2) =n (r- 4) + 2^8 + 87 + 8^, 

fn(r-2) =2n + 4i8 + 7, 

n(r-2)(r-3) = n{(n-l) + 2a? + 3w-4(r-4)-9}, 
a:(r-2)(r-3) = 4A;+«a;+3maj-9i8-67-3a-2n(r-4), 
fii(r-2) (r-8) » 6A + wn + 2inaj - 6^8 - 47 - 2a - 3n 

The first of these equations is identically true, and the fourth 
is satisfied by the help of the equation, proved p. 236| 

r (r — 1 ) ss 205 + 8m + n. 

If we eliminate 7 between the third and sixth equations, we 
obtain also an equation abready proved to be true (Chapter xi.). 
The three remaining equations determine the three quantities, 
whose values have not before been given, via. t the number 
of ^ points on three lines" of the system ; 7 the number of 



)...[C). 



* it b only on aeoonnt of their occurrence in this example that I was 
M tolMhkb the pdnti • in the theory. 
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points of the system through each of which passes another 
non-consecutive line of the system ; and h the number of ap- 
parent double points of the nodal line of the developable. 
These quantities being determined, we can by an interchange 
of letters write down the reciprocal singularities, viz. the 
number of " planes through three lines,'' &c. 

From Art. 488 can be deduced R the rank of the develop- 
able of which X is the cuspidal edge. For we have 

2^ = 2n(r-4)-^-3a. 

Ex. 1. Let it be required to apply the preceding theory to the case 
considered, Art. 297. 

Am. 7 = 6 (Aj - 3) (A; - 4), 3^ = 4 (A - 3) (k - 4) (A - 6), 

A = (A - 3) (2A^ - IS*' -+ 67Aj - 65), iJ = 2 (A - 1) (A - 3). 
And for the reciprocal singularities 
Y = 2 (A; - 2) (A; -'3), 3^ = 4 (A - 2) (A; - 3) (h - 4), 

Aj' = (A; - 2) (A; - 3) (2A« - lOk + 11), JT = 6 (* - 3)*. 

Ex. 2. Two surfaces intersect the sum of whose degrees are p and 

their products q. 

Ana, 7 =j {pq - 2y - €5p + 16). 

This follows from the table, p. 250, but can be proved directly, see 
TranattctioM of the Royal Irish Academy, Vol. XXIII., p. 470, 

R^mp-2)[q{p^Z)^\). 

Ex. 3. To find the singularities of the developable generated by a line 
resting twice on a given curve. The planes of this system are evidently 
" planes through two lines" of the original system : the class of the system 
is therefore y ; and the other singularities are the reciprocals of those of 
the system whose cuspidal edge is x, calculated in this article. Thus the 
rank of the system, or the order of the developable is given by the formula 

21? = 2m (r - 4) - a - 3/3. 

491. Since the degree of the reciprocal of « ruled surface 
reduces always to the degree of the original surface (p. 349) 
the theory olF reciprocal surfaces ought to account for this re- 
duction. I have not obtained this explanation for ruled surfaces 
in general, but some particular cases are examined and ac- 
counted for in the Memoir in the Transactions of the Royal 
Irish Academy already cited. I give only one example here. 
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Let the eqbation of the siirface be derived from the elimination 
of t between the ecftiations 

oe* + i<*^ -f &c. = 0, a'^ + J'<^* + &c. = 0, 

where a, a', &c. are any linear functions of the co-ordinates. 
Then if we write A-|-? = /Lt, the degree of the surface is fij 
having a double line of the order ^(/a - 1) (/a — 2), on which 
ar© i (m - 2) (m — 3) (/a — 4) triple points. For the apparent 
double points of this double curve, we have 

and the developable generated by that curve is of the order 
2 (/A — 2) (/Lt — 3). It will be found then that we have 

a = 2(/A-]), 6 = 4(/i-l)(/ii-2), /c=3(Ai-2), S = 2(/i-2)(/:*-3) 

values which agree with what was proved, Art. 459, viz. that 
the number of cuspidal edges in the tangent cone is diminished 
by 3J(/Lfc — 2) — 3<; while the double edges are diminished by 
2b (n — 2) (n — 3) — 4Jc. In verifying the separate formulas B 
the remark, note, p. 418, must be attended to. 

492. It may be mentioned here that the Hessian of a ruled 
surface meets the surface only in its multiple lines, and in the 
generators each of which is intersected by one consecutive. 
For, p. 347, if xy be any generator, that part of the equa- 
tion which is only of the first degree in x and y is of the form 
{icz + yw) <!>. Then, Art. 256, the part of the Hessian which 
does not contain x and y is 

which reduces to 0^. But xy intersects only in the points 
where it meets multiple lines. But if the equation be of the 
form ux-\-vy^ (Art. 256) the Hessian passes through xy. Thus 
in the case we have considered the number of lines which meet 
one consecutive are easily seen to be 2 (/a — 2) ; and the curve 
UH whose order is ^fifji — i) consists of these lines each 
counting for two and therefore equivalent to 4 (/a — 2) in 
the intersection; together with the double line equivalent to 
4(/A— l)(/i — 2). Again, if a surface have a multiple line 



426 DEVELOPABLE 8URFACES. 

whose degree is m^ and order of midtiplicity p^ it will be a 
line of order 4(j9— 1) on the Hessian, and will be equivalent 
to 4mp{p^l) on the curve UH. Now the ruled surface 
generated by a line resting on two right lines and on a curve 
m (which is supposed to have no actual multiple point) is of 
order 2m^ having the right lines as multiples of order m; 
having ^m (m - 1) -f A double generators, and 2r generators 
which meet a consecutive one. Comparing then the order of 
the curve UH with the sum of the orders of the curves of 
which it is made up, we have 

16m (m- 1) =8w (tti- 1) + 4wt (m- 1) +8A + 4r = 0, 

an equation which is identically true. 

If we form the Hessian of the developable xu + tp^^ it 
appears in like manner that we get the developable itself 
multiplied by a series of terms, in which the part independent 

of X and y is v ]-t-j -t-, — [j-~t- ] \ - This proves that the 

Pro-Hessian (see p. 338) meets each generator in the first place 
where that generator meets v] that is to say, twice in the 
point on the curve m, and in r — 4 points on the curve x] and 
in the second place where the generator meets the Hessian 
of u] that is to say, in the Hessian of the system formed 
by those r — 4 points combined with the point on m taken three 
times; in which Hessian the latter point will be included four 
times. The intersection then of the generator with the Pro- 
Hessian consists of the point on m taken six times, of the 
r — 4 points on a;, and of 2 (r — 5) other points. 
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APPENDIX I. 

ON THE CALCULUS OF QUATERNIONS. 

1. The Calculns of Qaaternions having been saccessfullj 
employed by its inventor Sir W. R. Hamilton in the deduction 
of geometrical theorems, it may seem proper to add some 
account of it to that which has been given in the preceding 
pages of other methods of investigating the properties of 
space of three dimensions. Neither the space now at my 
disposal, nor my knowledge of the subject, allow me to 
attempt here to teach this calculus; but in the following 
sketch I hope to give the reader some idea what quaternions 
are, and how they may be used in geometrical enquiries; 
referring him for further information to Sir W. R. Hamilton's 
papers "On Symbolical Geometry" in the Cambridge and 
Dublin Mathematical Journal^ to his "Lectures," and to his 
forthcoming " Elements of Quaternions." 

Vectors. In Algebraic Geometry though the symbols a:, y, 0, 
&c. are used each with reference to a line measured in a 
certain assigned direction, yet in the equations employed these 
symbols denote merely the magnitudes of the lines which they 
represent; and the equations only express that certain arith- 
metical pperations are to be performed on the numbers which 
express the ratios of each of the lines Xj y^ z to the linear 
unit Thus if we form the sum x-^y + z of three known 
lines, the result is a line of determinate length but of no 
assigned direction. In the quaternion calculus a symbol de- 
noting a line must always express direction as well as length ; 
and if for instance we form the sum x+y + z^ it is necessary 
to assign the direction as well as the length of the line whidi 
is the result. In this calculus then the signs + and — are 
used not with reference to numerical addition or Bubtraction, 
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but with reference to direction (as we proceed to explain), 
and denote geometrical, not algebraical, addition and sub- 
traction. 

2. Let the line or vector AB be understood to denote the 
operation of proceeding from the point A to the point £; 
then BG m like manner would denote the operation of pro- 
ceeding from B to C. The sign + may naturally be employed 
to denote the consecutive performance of these two operations ; 
thus AB-yBG would denote that we proceed first from 
^ to jS, and then from B \jq C\ and since the result is 
the same as if we had gone direct from A to C, we have 
AB + BC=AC. The sum of two vectors then is the diagonal 
of the parallelogram of which these lines are adjacent sides. 
If AB and BC were portions of the same right line, then 
their sum would be the ordinary algebraic sum of the two 
lines; and it is easy to see by successive addition that if a 
denote any vector, and m any arithmetical multiplier, ma 
denotes a vector coincident in direction with that represented 
by a, and in length bearing to it the ratio m : 1. Two vectors 
are said to be equal if one can be moved without rotation 
so as to coincide with the other: that is to say, two equal 
lengths measured M>n parallel lines are said to be equal. By 
the help of this convention we can interpret and verify the 
equation a + b^b-^a. Let the vector a be represented by 
either of the equal lines AE^ ECy 
and b by either of the equal lines 
DE^ EB] then if we take a first 
we have a -f & = AB^ but if we com- 
mence with b we have J-f a = 2>(7; 
and these results are equal since Jt 2> 

AB and DC ^re. equal and parallel. It is evident on in- 
terpretation of the equation that 

[a'\-b)-\-c^a-\-[b-\'c). 

Thus we see that the sign + when geometrically interpreted 
as here proposed, conforms to the ordinary rules of algebraic 
addition, viz., to the commutative law a + &=:& + a, and the 
associative law (a + 6) + c = a + (ft + c). 
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3. Denoting, as before, by AB the operation of going 
from A to Bj —AB naturally denotes the reversing of this 
operation, viz., that of going from BtoAjHO that -4jB+ 5-4=0. 
It can easily be deduced hence that if a + b = Cj a = c — b. 
Since the addition of lines according to the method just ex- 
plained corresponds exactly to the composition of mechanical 
forces acting on a point, we can prove, as in Mechanics, that 
any line may be resolved into the sum of three lines whose 
directions are those of three given rectangular axes. If now 
unit lines measured along the axes of or, y, z respectively be 
denoted by t, j\ h ; and if the numerical ratios which the 
lengths of the co-ordinates of any point P bear to the unit line 
be denoted, as in algebraic geometry, by a;, y, z^ then in this 
calculus these co-ordinates will be denoted by ix^ jy^ kz re- 
spectively, and the vector from the origin to P will be denoted 
by ix +jy + kz. And since any vector is equal to a parallel 
one through the origin, there is no vector which may not be 
expressed in the form ix-^-jy + kz. 

If a, ^ be any two co-initial vectors it is easy to see that 

-^ ^ is a vector drawn from the same origin to the point 

l + m 

where the line joining their extremities is cut in the ratio I : m, 

and that — 5 denotes a vector terminating: in the 

l + m + n ° 

plane through the extremities of a, ^,7. K a and 13 be both 

of unit length, lu + m/3 makes with a and ^8 angles whose 

sines are in the ratio I : m. These principles may be used to 

establish geometrical theorems. Thus ^{a + /3 + y + S) is the 

vector to the centre of gravity of the tetrahedron formed by 

the extremities of a, ^, 7, S ; from which form inferences may 

be deduced as in Ex., p. 6. 

4. Quaternions. We have now shown how lines considered 
with respect to their direction as well as to their magnitude 
may be added and subtracted, and we come next to speak of 
multiplication and division. It is not obvious what sense we 
are to attach to the priJBuct of two lines, but it is natural 

to interpret the quotient -5 as denoting the operation necessary 
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to change the line fi Into the line a so that ^ fi^a. If the 

Toctora a and fi be portions of the same line, It is evident that 
the quotient is a numerical constant, or, as Sir W. B. Hamilton 
calls it, a scalar: but, when this is not the case, in order to 
change fi into a we have not only suitably to alter its length, 
but also to turn it through a certain angle in a certain plane. 
Now we have seen that a vector is reducible to the sum of 
three distinct terms, and we might have foreseen this because 
in order to determine a vector we must know three things, 
viz., its length, and its direction-cosines, equivalent to two 
more conditions. But to determine a geometrical quotient four 
things are necessary, viz., the numerical ratio of the lengths 
of the two lines compared, the angle through which one must 
be turned in order to coincide with the other, and the direction- 
cosines of the plane of that angle, equivalent to two more 
conditions. We shall presently show how to express any sudi 
quotient as the sum of four irreducible terms: it is thence 
called a quaternion. It is agreed on that the four elements 
just mentioned shall be sufficient to determine such a quotient 
as we are considering: that is to say, that two quotients are 

said to be equal b == 4 9 first, if the lengths of the lines be 

proportional, a : ^ :: 7 : S ; secondly, if the angle between a and 
fi be equal to that between 7 and 8 ; and thirdly, if all four 
lines be parallel to the same plane. In other words the 
geometrical ratio of two lines is considered unchanged, not 
only if both be increased or diminished in the same proportion, 
but also If they be turned round in their plane their mutual 
inclination being unaltered. 

5. Two geometrical fractions havmg a common denominator 
are added by adding their numerators: that is to say, we 

have ^ + ^ a= — T— as In common algebra. We can thus 
00 

reduce any such fraction to one, the two lines in which are at 

right angles to each other. For if the fraction be, 7 divided 

by S, we can resolve 7 into the sum of two lines a+/9, 
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one of them in the direction of S (in fact the projection 
of 7 on S), and the other perpendicnlar to it. Now since a 
is supposed to be in the same direction as £, their ratio is 
a mere number or scalar, while the ratio of /3 to £ is that of 
two rectangular lines. Thus then we can reduce every qua- 
ternion to the form S-k-Vy the sum of a scalar part and a 
vector part, the latter part being so called because we shall 
presently see that the ratio of two rectangular lines can be 
adequately represented by a vector perpendicular to their plane. 
A quaternion may be resolved in another way ; viz. into a 
numerical factor multiplied by the ratio of two equal lines. We 

have obviously -^ . — = - ; for if we first turn 7 into B and 

P 7 7 

then /3 into a, the result is evidently the turning 7 into a. If 
now /3 be supposed to be a line equal to 7, and in the direction 
of a, the ratio of a to /3 is a mere number; and the ratio a 
to 7 is resolved into the product of this number into the ratio 
of the equal lines fi and 7. Sir W. B. Hamilton calls this the 
resohition of a quaternion into the product of a tenser and 
a veraor: the tensor being the number expressing in what 
ratio the line 7 is to be increased or diminished in order to be 
made equal to ^9, and the versor expressing through what angle 
it is to be turned. 

Thus suppose that the symbol / denotes the operation of 
turning a line round through a right angle in a plane per- 
pendicular to the vector t : [in order to fix the ideas we may 
agree that the direction of the rotation shall be that of the 
hands of a watch as we look along ii\ then ml denotes the 
operation of turning the line round as before, and at the same 
time altering the length in the ratio m : 1. 

Thus then if the denominator of a fraction be a line of 
unit length, and its numerator of length l\ if the angle be- 
tween them be 0, and the unit vector perpendicular to their 
plane be p, we may first resolve I into the portions Zcosd, Zsind 
measured in the direction of the denominator and perpendicular 
to it, and if V denote the operation of turning through a 
right angle round the axis p, without change of length, the 
given fraction is resolved into the parts I cosd-f I sintf. V. 
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If the position of the numerator and denominator had been 
interchanged, it is easy to see that the operation of turning 
through the same .angle in the opposite direction would have 
been expressed I co&d — lsinO.V. 

6. If /), a, 13 be three vectors such that p^a + P^ and if 
F, A^ B represent rectangular rotations perpendicular to these 
vectors as above explained, then V^A + B. For (see fig., 
p. 358) let p^OS^ a=OT^ P=T8^ and let OP, OQ^ QP 
be equal and perpendicular to these lines, then if OB be a line 
perpendicular to the plane of the paper equal in length to 08j 

we have jr^ = F, -x^ = -4, --y^ = B, therefore F= A + B. 

It follows then that the symbols of rectangular rotation 
may be resolved in precisely the same way as the vectors in 
Art. 3 ; and, therefore, that if /, e7, JT denote rotations without 
change of length round the three axes respectively: then a 
similar rotation round an axis p, making with these the angles 
a, yS, 7, may be resolved into the sum / cosa + J cosjS + K COS7. 
And in like manner the fraction partially resolved in the last 
article may be completely resolved into the sum 

I COB0 -{■ I sinO {I cosa + J cosyS + -K^ CO87). 

We see then that the most general expression for a geo- 
metrical fraction is of the form a + bI+cJ-\-dKj where 
a, &, c, d are numerical constants. It is because it can thus 
be reduced to the sum of four terms that it is called a 
quaternion. 

7. Multiplication of fractions, as already intimated, denotes 
the successive performance of the operations represented by the 

factors. Thus -7,.— denotes that we first perform the operation 

P 7 

of turning 7 into jS, and then that of turning /3 into a, the 
result being the same as if we turned 7 into a. To multiply 

any two fractions 5.^7 it is only necessary to turn ^ round 

in its plane until its numerator coincide with the intersection 
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Mm 

of the planes of the two fractions ; and -^ until its denominator 

coincide with the same line, when the multiplication is per- 
formed as before. 

It at once appears hence that when we multiply two qua- 
ternions, the order of the factors is not indifferent. Thus, let 

-4, -B, (7, jD represent four points J^ _^c 

on a sphere of which is the centre. 

Then if we first turn OD to OE 

through an angle h^ and then OE to 

OC through an angle a, the result is 

the operation of turning OD to OC. Ji n 

But if we had commenced with the operation of turning through 

the angle a, which is that of turning OA to OE^ and then 

OE to OB through the angle J, the result is the operation 

of turning OA to OB. Now though the arc AB is equal to 

CD^ the plane of AB is generally different from that of CjD, 

A ^x. ^ ^1, . , 00 OE . ^ . ^ OB OE 

and therefore the product tt^-ttk is not equal to 775^ • ttj » 

which is the product of two equal factors taken in opposite order. 

If the arcs a and b be each 90°, then indeed the plane of AB 
will be the same as that of CD, but the direction of the rotations 
in the two products will be opposite. If then we multiply to- 
gether two rectangular quaternions A^ -B, (that is, such that the 
rotation is through a right angle) we see from Art. 5 that 
if -4. -B be of the form I cos^ + 1 sm0. F, then B.A will be of the 
form Z cos^— Z sin^.F". Two quaternions thus related are said 
to be conjugate quaternions : that is, when one is of the form 
scalar + vector : and the other, the same scalar — the same vector. 

It follows as a particular case of the last, that when = OO"", 
the product of two rectangular quaternions whose planes are at 
right angles to each other, gives A.B= — B.A. As this is a 
fundamental theorem we shall presently prove it independently. 

8. It Is seen without difficulty that the multiplication of 
quaternions is a distributive operation: viz., that the product 

of the quaternions (- — — — ^^ ^j - is the sum of the 

FP 
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several products - - , — - , &c. ; and that the same thing ib 

true If the order of multiplication be reversed. Hence then 
if we have two quaternions,* each expressed in the form 

{a + hI+cJ-\- dK) [a + 6'/+ c'J+ d'K), 

the product is the sum of the sixteen terms got by combining 
each of the first four terms with each of the second four, care 
however being taken to attend to the order of the multiplication. 
Let us then examine the meaning of the terms 7/, //, &c., 
which occur in such a product. Now if we remember that 
I denotes a rectangular rotation round the axis of x as axis, 
and that the effect of such a rotation would be to change a 
line in the direction of the axis of y to that of z^ and one In 
the direction of z into the negative direction of y, we can 
write down the equations I)=^k^ Ik = —j\ In like manner, 
JTc = tj Ji=~-k'y Ki=j\ Kj= — i, Let us now consider the 
effect of two of these operations performed consecutively. If 
we first operate on j with 7, and then again with 7 on the 
result k^ we get 7y = — y, or 7* = — I. In like manner J^ = — 1, 
2^" = — I, and since it is evidently true, no matter what line 
be taken for the axis of rotation, that the effect of twice turning 
round a right angle is to reverse the position of the line operated 
on; it follows that the square of every rectangular quaternion 
may be said to be — 1. 

Again we have seen that 7; = Z*, Jk = {; hence c77/'=i; but 
KJ= — t'j hence JI= — K. In like manner, from the equa- 
tions Ji^ — h^ Ik^—j^ ^^—j'i we conclude IJ=K, Hence 
7e7= K^ - JI. In like manner JK=I= - KJ : KI= /= - IK. 

If now we compare the equations Ij=k^ IJ=^K^ &c., we 
shall find that the equations which represent the effect of the 
operations 7, «/, K on the lines t*, y, Z*, are exactly the same 
in form as those which denote the effects of the successive 
performance of these operations. Now since in the practice 
of this calculus we are concerned with the laws according to 



* It is also true, though it is not to be taken for granted, that when ve 
take the continued product of three quaternions {qq[) (f = q (^Y')- 
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which the symbols combine with each other rather than with 
their interpretation, it is found unnecessary to keep up the 
distinction of notation between 7, /, A"; t, j, k. Whatever 
propositions are true of the symbols in the one sense, are 
equally true in the other, and, by interpreting some vectors 
as lines and others as rotations, we can give a variety of 
significations to the same equation all of which will be equally 
true. We shall then understand i to denote at pleasure cither 
a unit line measured along the direction of the axis of a?, or 
a rotation through a right angle round that axis. In like 
manner a rectangular rotation round any unit vector a is re- 
presented by the letter a as already stated in Art. 5. We 
shall write the general form of a quaternion a -h bi -\- cj -\- dk ] 
and we shall combine these symbols according to the laws 
r=/ = i*=:-l; {j=k=-ji',jk = i=-kj] ki=j=-ik. 

In forming the continued product of a number of factors 
the order must be carefully attended to, except that if a scalar 
or number is one of the factors its order is indifierent, and 
it may be brought to the left hand as a multiplier of the whole. 
Thus, if a, ^, 7 be any three unit vectors, or rectangular qua- 
ternions, and if we multiply /3y by a/S the result a/3*y is - ay, 
since /S" = - 1 . 

Ex. 1. To form the square of the unit vector t cos a ij cos/3 + k cos 7. 
By actual multiplication, we get 

r cos"o 4^" cos"/3 + k^ co8'7 + (jk + kj) co8/3 cos 7 + {ki + ik) cos 7 coso 

+ (y +yO cos« cos^, 

which, in virtue of the relations connecting i,j\ k, reduces to 

- (cos'o + cos*/J 4 cos*7), or to - 1, 

as ought to be the case. If the vector be not of unit length the square 
oi ix -^jy \ kz is, in like manner, - (x* + y* 4 e*), or is the negative square 
of the length of the line which the vector represents. We may cxj)rc.ss 
this by saying that the square of any vector is the negative square of tlie 
tensor of that vector. 

Ex. 2. To find the product of two unit vectors 

(t cosa ^j cos/3 + k COS7), (t coso' \j cos/^' 4 k cos 7). 

Atis, - (cosa cosa' + C08/3 cos/S' f C0S7 cosY) + I (co8/3 cosy - CO87 cosyS') 

+ y (CO87 cosa' - cosa COSy) + k (COSa COS/3' - COS/8 COS a'). 

FF2 
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If be the angle between the two Tectors, a", p\ Y' the direction-cosines 
of a perpendicular to their plane, the product may be written 

- cos^ + sin^ (t cos a" +y co^p' + h cosy). 

(This agrees with Art. 5.) If the vectors were respectively of lengths 
/, f, this product would evidently be multiplied by U. 

If the product had been taken in different order the scalar part of 
the product would still be - cos^, but the vector part would change 
sign. Hence, if we denote by 8 and V the operation of taking the 
scalar and vector part of a quaternion, we have S{ap) = 8{fia) = cos^, 
V{ap) = - V{Qa), And again, we have afi ^ fia = 28 (afi). 

If the two vectors be at right angles the scalar part of the product 
evidently vanishes. Hence the condition that two vectors a, /3, may be 
at right angles is 8(afi) = 0. 

Thus then if p he a variable vector passing through the origin, and 
a a fixed vector, the equation 8 (pa) = may be taken as the equation 
of the plane through the origin perpendicular to «, since p is evidently 
limited to that plane. 

Let it be required to find the equation of any other plane. Let the 
perpendicular from the origin on that plane be denoted in length and 
direction by a, and let the radius vector to any point of the plane be p^ 
then ^ - a Is the vector joining the extremity of this radius vector to 
the foot of the perpendicidar, and since this line is, by hypothesis, to 
be perpendicular to «, the equation required is 8(p - a)a s or 8 (pa) = o*. 
But a' is a scalar, and we may therefore divide by it under the sign 8, 

and write the equation in the form 5f-j = l. This equation may also 

be inferred from what was stated in a previous article, viz., that the scalar 
part of the above fraction denotes the projection of the line p on the line a. 

In like manner the equation s(-\ = 1, which expresses that the pro- 

jection of the fixed line a on the direction p is in length equal to Pf 
obviously represents the sphere described on the vector a as diameter. 

Again, the equation Sl-j 8l^\=l, in the first place represents a 

cone because if it is satisfied for any value of p, it will also be satisfied 
for the value mp, where m is any constant. Secondly, it passes through 

the intersection of iS - = 1, /S- = 1 : it is therefore the cone whose base 

a p 

is the circle represented by the two equations just written. 

Ex. 3. To find the product of two quaternions. We have only to 
multiply out a + &i + c; + dk, a' + l/i + cy f d'k. We may form a clearer con- 
ception of the result by separating the scalar and vector parts, and writing 
the two quaternions S-k-V, 8-\-V'y when the product is 88^8V'^8'V^VV\ 
Now if it be required to find the scalar part of the product (since 8V* 
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and S'VtLre mere vectors), it is SS' + S^VV), or the scalar of the product 
is the product of the scalars + the scalar part of the product of the vectors. 
Thus let a, p, 7 be three radii vectores of a sphere ; then it is an 

identical equation that 3 = - ^ • Now if a, hj c be the sides of the spherical 

P IP 
triangle formed by the extremities of these vectors; cos a, cos&, cose 

are the scalars of the three quaternions, and the scalar part of the product 

of the vectors on the right-hand side of the equation is the product of 

their tensors sin a, sin 6, into the cosine of the angle between them, thus 

we have the fundamental formula of spherical trigonometry 

cose a cosa C0S& -i- sina sin& cos C 



9. We can, in like manner, form the product of three 
vectors. It is found, without difficulty, by actual multipli- 
cation, that if IX -\-jy + hz^ ix -{-jy + hz\ ix" -{-jy" + hz" be the 
three vectors, the scalar part of the product is the determinant 
whose three rows are a?, y, ^ ; x\ y\ z ; x\ y\ z'\ Hence if 
^j )^j 7 ^^ ^^^ three vectors^ Oie condition that they should lie 
in one plane is 8{(x^y) = (Note, p. 19). 

This is also evident from the consideration that if 8{afiy)=0 
then a/87 is a pm-e vector, but al3y = a.S{l3y) +aF(^7) there- 
fore aV(fiy) is a pure vector, or a is perpendicular to F(^7), 
and therefore is in the plane of 13 and 7. Q. E. d. 

Thus we can find the equation of the plane passing through 
the extremity of three vectors a, ^, 7. By hypothesis, the 
lines joining the extremity of any variable vector terminating 
in the plane, with the extremities of the assumed vectors, lie 
in the plane. We have, therefore, /S^ (/> — a) (/> — /3) (p — 7) = 0. 

In expanding this we may omit such terms as Sp*y^ because 
p* is a scalar, and p^y a mere vector whose scalar is nothing. 
The expanded product is then 

S (/0/87 + apy -\- afip) = SalSy^ 

and the vector perpendicular to the plane is F'(/87 + 7a+ a/3). 

Returning to the product of the three vectors, it is also 
found by actual multiplication, that 

V{al3y) = aS (^7) - ^S (7a) + 7^^ («/3), 

an equation of great use. 
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In connection with this, the following identical equation 
may be given, 

S8 (aySy) = aS {j3yS) - ^8 {yaS) + yS (aySS), 

as also that the vector part of the product Fa;3F7S may be 
written in either of the forms 

aS{/3yS) -/3>S(7a8) or yS (afiS) •• SS{a/3y). 

In fact, Va^ denotes a line perpendicular to a and ^9; the 
vector now required must therefore lie in the plane, both of 
a and ;3, and of 7 and S. 

10. As an example of the method of applying this calculus 
to a geometrical problem, we shall investigate the problem to 
find the equation of the surface generated by a line resting 
on three directing lines. In the first place we may follow a 
process proceeding after the analogy of the co-ordinate methods. 

It is seen immediately by substituting j {la + ma) for a in 

the equation of a plane through three points, that the equation 
of the plane through the extremity of the vector just written, 
and through a fixed line, e,g.^ through the extremities of the 
vectors ^, 7, is of the form lA + mB^O^ where A denotes 
the plane through a/3yj and B that through a';37. If then 
we join any assumed point on the vector aa' to the other two 
lines we get the equation of two planes in the form I A 4- wJ5= 0, 
lA' + mB' = 0, from which, eliminating /, w, we get the locus 
in the form AB' = BA\ 

Otherwise thus, we are to express the condition that, if wo 
join by planes any assumed point on the locus to the three 
lines, the joining planes have a line common. The vectors 
perpendicular to these planes will then be co-planar. Let 
then the first line be parallel to the line a, and pass through 
the extremity of a vector a'; then the vector perpendicular 
to the plane through this line being perpendicular to a and 
to a' — /> is Va {a — />), and the required equation is 

which is reduced and expanded by the last ailicle. 
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11. We give one more example to shew how infinitesimals 
are introduced into this calculus. The equation of any sphere 

IS p':='-c\ 

Now let the line joining the extremity of p to an indefinitely 
near point be dp^ then the next consecutive radius vector is 
p + dpj and we have 

or expanding and neglecting the square of dp^ 

pdp-\-dp,p = 0^ 
or S{p.dp) = i\ 

which indicates that the radius p is perpendicular to the tangent 
line dp. 

Very much more must be said if it were intended to give 
any complete account of this Calculus, as, tov example, the 
method of finding the equations of tangents and normals, lines 
of curvatui'c, geodesies, &c. But enough has been said to 
dispose the reader to give credit to the assertion that there 
is no geometrical problem to which it may not be applied; 
that it is very rich in transformations; and that its processes 
though constantly following the analogies of the co-ordinate 
methods, are by no means slavishly dependent on that system. 



( 440 ) 



APPENDIX II. 

ON SYSTEMS OF ORTHOGONAL SURFACES.* 

It might be thought, from Dupin's theorem, that being 
given a series of surfaces, involving a parameter, it would be 
always possible to determine two other systems, each contsdning 
a parameter, and cutting the surfaces of the given system at 
right angles, and along their lines of curvature. This, how- 
ever, is not the case. In order that a given family of surfaces, 
with a parameter, may form one of a triple orthogonal system, 
an equation, or equations, of condition must be satisfied. 

M. Serret arrives at the conclusion (see Ltouvtllej Vol. xii., 
p. 241) that in order that the equation F{x^y^z)=^a^ where 
a is a parameter, may be one of a triple orthogonal system, 
the function must satisfy two partial differential equations of 
the sixth order. We give Serret's investigation of the par- 
ticular case where the given function is the sum of three 
functions of a?, y, z respectively. 

Let an equation then be given of the form 

X+Y-^Z^a (1). 

It is required to determine the condition, to which these 
functions must be subject, in order that the surfaces (1) may 
have a pair of conjugate orthogonal systems. Suppose that 

are these systems, and it is evident by the conditions of the 
problem that we have (X', F', Z' being the first derived 
functions of X, F, Z) 

* For the following appendix, on a subject which I had omitted in the 
preceding treatise, I am almost entirely indebted to a manuscript note 
kindly placed at my disposal by the Rev. W. Roberts, as well as to his 
papers published in the Comptes lUndus, 
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dx ay dz 

dx dy dz 

dx dx dy dy dz dz 






(2). 



Proceeding to integrate the first two of these equations by 
the ordinary methods of partial differential equations, we find 
that fi and y are functions of u and v^ where 

__ [dx rdy ^ {dx Cdz 

Consequently the third of equations (2) becomes 

(d^ dfi\ (dy dy\ ^ X'- rf/3 dy ^ X'^ d/3 rfy __ . 

\du "^ 'dij \du ^YvJ^Y^'dildu^ Z' dv dv ""^ ^''^' 

Now u and v being functions of x^ y, z^ we may regard 

y and z as functions of w, v, and x. Hence x enters (3) as 

an indeterminate parameter, and the quantities fi and y must 

satisfy not only (3) but also the derivatives of (3) obtained by 

differentiating it on the supposition that x alone is variable. 

Differentiating (3) with respect to x on this hypothesis, and 

remembering that 

dy_Y[ dz_Z^ 

dx" X" dx' X' 
we find, 

-3l " — y ' dfi dy X" — Z" d/3 dy ^ 

~~Y^~ dii Tu'^ Z'^ d^di' 

X", Y'\ Z" being the second derived functions of X, Y, Z, 
Differentiating once more, and denoting the tliird derived 
functions by X'", T'", Z"\ wc get 

XX'" - Y' T" - 2 Y" (X" - Y") d^dy 

Y'^ du du 

XX" - Z'Z'" - 2Z" (X" - r) d/3 dy_ - 
"^ Z'^ dv dv ' 

Hence at once results the equation of condition sought, namely, 

X'X'" ( Y" - Z") + Y Y" {Z" - X") + Z'Z'" (X" - Y") 

+ 2 (X" - T') ( Y' - Z") {Z" - X") = 0. 
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This relation expresses the condition that a family of sur- 
faces, of the particular form represented by equation (1), should 
form one of a triple orthogonal system. It was first given 
by M. Bouquet, Liouville^ Vol. xi., p. 446, but the above proof 
has been taken from M. Serret's memoir. 

Even when the equations of condition are satisfied by an 
assumed equation it docs not seem easy to determine the two 
conjugate systems. Thus M. Bouquet observed that the con- 
dition just found is satisfied when the given system is of the 
form x'y'z^ — a^ but he gave no clue to the discovery of the 
conjugate systems. This lacuna has been completely supplied 
by M. Serret, who has shown much ingenuity and analytical 
power in deducing the equations of the conjugate systems, when 
the equation of condition is satisfied. The actual results are, 
however, of a rather complicated character. We must con- 
tent ourselves with referring the reader to his memoir, only 
mentioning the simplest case obtained by him, and which 
there is no difficulty in verifying a posteriori. He has shown 
that the three equations, 

represent a triple system of conjugate orthogonal surfaces. The 
surfaces (a) are hyperbolic paraboloids. The system {/3) is 
composed of the closed portions, and the system (7) of the 
infinite sheets, of the surfaces of the fourth order, 

M. Serret has observed that it follows at once from what has 
been stated above, that in a hyperbolic paraboloid, of which 
the principal parabolas are equal, the sum or difference of the 
distances of every point of the same line of curvature from 
two fixed generatrices is constant. 

Mr. W. Roberts, expressing in elliptic co-ordinates the 
condition that two surfaces should cut orthogonally, has sought 
for systems orthogonal to i+ M+N^a^ where 2/, 3f, N are 
functions of the three elliptic co-ordinates respectively. He 
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has thus added some systems of orthogonal surfaces to those 
previously known [Comptes Rendus^ September 23, 1861). Of 
these perhaps the most interesting, geometrically, is that whose 
equation in elliptic co-ordinates is fiv^oK^ and for which 
he has given the following construction. Let a fixed point 
in the line of one of the axes of a system of confocal ellipsoids 
be made the vertex of a series of cones circumscribed to them. 
The locus of the curves of contact will be a determinate 
surface, and if we suppose the vertex of the cones to move 
along the axis, we obtain a family of surfaces involving a 
parameter. Two other systems are obtained by taking points 
situated on the other axes as vertices of circumscribing cones. 
The surfaces belonging to these three systems will intersect, 
two by two, at right angles. 

It may be readily shown that the lines of curvature of the 
above mentioned surfaces (which are of the third order) are 
circles, whose planes are pei*pendicular to the principal planes 
of the ellipsoids. Let -4, J?, be two fixed points, taken re- 
spectively upon two of the axes of the confocal system. To 
these points two surfaces intersecting at right angles will corre- 
spond. And the curve of their intersection will be the locus 
of points M on the confocal ellipsoids, the tangent planes at 
which pass through the line AB. Let P be the point where 
the normal to one of the ellipsoids at M meets the 'principal 
plane containing the line AB^ and because P is the pole of 
AB in reference to the focal conic in this plane, P is a given 
point. Hence the locus of M^ or a line of curvature, is a 
circle in a plane perpendicular to the principal plane con- 
taining AB, 
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APPENDIX III. 

CLEBSCH'S CALCULATION OF THE SURFACE S.* 

1. In this appendix we give the calculation referred to 
p. 406, by which the equation is determined of a surface 
which meets a given surface at the points of contact of lines 
which meet it in four consecutive points. It was proved, 
Art. 472, that in order to obtain this equation it is necessary 
to eliminate between the equation of an arbitrary plane, and 
the functions -A ZT', A'tT, A'ZT*. We perform this elimination 
by solving for the co-ordinates of the two points of intersection 
of the arbitrary plane, the tangent plane AZ7', and the polar 
quadric A'TT*; substituting these co-ordinates successively in 
A'ZT*, and multiplying the results together. I write with 
M. Clebsch, the four co-ordinates of the point of contact 
^ij »8J »8J ^4? ^^^ running co-ordinates y^ y„ y,, y,; the 
differential coefficients u,, u,, t«,, u^; the second and third 
differential coefficients being denoted in like manner by 3ub- 
indices, as w,,, Wj^. Through each of the lines of intersection 
of AZT*, A*£r, we can draw a plane, so that by suitably 
determining t^^ ^,, f,, t^ we can, in an infinity of ways, form 
an equation identically satisfied 

^'U'-^itJfAt^.-^tj/. + t^,) AIT 

We shall suppose this transformation effected; but it is not 
necessary for us to determine the actual values of f^ &c., 
for it will be found that these quantities will disappear from 
the result. Let the arbitrary plane be c^y, + c^, + c,y, + c^^, 
then it is evident that the co-ordinates of the intersections of 

• See Note, p. 406. 
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^i> ^a) ^8) ^4 




W,J ^7 ^3? ^4 




FiJ P«? ;^8) ^4 


> 



the arbitrary plane, the tangent plane u^yi^uj/^'\-uj/^ + uj/^j 
and A'i7', are the four determinants of the two systems 

^i> ^aJ ^8> ^4 
^i> ^aJ ^5 ^ 
?i> S'a? S's) 2^4 

These co-ordinates have now to be substituted in A^fT, which 
we write in the symbolical form {a^^^ + a^^ + a^^ + ^4^4)' 5 

where a^ means -y- , &c., so that after expansion we may 

substitute for any term a^a^a^y^yj^^^ '^x^HJ)^i &c- It ^ 
evident then that the result of substituting the co-ordinates 
of the first point in ^U\ may be written as the cube of the 
symbolical determinant ^cif^%p^^ where after cubing we are 
to substitute third differential coeflScients, for the powers of the 
a's as has been just explained. In like manner we write the 
result of substituting the co-ordinates of the second point 
(S^jCgWg^'^)', (where J, is a symbol used in the same manner 
as ttj). The eliminant required may therefore be written 

The above result may be written in the more symmetrical form 

For since the quantities a, S, are after expansion replaced by 
differentials, it is immaterial whether the symbol used originally 
were a or J; and the left-hand side of this equation when 
expanded is merely the double of the last expression. We 
have now to perform the expansion, and to get rid of p and 
q by means of equation A, We shall commence by thus 
banishing p and q. 



• The reason why we use a diflferent symbol for -=- , &c. in the second 

dxi 

determinant, is because if we employed the same symbol, the expanded 

result would evidently contain sixth powers of a, that is to say, sixth 

differential coefficients. We avoid this by the employment of different 

symbols, as in Mr. Cayley's **Hyperdeterminant Calculus,'* {Lessons on 

Higher Algebra, p. 79) with which the method here used is substantially 

identicaL 
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2. Let UB write 

The elimmant is i^+G^ = 0, or [F-^- OY^^^FG [F-^ G) = 0. 
We shall separately examine jP+ O^ and i^6?, in order to get 
rid of p and q. If the determinants in F were so far ex- 
panded as to separate the p and q which they contain, we 
should have 

O = (w,^, + w,p, + n3^3 + w,;)J (tw^j, + m^q^ + tw,?, + tw^)? 

where, for example, w^ is the determinant 'Sta^cju,^^ and n^ is 
2 JjCjttg. If then t, y be any two subindices the coefficient of 
m^rij in F-Y O is {p,ij+Pjii)» And we may write 

where both t and ^ are to be given every value from 1 to 4. 
But, by comparing coefficients in equation -4, we have 

whence F+ O = 22^m^nfU.j + 22 m,wj («,t/y + tju-). 

Now it is plain that if for every term of the form p^qj ^-pjqt 
we substitute f,w^ + (;M,, the result is the same as if in 2^ and 
O we everywhere altered p and q into t and u. But if in 
the determinants ^afijujq^^ ^l^cjiij]^ we alter q into w, the 
determinants would vanish as having two columns the same. 
The latter set of terms therefore in F'\- G disappears, and we 
have i [F-\- G^) = Hm.njUj. 

Now if we remember what is meant by tw,, rij this double 
sum may be writt(m in the form of a determinant 



^iij ^127 ^13? ^uy «1? ^I> ^ 

^21? ^225 ^285 ^24J «2J ^2> ^2 

^ZXy ^82? ^«J ^84? «8> C„ ^3 

^U ^42? ^43? ^44> «4J ^4? «*4 



J.% fc.% J., J 



'1? 



89 



•^l> '*2? 8J 



W. 



For since this determinant must contain a constituent from each 
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of the last three rows and columns it is of the first degree in 
tt,„ &c., and the coefficient of any term u^^ is 

In the determinant just written the matrix of the Hessian 
is bordered vertically with a, c, w ; and horizontally with J, c, u. 
As we shall have frequently occasion to use determinants of 
this kind we shall find it convenient to denote them bv an 
abbreviation, and shall write the result that we have just 
arrived at, 

3. The quantity FG is transformed in like manner. It 
13 evidently the product of 

and {n^p, + n^p^ + n^p^ -f v^ p^) {n^q^ -{■ n/j^ 4 7i,q, + fi,q,) . 

Now if the first line be multiplied out, and for every term 
(FA'^P/l) ^® substitute its value derived from equation -4, 
it appears, as before, that the terms including ( vanish, and it 

becomes '2'2m.vju.j^ which, as before, is equivalent to ( ' ' J , 

where the notation indicates the detenninant formed by border- 
ing the matrix of the Hessian both vertically and horizontally 
with a, c, u. The second line is transformed in like manner : 
and we thus find that {F-\- Of - 3F0 (F+ G) = transforms 

into 

/a, c, u\ ( /a, c, u\^ __ ^ /a, r, 7i\ fh, c, wV 

U, c, u) \ U, c, u) \a, c, u) \J, c, u) 

It remains to complete the expansion of this symbolical ex- 
pression; and to throw it into such a form that we may be 
able to divide out c^x^'\-c^x^-\-c^r^'{-c^x^. We shall for short- 
ness write a, J, o, instead of a^x^ -f a^x^ + (i^oc^ + a^x^^ h^x^ + &c., 
c^x^ + &c. 

4. On inspection of the determinant, p. 446, which we have 

- ' ' j , it appears that, since 



= 0. 
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this determinant may be reduced by multiplying the first four 
columns by x,, a?,, x^j a?^, and subtracting their sum from the 
last column multiplied by (n — 1), and similarly for the rows; 
when it becomes 



1 



(n-iy 



^11) ^liJ ^I8> ^UJ 

**8lJ ^22> **239 **«4J 

**8lJ ^M) ^83? ^84? 

W.,, W^j, W^, M^, 



"41? 

0, 



J«, J«, J 



'aJ ^8? 



0, 



'8? 



49 



'4J 



0, 0, 



«u 


c,. 





«.» 


«,) 





«•> 


c,» 





««> 


««! 





0, 


0, 


-J 


0, 


0, 


— c 


-a. 


— C 





which partially expanded is 

where [, j denotes the matrix of the Hessian bordered with 

a single line, vertically of a'a and horizontally of i's. 
In like manner we have 

(t;:;:)-(=^HD-K^ »■(:))• 

Now as it will be our first object to get rid of the letter a, 
we may make these expressions a little more compact by 
writing cJj — 6cj = c?^, &c., when it is easy to see that 

Thus 

vj,c,m;" (n-i)»w^ U, c,w" (n-i)»rw wr 

and the equation of the surface, as given at the end of Art. 3, 
may be altered into 
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5. We proceed now to expand and substitute for each term 
afi^a^j &c. the corresponding differential coefficient. Then, in 
the first place, it is evident that 

a' = n (« - 1) (n - 2) w = ; a\ = (n - 1) (n - 2) w^, &c. 

Hence a» (^) = (n. 1) (n-2) (^) . 

But the last determinant is reduced as in many similar 
cases, by subtracting the first four columns multiplied re- 
spectively by ajj, iCj, x^^ x^ from the fifth column, and so causing 
it to vanish except the last row. Thus we have 

«'(") = -(«-2)^c. 

Again, f j W^^oeLessonsonHiglier AJgehra^^. 124) =— S -j — ««««• 
We have therefore 

fNfi 

Lastly it is necessary to calculate ai ) ( 7) • Now if U^^ 

denote the minor obtained from the matrix of the Hessian by 
erasing the line and column which contains u^^ ; it is easy to see 

that <i[]\j\==—{n-2)^U^^U^u^^c^dg^ where the numbers 

wi, w, p^ q are each to receive in turn all the values 1 , 2, 3, 4. 
But, see Lessons an Higher Algebra^ Art. 28, 

Substituting this, and remembering that 2 U^jn^^ = 45^ we have 

■•(:)G)-'-^>^Q- 

Making then these substitutions we have 

fG)-»G)}H:)—(:) -'(:)} 
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Bat attending to the meaning of the symbols d^y &c., we see 
that d or d^x^ + d^x^ + d^x^ + d^x^ vanishes identically. I£ then 
we substitute in the equation which we are reducing the values 
just obtained it becomes divisible bj c^, and is then brought 
to the form 

6. To simplify this further we put for d its value when it 
becomes 

*fe)-(:)F-»(:)H»)-K:)}{<D-K:)^<:))- 

Now this is exactly the form reduced in the last article, ex- 
cept that we have b instead of a, and a in place of d^ We 
can then write down 

* HK)M<)"-"-'M:)C)-»("- 'M:)) ' 

while the remaining part of the equation becomes 

»0{<'C)(D-^*<"-»'M:)-'-»''^(:)- 

But (Art. 5) the last term in both these can. be reduced to 

1 2 (n - 2)"J5Pc [ j . Subtracting then, the factor c' divides out 

again, and we have the final result cleared of irrelevant fSetctors,. 
expressed in the symbolical form 

OKJ-'OO}-"- 

7. It remains to shew how to express this result in the 
ordinary notation. In the first place we may transform it by 
the identity (see Art 76, and Lessons an Higher Algebra^ Art. 28) 

whereby the equation becomes 

000 -OO-"- 



mpg^nrtj 
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Now ( ] [ j ( , J expresses the covariant which we have before 

called 0. For giving to U^ the same meaning as before, the sym- 
bolical expression expanded, may be written ^U^^U^U^^u^^Up^^ 
where each of the sofBxes is to receive every value from 1 
to 4. But the differential coefficient of H with respect to x^ 

•11 1 TT 1 • XT ttXI CLtl 

can easily be seen to be 2 U^u^^j so that is S c^, -,— -r— i 

which is, in another notation what we have called 0, p. 399. 
The covariant 8 is then reduced to the form — 4i7<I>, where 

where C^^ ^, denotes a second minor formed by erasing two 
rows and two columns from the matrix of the Hessian, a form 
scarcely so convenient for calculation as that in which I had 
written the equation. Philosophical Transactions^ 1860, p. 239. 
For surfaces of the third degree Clebsch has observed that ^ 
reduces, as was mentioned before, to 2 U^n^mni where H^ de- 
notes a second differential coefficient of H, 

8. If at any point on a surface both inflexional tangents 
meet in four coincident points, either of the intersections of 
AU'y A^IT and an arbitrary plane must satisfy A^IT. For 
such points then the expression at the end of Art. 1 must 
vanish, as soon as we have made the symbolical substitution 
for a, independently of any supposition as to the value of the 
b symbols. In the equation then which we found at this 
stage of our work 
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we may consider both the b and c symbols which occur In d 
as arbitrary constants, and the equation just written whose 
degree in the variables is easily seen to be lOw— 18, shows 
that through the points on a surface where two dovhly inflexional 
tangents can be dramn^ or, in other words, through the points 
where 8 and U touch, an infinity of surfo/ces can pass of the 
degree 1 On - 18. (See Art. 476.) 

002 
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To find the points on a surface where a line can be drawn 
to meet in five consecutive points, we have to form the 
condition that the intersection of ACT, A'Z7', and an arbitrary 
plane should satisfy A*?/', as well as A^IT. M. Clebsch has 
applied to A* IT the same symbolical method of elimination 
which has been here applied to A'fT, He has succeeded in 
dividing out the factor c* from this result: but in the final 
form which he has found, and for which I refer to his memoir, 
there remain c symbols in the second degree, and the result 
being of the degree 14n — 30 in the variables, all that can be 
concluded from it is that through the points which I have 
called a, (p. 408) an infinity of surfaces can be drawn of the 
degree 14n— 30. We can say therefore that the number of 
such points does not exceed w (llw — 24) (14n- 30). 

9. The surface 8 touches the surface H along a certain 
curve. Since the equation 8 is of the form — 4H<I> = 0, 
it is sufficient to prove that touches H, But since is got 
by bordering the matrix of the Hessian with the differentials 
of the Hessian, = is equivalent to the symbolical expression 

( j = 0. But, by an identical equation already made use of, 

we have 

where c is arbitrary. Hence touches H along its inter- 
section with the surface of the degree 7w — 15, ( ) . It is 

proved then that 8 touches jET, and that through the curve of 
contact an infinity of surfaces can pass of the degree 7n— 15. 
We have made use, p. 413, of the theorem that the curvea 
U8 and UH touch each other. 
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APPENDIX IV. 

ON THE ORDER OF SYSTEMS OF EQUATIONS. • 

1. We have showed, p. 250, how to determine the cha- 
racteristics of a curve given as the intersection of two surfaces ; 
but it has been remarked (p. 225) that there are many curves 
which cannot be ap represented. There is no algebraic curve, 
however, which may not be represented by means of the equations 
of a system of surfaces ; because (p. 240) by taking m large 
enough we can always find a number of surfaces of the m^ degree 
each of which shall entirely contain the curve. But any two 
surfaces of the system will not define the curve, for their 
intersection will in general consist of the curve in question 
and an extraneous curve besides; so that the curve is usually 
not the complete intersection of any two, but only that part 
of the intersection which is common to all the rest. The 
object of this appendix is to show how, when a system of 
equations is given denoting surfaces which pass through a 
common curve, the characteristics of that curve can be de- 
termined. 

In like manner if we are given r points in space, we can 
always, by taking m large enough, determine a number of 
surfaces of the m^ degree which shall pass through the given 
points. But ordinarily the intersection of three such surfaces 
will consist of the given points and extraneous points besides; 
and we cannot define the given points except by a system of 
more than three equations, the given points being the only 
ones which satisfy all the equations. Conversely, it is the 
object of this appendix, when such a system of equations is 
given, to ascertain the number of points which satisfy all. 

• See Quarterly Journal of MathematicSf Vol, I., p. 246. 
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2. The simplest illustration of this is to take four planes 
a + Xa, b + X/8, c + X7, J + X8 ; where a, a, &c. represent planes, 
and X is an indeterminate coefficient; then if we form the 
condition that these four planes should meet in a point, this 
condition is known to be of the fourth degree in X. It follows 
that four values of X can be found for which these equations 
will represent planes meeting in a point. And obviously the 
four points so foimd must satisfy any of the six equations 
(such as al3 = ba), which are got by eliminating X between any 
pair of the given equations. Yet these all represent surfaces 
of the second degree, any three of which intersect in e^ht 
points. It follows then that the system of equations 

a, by Cj d A 

a? ^) 7, 8 =0, 

denotes a system of surfaces having four points in common; 
but that any three surfaces of the system intersect not only 
in these four points but in four extraneous points. In general 
then, suppose we are given r + 3 equations involving r para- 
meters, it is evident that by elimination of the variables we 
g^t a sufficient number of equations to determine systems of 
values of the parameters for which the equations will denote 
surfaces having a point in common. It is evident also that 
such points must satisfy the equations got by eliminating the 
parameters between any r + 1 of the given equations. And 
yet any three of these latter equations will denote surfaces 
intersecting not only in these points common to all but in 
certain extraneous points besides. 

3. In like manner if we had been given the three planes 
a + Xo, b-\-\fiy C + X7, it is obvious that we may give to X 
an infinity of values, to every one of which corresponds a 
point which is the intersection of the three corresponding planes. 
It is obvious also that the locus of all these points must be 
a curve conunon to all the surfaces aft-boj by — c/3, ca — ay. 
But it was proved, p. 241, that though any two of these 
surfaces intersect in a curve of the fourth degree, there is 
only a cubic common to all three. And in general if we are 
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given r + 2 equations, involving r parameters, an infinity of 
systems of values of these parameters can be determined for 
which the equations will denote surfaces having a point in 
common. The locus of these points will be a curve, which 
will be common to all the surfaces got by eliminating the 
parameters between any r + 1 of the equations. Yet any two 
such surfaces will intersect not only in this curve but in an 
extraneous curve. Let us suppose then that we have r + 1 
equations, involving r parameters in the first degree. The 
elimination of these gives rise to a system of determinants 

^ c, 



a, 



a 



b\ c\ 



= 0, 



where the number of horizontal rows is supposed to be r, and 
vertical r+1. We propose to determine the characteristics of 
the curve which is common to the surfaces represented by all 
these determinants. 



4. To fix the ideas we take the matrix with four rows 



and five columns 



a, i, c, d^ e 

a, i', c', <?, e 

II 111 II jii II 
a , o , , a , 6 

III ini ni Till III 

the method of proof used in this case being generally applicable. 
We suppose the functions a, i, &c. to be of any degree, but 
we suppose the degrees of the corresponding functions in either 
the same row or the same colunm to be equi-difierent. Thus, 
if the letters a, by c, &c. also indicate the degrees of these 
functions, we suppose the degrees of a, i', &c. to be a + o, 
fc + a, &c., of a", i", &c. to be a + ^y i + iS, &c., &c. Let 
P and Q denote the sum of the quantities a, &, &c., and the 
sum of their products in pairs; and let p and q denote the 
corresponding sums for the quantities a, /3: then we assert 
that the order of the curve common to all the surfaces represented 
by the determinants of iJie system is Q ■\-pP-\-p^ — q. 

In the first place we observe that if this formula is true 
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it follows that if the orders of the Ainctions 6, i', J", &c. had 
been a + a', a' + a', a" + a ; those of c, c', a + ffj a' + yS*, &c. ; 
and if we denoted the sum of the quantities a, a, a", a'", and 
of their products in pairs by P', Qj and the corresponding 
sums for a', /S*, &c. by p'j q\ then the order of the curve in- 
vestigated would be q' ^p'JP* + P"* — Q'. For the terms of the 
top row being of the degrees a, a + a', a + ^S*, a + 7, a + S'; 
the quantities which we have called F and Q are respectively 
5a +y, and lOa' + -iop' + j ; while, since the differences be- 
tween the orders of the first and succeeding rows are 
a' — Gj a" — aj a^' — a^ it follows that the quantities called p 
and q are P — 4a, Q - 3P a + 6a*, and on substituting these 
values in Q-\-pP-\-p^ — q we get q -\- pP -{- F^ — Q . And in 
general if the number of rows be k we have 

P=faH-y, Q = iA;(A;-l)a'+(A-l)ay + j ; 

2? = P-(A;-l)a', y=e'-(*-2)aP'-fi(A-l)(A;-2)a'^: 

and the one formula is deduced from the other as before. 

6. To establish now the truth of the formula it is sufficient 

to show that it is true for a system with k rows if it is true for 

a system with A;— 1. It is easy to sec that the curve we are 

considering is part of the intersection of the surfaces denoted 

by the two determinants [ah'd'd")^ [ah'c"e") ; and that these 

two surfaces both pass through the curve 

_ / »» lit 
a, a, a , a 

i, b\ i", V" 

C, C , C m C 

which does not lie on the surfaces represented by the other 
determinants of tlie system. Now if the sum and sum of 
products in pairs of the quantities a, &, c be denoted by F'j Q : 
it is easy to see that the order of the two determinants is 
P" \p ■+ c?, P' +i> 4 e. While the order of the irrelevant 
curve b, by the last article, j-f joP' + P"*— Q\ Subtracting 
this number then from the product of the other two, we get 
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or to /?' — J 4 ij? + Q. Now the truth of the theorem is easily 
seen for a matrix of two rows and three columns, therefore 
it is generally true. It is needless to remark that the formula 
was at first obtained by commencing with the simpler case 
and proceeding on to the general one. 

When all the rows are of the same order ; we have a, )8, &c. 
all = 0, and therefore p^ q both = 0, and the order of the 
system is Q. 

6. Next let it be required to find the order of the develop- 
able generated by the curve considered in the preceding articles. 
Let R be the sum of the products in threes of the quantities 
a, 6, c, &c. (Art. 4), and r the corresponding sum of the 
quantities a, /8, 7, &c., then we say that the order of the 
developable in question is 

In the first place, admitting the truth of this formula it follows 
that if P', C, B! had been used with reference to a, a', a", a'" 
the orders of the terms in the first vertical row, &c., then the 
capital and small letters in the formula would simply be inter- 
changed, and the order of the developable would be 

This is proved exactly as in Art. 4. 

Again, we know, p. 253, that the ranks of two systems 
which together make up the intersection of two surfaces are 
connected by the relation 

p ~ p' = [m — m) (/Lt -h V — 2). 

We must then substitute in this formula (see Art. 5) 

/Lt = P" + ;)-|-rf, v = P"+^ + e, 

m=^f-q ^pP+ Qj m=q ^pP' + P"« - Q\ 

p' = (P'« - Q" -\-pP" -\-q){p + 2F' -i)-Q"[p^ F') + R" + r. 

And if these substitutions be made and the result reduced by 
the identities 

P=P"H.rf+e, <?=«" + (ti + e)P" + cfe, 

22 = ii" 4 (rf + e) Q' + F'de, 
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we get 

p = (p«-j+^P+g)(P+2p-2)-j(p + P) + Ji + r. 

It follows then that if the formula be true for a matrix with 
k rows, it is true for one with A; + 1 ; and since it is easily proved 
to be true for three rows, it is generally true. 

7. Let us next consider a matrix such as 



a. 



a 



a 



It 






II 



^1 «! / 



J"* 1.*" J" J"' J" X"' 

a ^ b ^ c ^ a ^ e ^f 

where the number of columns exceeds the number of rows 
by two, and let us examine how many points are common 
to all the surfaces represented by the determinants of the 
system. Now any three surfaces [ab'c'd'% {ab'c"e")y {ab'c"f") 

have common the curve 

I II III 
tty ay a J a 



III 



J, b\ V\ b 



c. c I c . c 



and if m^n^ p be the degrees of the surfaces, ^ and p the 
degree and rank of the curve, then (see p. 258) the surfaces 
will intersect in points not on this curve, in number 

mnp — ft (wi -f n -\-p — 2) + p. 

Then, if we use the same notation as before, we are to 
aubstitute 

m = F''\'p-\-dy n = P" + p + c, jp = P"+^+/, 

p = (j+;>P" + P--(2")(p + 2P"-2)-.(2"(2? + P")+i?" + »-, 
and the result reduced is 

The capital and small letters would be interchanged if we 
had used P, Qy Bm reference to the letters in the first column 
a, a', a" J a". If the several rows had been of the same 
degrees, that is, if a, /9, &c. all = 0, then the number of points 
represented by the system is B. 
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8. It maj be deduced hence that the sarface represented 
by any symmetrical determinant has a determinate nmnber of 
double points. Let the sum, sum of products in pairs, and 
sum of products in threes of the degrees of the leading terms 
a,j, a^,, a^y &c. be P, (?, jB, then the number of such double 
points is ^{PQ-B). 

Now we have the identical equation [Lessons on Higher 
Algebra^ Art. 28) -4^^^,, — (-4 J* = CZ>, where -4,, means the 
minor obtained by erasing from the given determinant the 
line and column containing a,^, D is the determinant itself, 
and G is the second minor obtained by erasing the two lines 
and columns which contain a,^, a^. Now it is evident that 
the surface represented by A^^A^''[A^^^ has as double points 
the intersections of -4^^, A^^ A^^\ and the degrees of these 

being respectively -P— a, -P—^) -P—il^"*"^)) ^^ number of 
double points is the product of these three numbers. Let the 
sum, and sum of product of pairs, of the terms exclusive of a 
and 6, be denoted by^", ^", then the product 

(P-a)(P-J){P-i(« + 6)} 

u 4 {PQ +i>"<2 + (/" - j") p+p"' -y V'}. 

These are then double points on the complex system CD\ 
and are therefore either double points on C, double points on 
D, or points of intersection of G and D, Now if we erase 
from the matrix the first two rows, all the determinants of 
the remaining system (of which G is one) have common a 
number of points, which can be calculated by the formula of 
the last article, by writing i(c + a), i(c + ft), &c., i(rf+a), 
\[d-\- i), &c., for the degrees of the rows. The result is 

i [R +y ' Q + (/ '- - q) P+ (/" - 2pY + r"). 

But the points whose number has been just found are points 
at which -4^^, -4^, A^^ touch, and they each count for four 
among the intersections of these surfaces. Subtracting then 
four times the number just found from the total number of 
intersections, we get 
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whence we learn that if the number of double points on the 
surface represented by the symmetrical determinant C is 
i(/y-r"), that of those on the surface D is \{PQ^E)^ 
and the first theorem being established in the simplest case 
the other is generally true. 

9. There is still another question which may be proposed 
concerning the curves, Art. 4. Let there be four surfaces 
whose degrees are X„ \^ X,, X^, and whose coeflScients contain 
any new variable in the degrees /x^, /i^, /ig, /a^, then the eliminant 
of these four equations contains the new variable in the degree 

Now Wy XjX^ are the orders of the curve of intersection 
of the first and second, and third and fourth surfaces re- 
spectively ; and if we call /i^X^ + fl^^J /a^X^ + fi^\ the weights 
of the same curves, we can assert that the weight of the con- 
dition that two curves may intersect is the sum of the products 
of the weight of each curve by the order of the other. Now 
we have seen what is the order of the curve denoted by a 
system of determinants, such as Art. 4 ; it remains to enquire 
what is the weight of the same system. It is easy to see 
that when a curve breaks up into two simpler curves the 
weight of the complex curve is equal to the sum of the weights 
of its components. We may therefore proceed as in Art. 4, 
and the following is the result. Let the functions a, b^ c, &c. 
contain the new variable in the degrees A^ B, C, &c. ; a', J', &c. 
in the degrees A-\-a\ J5+a', &c. Let P', Q', Jff denote the 
sum, sum of products in pairs, &c. of the quantities A^ JS, &c. 
and lety, j', &c. denote the corresponding sums for a , /3', &c. : 
let 8 denote the sum 2 {aB) where each a is multiplied by 
all the capital letters except -4, so that S is also ^PF — S {a A). 
Let also « = S (ayS'), which is in like manner^' — 2 (««'). Then 
tlie weight of the system is 

which may also be written 

[P-^p) [P +/) + 2 (aa') - 2 {aA). 
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If we had used P to denote the sum of the degrees in the 
first column instead of in the first row, &c., then the capital 
and small letters in the preceding formula would be inter- 
changed. 

10. We propose next to investigate the order and weight 
of the system of conditions that the two equations 

ae 4 hf' + ce"" -f &c. = 0, a'e + J'^-* + c'f-^ + &c. = 0, 

may have two common roots. It is evident that in order that 
this should be the case, two conditions must be fulfilled; and 
if ^ be a parameter, and a, J, &c. functions of the co-ordinates, 
these conditions will represent a curve in space. But in point 
of fact, we obtain not two, but a system of conditions, no two 
of which suffice to define the given curve. These conditions 
are {Lessons on Higher Algebra^ Art. 33) the determinants of 
the system 



a, 


*, 


c, 


1 
• • • 




a, 


J, 


• • • 






a, 


• • • 


a', 


*', 


c', 


• • • 


• ■ • 


1 
. • . • 


• • • • 4 


• • • 

I • • • 



where the first line is repeated w — 1 times, and the second 
m—1 times ; there are m-^-n — ^ rows, and wi + n — 1 columns. 
The problem is then a particular case of that considered, Art. 4. 
We suppose the degrees of the functions introduced to be 
equi-di£Ferent : that is to say, if the degrees of a, a be X, fi^ we 
suppose those of J, &' to be X -f a, ft + a ; of c, c' to be X + 2a, 
^ + 2a, &c. To find the order of the system, we use the 
formula (Art. 4) q-\-pP-\-P* — Q. p is the sum of r?i-fn- 2 
terms of the series a, 2a, 3a, &c., and is therefore, if we write 

+ w = A, ^ ^ a. In the same case q is the sum of 

products in pairs of these quantities, and is therefore 

(A-3)(i--2)(A-l)(3A-4) 



m 



1.2.3.4 



a . 
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Again P is the sum of n — 1 terms of the series \ X - a, X — 2a, 
&c., and of m — 1 terms of the series /a, /a - «} /a — 2a, &c. 
We have then 

P=(n-l)X+(w-l)/i-Ja{(n-l)(n-2) + (w-l)(fii-2)}. 

In like manner Q is the sum of the products in purs of the 
same quantities, and we have 

C = i(n-l)(n-2)X' + i(wi-l)(wi-2)/i''4-(wi-l)(n-l)X/i 

-iXa{(n-l)(n-2)*+(n-l)(w-l)(m-2)} 

- J/Aa{(m-.l)(w-2)'+(w-l)(n-l)(n-2)} 

+ ia'(in- 1) (m-2) (n-1) (n- 2) 

(^-l)(n»-2)(m-8)(3m-4) , (w^l)(n^2)(n-8)(3^-4) 
■^ 1.2.3.4 "^ 1.2.3.4 

Collecting these terms, the order of the required system is 

in(n-l)X*+j7w(w-l)/i*+(7n-l)(n-l) X/i+in(n- l)(2m-l)Xa 

-\-\m[m—l) (2n- l)/Aa + iwin(m- l)(n-l) aP. 

If the eliminant of the equations 

af + hC^ + &c. = 0, a!f + &c. = 0, 

represent a surface, the curve here considered is a double curve 
on that surface. 

If all the functions a, i, &c. are of the first degree, the 
surface generated is a ruled surface; and writing X=:/i = l 
and a = in the preceding formula, we find that the order 
of the double curve is ^ (m + n — 1) (w + n — 2). 

If the two equations considered are of the same degree, 
that is to say, if m = n, we may write X + /a =^, X/a = j, and 
the same formula gives for the degree of the double curve 

\n (n — 1) (^ + na) {/? + (w — 1) a} — (n — 1) j. 

11. We can in like manner determine the order of the 
system of conditions that the equations a<^ + &c., a7* + &c. 
may have three common roots. When geometrically inter- 
preted these conditions represent triple points on the surface 
represented by the eliminant of the two equations. The con- 
ditions are represented by a system of determinants, the matrix 
for which is formed as in the last article, save that the line 
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Oj bj c IB repeated n — 2 times, and the line a'y b\ c\ m — 2 
times ; and the matrix consists of m + n'-2 columns and 
m + n— 4 rows. The order of the system is calculated from 
Art. 7, and is found to be 

n(n— l)(n— 2) ^8 . m(7w— l)(7n— 2) . ,, ., ., . ^, 
'l^ "^+ 1.2.3 ^M" + i(n-l)(n-2)(m-2)XV 

4i(w-l)(wi-2)(n-2) X/i' + i(m-l) w(n-l)(n-2) X'a 

-|-i(n-l)7w(m-l)(m-2)/x*a+i(m-2)(n-2){w(n-l)+n(wi-l)}X/Aa 

+ {in(n-l) (n-2) w (m-2) + in (n- 1) (n-2)} a*X 

+ {^m {m - 1) (wi - 2) n (n - 2) + ^n [m - 1) (m - 2)} aV 

-\-^m{m- 1) (w - 2) n (n - 1) (n - 2) a'. 

In the case where the surface is a ruled surface, putting a = 0, 
X = ft = 1, we get for the number of triple points 

(m + n — 2) (m 4- w — 3) (w + w — 4) 

r2^3 ' 

The order of the developable generated by the double curve 
(Art. 10) is calculated in like manner by the formula of Art. 8, 
but the number so found must be reduced by four times the 
number of triple points just found, which are also triple points 
on that curve. Thus in the case of the ruled surface the rank 
of the double curve is 2 (m + n — 2) (m + n — 3). 

To find the weight of the same system we have only to 
apply the same method to the formula of Art 8. Let the term 
a contain the variable to be eliminated in the degree X and 
the undiminated in the degree X', and let the terms i, c, &c. 
decrease regularly in the former and increase in the latter; 
so that their degrees are X — 1, X — 2, X' — 1, X' — 2, &c., then 
the weight of the system is 

n(n-l) XX' + w(7/t-l) fifi'+[m' 1) (n- 1) (X/a' + X» 

+ in(n-l)(2w*--l)(X--X')+iw(m--l)(2n-l)(/A-/i')--7nw(7w--l)(w-l). 

12. The next system we discuss is that formed by the 
system of conditions that the three equations 

o^ + Jr' + &c. = 0, aT + i't"^' + &c = 0, aV + i'T"* + &c. = 

may have a common factor. The system may be expressed 
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by the three equations obtained by eliminating t in turn be- 
tween every pair of these equations, a system equivalent to 
two conditions. Systems of equations of lower degree can be 
got by multiplying the given equations by f, «*, &c. until there 
is a sufficient number to eliminate dialytically all the powers 
of t. The order of the system may be found by eliminating from 
the equations a;, y, z which enter implicitly into a, 6, c, when 
the order of the resulting equation in t determines the order 
of the system. Let us suppose that the orders of a, a', a", are 
X, fij V respectively and of J, b\ 6"; X— 1, ft — 1, &c., then 
I found [Quarterly Journal) that the order of the system is 

Xfiv — (X — Z) (ft ~ m) [v — w), 
and its weight 

I [fiv -h fJLv) + m (vX' 4- v'X) -f n (X/a' -f X» 

-f mn (X — X') -h wZ (ft — fi) + Zw (v — v) — 2lmn ; 

the value for the weight however having been only obtained 
by induction. 

13. It is a particular case of the preceding to find the 
order and weight of the system of conditions that an equation 
rtf* -f J^"* -f &c. may have three equal roots; because these 
conditions are found by expressing that the three second diffe- 
rential equations may have a common factor. Writing in the 
preceding for Z, m, and w, w — 2 ; for ft, X — 1 ; and for f, X - 2, 
we find for the order of the system 

3 (n - 2) X (X - w) -f n (n - 1) (n - 2), 

and in like manner for its weight 

6 (n- 2) XX' + 3n (n- 2) (X- X') -2n(n- 1) (n-2). 

Again, to find the order and weight of the system of con- 
ditions that the same equation may have two distinct pairs of 
equal roots; we form first, by Art. 10, the order and weight 
of the system of conditions that the two first differentials 
oe""* + &c., jr'* + &c. may have two common factors. We 
subtract then the order and weight of the system found in the 
first part of this article. The result is that the order is 

2(n-2)(w-3)X(X-w)+iw(n-l)(n-2)(*i-3), 
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and the weight is 

4(n-2)(n-3)XV+2n(w-2)(n-3)(X--V)-n(n-l)(n-2)(n-3). 

The formulsB of this article are those of which ase has been 
made p. 407. It would be desirable to find in like manner 
the order and weight of the system of conditions that three 
carves should have two points common, that four ciu^es should 
meet in a point, that a curve should have a cusp, or two pairs 
of double points, &c., but these problems have not jet been 
solved. 



THE END. 



w. uxTCJLvn, PKiKTsa, aiumr tmaottf oambeioob. 
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